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PREFACE 


As a consequence of the ever-increasing preoccupation of physicists 
with problems in nuclear and solid-state physics, the scientific and tech- 
nical advance of electrical science is rapidly becoming the concern and 
responsibility of the engineer. As the research scientist knows only too 
well, an understanding of recent progress in applied electricity, especially 
in the géneration, transmission, and radiation of electromagnetic energy 
at ever higher frequencies, requires a deeper appreciation of physical and 
mathematical fundamentals than can be provided by even a most thor- 
ough knowledge of electric-network theory as applied to lumped elements, 
This deeper and more fundamental approach involves a knowledge of 
general electromagnetic theory. 

Perhaps the most interesting bridge between the specialized point of 
view of lumped-constant electric circuits and the general and fundamental 
approach of electromagnetic theory is the conventional transmission line. 
Since its transverse dimensions satisfy the conditions of lumped-constant 
circuits, whereas its length is unrestricted, the electromagnetic aspect 
involving the concept of propagation is one-dimensional. Moreover, by 
demanding that equal and opposite currents and charges be sufficiently 
close together, the smooth line may be approximated by a recurrent 
network of lumped elements for most purposes. This is found to be a 
consequence of the application of general electromagnetic theory and its 
specialization, subject to appropriate restrictions, to the boundaries of 
conventional transmission lines. Significantly it is possible to introduce 
some of the most fundamental concepts of electromagnetic theory with- 
out becoming involved in all the complications of vector field theory. 

In Chap. I the well-known transmission-line equations for an infinite 
line are deduced in the conventional manner and from electromagnetic 
fundamentals for various important cross sections. In Chap. II the 
derivation of the equations is specialized to lines of finite length, and the 
basic method of treating terminated lines is formulated. Chapter III 
is concerned with the impedance of sections of transmission line and their 
use as shunt and series elements in insulators, transformers, matching 
networks, unbalanced loads, baluns, shielded loops, and hybrid junctions. 
An important feature of the treatment of terminal impedance and input 
impedance is the use of complex terminal functions. These are very 
closely related to experimentally measured quantities, and they are 
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more convenient in analyzing many types of problems than are the 
reflection coefficients. Chapter IV is devoted to the study of distribu- 
tions of current and voltage, the transfer of power, and an analysis of 
distribution and resonance curves and their application in transmission- 
line measurements. Chapter V involves the analysis of discontinuities 
and nonuniformities along smooth lines. Included are discussions of the 
Weissfloch tangent relation and Deschamps’s method for determining the 
properties of junctions. Also treated are dielectric slabs as discon- 
tinuities, the measurement of dielectric constants and permeabilities, 
changes in cross section, terminations, bends, T junctions, and end cor- 
rections, including those for transmission lines used to drive antennas. 
Chapter VI is concerned with transmission-line oscillators, coupled- 
circuit phenomena on lines, and radiation. 

Most of this book has developed from lecture notes for a one-semester 
graduate course on transmission-line theory which has been given at 
Harvard University for the last 10 years. It is concerned primarily 
with the high-frequency aspects of transmission lines and with their 
steady-state operation. It is designed to serve as a necessary and fun- 
damental introduction preceding serious work in wave guides and cavities 
as well as antennas. Although the treatment is predominantly analyt- 
ical, little more than a sound knowledge of differential and integral 
calculus and elementary differential equations is presupposed, together 
with a thorough background in alternating currents. Although the 
foundation of transmission-line theory on electromagnetic principles is 
a special feature of this book, it is possible to pursue a more conventional 
course simply by omitting Chap. I, Secs. 3 to 12, and Chap. II, Sees. 1 
to4. Itis to be expected that Chaps. V and VI would not be covered in 
such a plan. 

The author is indebted to several of his students for contributions and 
assistance. ‘These include, in particular, J. Eisenstein, D. D. King, 
J. Porter, L. S. Sheingold, J. E. Storer, C. T. Tai, and K. Tomiyasu. 
D. B. Brick and J. E. Storer assisted with the proofs. The entire manu- 
script was typed by Phyllis Kennedy. The figures were prepared by 
E. Rising and his assistants. 

Ronotp W. P. Kine 
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CHAPTER I 


THE INFINITELY LONG LINE 


1. Methods of Analyzing the Transmission Line. The distributions 
of current and potential difference and the transfer of power along open 
and shielded transmission lines may be determined by several methods. 
The choice of method may appear to be of no practical concern, since it 
is assumed, quite naturally, that all methods must give the same correct 
answer. Actually the mathematical analysis of many physical phenom- 
ena is not easily reduced to right and wrong. A so-called solution is in 
almost every instance an approximation or idealization, and in conse- 
quence its correctness is a matter of degree. This is true, in a peculiar 
way, of the current in a transmission line. But this fact does not in 
itself dictate a choice between the several different approaches to a prob- 
lem if they lead to the same final result. Obviously, in this event, all 
methods are correct to the same degree, and it would seem that one must 
be as good as another. Insofar as the ultimate formula is concerned, this 
is true. On the other hand, it is never sufficient to be provided merely 
with a formula that is to be used to compute actual results in an engi- 
neering problem without a complete statement of the circumstances to 
which it applies and of the conditions under which it will yield accurate 
results. Such a statement is an essential part of every mathematical for- 
mula, notwithstanding the fact that it is often not provided and that 
correct answers are often obtained without it. It is the function of a 
mathematical derivation of a formula from fundamental principles to 
supply information regarding all restrictions, approximations, and limi- 
tations that are imposed, as well as to produce the formula itself. But 
even this is not enough. It is necessary also to examine the generality 
and the applicability of the fundamental principles that are accepted at 
the outset. 

The methods that may be pursued in analyzing the transmission line 
fall into two groups, those which are based on electric-circuit theory and 
those which proceed from electromagnetic theory. In the first group are 
two well-known methods. The one divides the transmission line into 
small elements each of which is represented by an “equivalent” circuit 
of suitably arranged elements of inductance, resistance, and capacitance 
to which Kirchhoff’s laws may be applied. By allowing the length of 
the element to vanish, the difference equations so obtained become the 
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familiar first-order differential equations of the transmission line. The 
second method in the first group is related closely to the one described. 
It treats the transmission line as a limiting form of an artificial line con- 
structed of recurrent sections of unrestricted impedances and analyzed 
in general terms by network theory. 

In the second group, which depends on electromagnetic theory, the 
attempt may be made to analyze the transmission line as a boundary- 
value problem, or it may be merely a question of deriving the transmis- 
sion-line equations. In either case it is possible to proceed from the 
Maxwell equations defining the electromagnetic field or from the defin- 
ing relations for the scalar and vector potentials. 

A detailed, critical evaluation of these several methods cannot be made 
at this point. The following comments, however, are offered as an 
introduction to further work. Throughout the first group it is assumed 
without proof that the methods of electric-circuit theory, in particular, 
the application of Kirchhoff’s laws and the description of circuits entirely 
in terms of resistance, inductance, and capacitance, are sufficiently gen- 
eral to serve as first principles. Actually this is true for the transmission 
line subject to definite conditions, which, moreover, cannot be deter- 
mined in any derivation that ignores them in its initial postulates. None 
of the methcds in this group can provide formulas for the circuit param- 
eters, which must therefore always be derived separately. On the other 
hand, the entire first group, and particularly the first of the two methods 
mentioned, is characterized by the analytical simplicity of network 
theory. This is no mean advantage. The second method also brings 
into clear perspective the important relationships that exist between 
transmission lines and artificial lines. 

The methods of the second group have the advantage over all others 
that they directly depend upon the first and most fundamental prin- 
ciples of macroscopic electrodynamics. They have the almost equally 
great disadvantage of sharing in the complexity of electromagnetic the- 
ory. ‘This latter is especially true of methods that attempt to analyze 
the transmission line as a boundary-value problem, but also, though to 
a smaller degree, of methods that specialize the Maxwell equations or 
the equations for the potential functions in order to obtain the transmis- 
sion-line equations. In carrying out such a specialization all necessary 
restrictions and approximations may be made available, and formulas for 
all parameters of the line are derived in the process. As a consequence, 
it may be shorter as well as more rigorous and complete than the simplest 
method based on circuit theory, if the separate determinations of the 
several parameters are added to this. Finally the more general analysis 
using electromagnetic principles permits a study of transmission-line end 
effects and coupling effects in a region near the junction of the transmis- 
sion line with its terminations or with another line of different charac- 
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teristics. These play a significant role in determining the apparent 
impedance of a termination as an actual load, as distinct from its ideal 
or theoretical impedance as an isolated entity independent of the line to 
which it is connected. However, to a degree satisfactory for most prac- 
tical purposes, such junction effects can be represented by an appropri- 
ate circuit of lumped reactances. It follows that, subject to suitable 
restrictions that define the limits of conventional transmission-line anal- 
ysis, the entire problem can be solved in a form that makes use of the 
symbolism of network theory. That is, the variables are currents, volt- 
ages, and charges; the parameters are resistances and reactances. Just 
as in network theory, the specific values of resistance and reactance 
associated with a particular configuration of conductors must either be 
determined theoretically from electromagnetic principles or measured. 
It may be concluded that electromagnetic investigations are required in 
order to (1) specify the nature of the circuit, (2) evaluate the parameters 
involved, and (3) provide the restrictions on the generality of the circuit 
and the formulas for the parameters. However, electromagnetic theory 
is not needed to determine the properties of a given network of resist- 
ances and reactances. 

In order to simplify the analysis of a problem that in its fundamental 
sense is highly complicated, it seems desirable to begin with a study of 
the transmission line as a limiting case of a recurrent network of lumped 
resistances, inductances, and capacitances. The soundness of this 
‘method is then verified by reanalyzing the infinite line using the scalar 
and vector potential functions of general electromagnetic theory. In 
this way the formulas for the line constants are obtained with the dif- 
ferential equations. At a later point this same method is appropriately 
generalized to the finite line so that account may be taken of junction 
and end effects. 

2. The Conventional Derivation of the Differential Equations of the 
Transmission Line. Short sections of two- and four-wire lines and of 
coaxial and shielded-pair lines are shown schematically in Fig. 2.1. For 
the open-wire lines the conductors are identical. Each is circular in cross 
section; its radius is a, and the separation between centers is b. In the 
case of the coaxial line the smaller conductor has an outer radius ai, and 
the larger conductor has an inner radius a2 and an outer radius a3. In 
carrying out the analysis it is assumed that each section of length Az may 
be treated as if equivalent to the circuit shown in Fig. 2.2, with fixed 
values of r, 1, c, and g in the limit as Az is made to approach zero. For 
the open-wire lines 7; and 1, are assumed to be equal, respectively, to r2 
and Iz, rs and Js, rg and ly. In the case of the coaxial line r; and 1; are 
not equal to rz and lz. Clearly, to replace each length Az of a transmis- 
sion line by the circuit of Fig. 2.2 implies that all such lengths are exactly 
alike, a condition true only for a line that is infinitely long. Inductance 
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and capacitance and, to a smaller degree, resistance and leakage con- 
ductance per unit length differ near the ends of a line of finite length, 
however terminated, from their values far from the ends. Moreover the 
load may be coupled to the conductors of the line in a short region near 
their common junctions. If the assumption is made, nevertheless, that 
inductance and capacitance as well as resistance and leakage conductance 
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Fig. 2.1. Sections of infinite transmission lines. 


per unit length are constants independent of the location of the element Az 
along the line, and coupling between line and load is ignored, the over-all 
error so introduced can be made negligible only by making the separa- 
tion of the conductors of the line sufficiently small compared with both 
the length of the line and the wavelength. In practice, the error involved 
in this assumption either is disregarded and consequently included with 
the terminal impedance or is designated as an end effect. Note that the 
assumed equivalence between the circuits in Figs. 2.1 and 2.2 is in no 
way qualified by restrictions limiting its generality, thus suggesting that 
there are no restrictions. This is a consequence of the fact that the 
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restrictions that actually obtain are limitations on network theory as a 
whole and not on this particular application alone. Nor is the argument 
that the calculated results are verified experimentally entirely satisfac- 
tory except in a limited way, since for any given line the agreement 
ceases to be a good one when the frequency is raised to a sufficiently high 
value. It is shown at a later point that network theory is a good approxi- 
mation in transmission lines only if the conditions 
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are satisfied, where b is the spacing of a two-wire line and az is the inner 
radius of the outer conductor of a coaxial line. 

The circuit of Fig. 2.2 may be analyzed as follows: First, since Az is 
small, the currents and the potential difference at the point z + Az may be 


P' 
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Fia. 2.2. Equivalent circuit of a section of an infinite transmission line. 


expressed in terms of the currents and the potential difference at the point 
z by means of Maclaurin’s expansion: 


2 2 

Aaa Ae (2) Az + (2) ae (1) 
2 2 

Visas = Vet (*) ee (=) re (2) 


Next, upon applying Kirchhoff’s emf law around the rectangle formed 
by the input and output terminals of the section, the following result is 
obtained: 


a(h. + T2442) (ri + jal) Az + Vipaz 
= (12, + Toz4.az) (re + Jule) Az — V, => 0 (3) 


With (1) and (2) this gives 
on, + (4) Az~+:: | (ri + jol1) Az 
dV 


dI 
i 3 | 2n. a (2) Az+-: | (re + jwle) Az + (Y) Ke eee es 
(4a) 
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Collecting terms, dividing by Az, and then allowing Az to approach zero 
give 


T(r: + jol:) — Ia(r2 + jole) + () =0 (4b) 


The current in an open-wire line can be resolved into two components, 
to be distinguished in the following by subscripts C (for codirectional) 
and O (for opposite). These components are defined to satisfy the fol- 
lowing relations: 

Kh, = Icy. + Tou To, = Tcaz + Tor (5a) 
Too, = Ie12 Io22 = —To1. (5b) 


It is possible and, for purposes of transmission, desirable to drive and 
arrange open-wire lines symmetrically in such a manner that 


Tez = 0 Too = —Ipo1, = —f, (6) 


Open-wire lines that satisfy (6) are balanced; if (6) is not true, the line is 
unbalanced. 

The components of current Ic,, if they exist on an open-wire line, are 
codirectional antenna currents that do not depend upon the constants 
r, l, c, and g; hence they cannot be determined by transmission-line the- 
ory or ordinary electric-circuit theory. Whether codirectional currents 
exist or not, transmission-line theory is meaningful only for the compo- 
nent Ip,. If Ic, is not zero, the total current is given by (5a), with Ic, 
obtained from antenna theory and Io, from line theory. In the follow- 
ing only Io, is determined, and for simplicity it is assumed that (6) is 
satisfied, so that the subscript O may be omitted. 

For practical purposes (6) is always satisfied for the currents on the 
inner conductor and on the inner surface of the outer conductor of a 
coaxial line. Antenna currents, if they exist on a coaxial line, as they 
often do, are on the outer surface of the outer conductor. In a shielded- 
pair line unbalanced currents treat the line like a coaxial line, with the 
two inner conductors in parallel as one line and the inner surface of the 
sheath as the other. Antenna currents on the outside of the shield are 
also possible. 

Let the following shorthand be introduced and applied to a balanced 
open-wire line or a coaxial line: 


r=rnt+Tre l=h+l, z=r-t jol (7) 


The quantities 7, J, and z are the total resistance, inductance, and im- 
pedance per loop unit length. In two- and four-wire lines and shielded- 
pair lines with identical conductors, 


Tr = fe lL, = I, 
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Assuming (6) to be true and using (7), (4b) becomes 


oa) 6 


Before Kirchhoff’s current law is applied at the point P, it is to be 
noted that the voltage across PP’ is 4(V, + V.44:). Then 


Kh. = Niza. + 3(Ve + V.4a2)(g + jwc) Az (9) 


If use is made of (1) and (2) and the expression so obtained is divided by 
Az before allowing this to approach zero, the following equation is the 


result: 
al 


In (10) the symbol y stands for the total shunt admittance per loop unit 
length: 


2, = 


y = 9 + joc (11) 

The first-order differential equations (8) and (10) are the well-known 
transmission-line, or long-line, equations. The variables are readily sep- 
arated, and the equations replaced by two of the second order, as follows: 


dl a?V 

—2Z (2) = (3) = yzV, (12) 
dV d?q 

-0 (7), = (Ga) me 


It is convenient to define a quantity y, known as the complex propagation 
constant, as follows: 

vy” = yz = (g + jwc)(r + jol) (14) 
The real and imaginary parts of y area ands. Thusy = a+ j8. The 
law of conservation of electric charge is expressed by the equation of con- 
tinuity. In complex form it is 


|| ae 


where q, is the charge per unit length on one conductor. With (10), 
q: = — (jy/w) Vz. 

3. Potential Functions and Electromagnetic Preliminaries. From the 
point of view of general electromagnetism the determination of distribu- 
tions of current and charge in a configuration of metallic conductors (such 
as a transmission line) embedded in a poorly conducting or nonconduct- 
ing dielectric medium is a boundary-value problem involving the field 
equations of Maxwellt subject to appropriate boundary conditions. 


+ Maxwell’s equations are formulated in standard books on electromagnetic theory. 
See, for example, Refs. 9, 21, 27, 28. 
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Maxwell’s equations may be regarded essentially as definitions of the 
fundamental electromagnetic-field vectors E and B in terms of current 
and charge. For many purposes it is convenient to introduce the scalar 
potential ¢ and the vector potential A in terms of E and B. Ina homo- 
geneous isotropic medium characterized by the permittivity (dielectric 
constant) ¢, the permeability 4, and the conductivity o, these are defined 
as follows: 


—grd¢=E +S (1) 
curl A = B (2a) 
div A = —opud — ex OE (2b) 


The three vector operators in (1) to (2b) have the following forms in 
cartesian coordinates (unit vectors in the directions of the coordinate 
axes are X, J, 2): 


grad $ = X 5 +9 a 22 (3) 
‘ _ OA, a 6 

div A = ae = ay az (4) 
g Jy 2 
0 90 204 

curl A = ay Oy 88 (5) 
A, A, A, 

With a periodic time dependence 
Oinst = oer Ainse = Aci (6) 


the formulas (1) and (2a,b) become complex and independent of the time. 
They are 


— grad = E + jwA (7) 
curl A = B (8a) 
divA = —joute = —j © ¢ (80) 


where the complex dielectric factor ~ is defined by 


E =e — 22 = (1 — jhe) (9a) 
and the loss tangent is 
a! (9b) 
WE 


t If the dielectric constant and the conductivity are functions of the time in the 
sense that time lags occur and « and ¢ become complex in the form « = ¢’ — je” and 
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and where 8? = w*uk (10) 


The relative dielectric constant or permittivity «, and permeability y, 
satisfy the relations 
€ u 


ee =e 11 
Sao: b> (11a) 


where ¢ 9 = 8.85 X 10~!? farad/m Ho = 4m X 10-7 henry/m_ (110) 


In order to. emphasize symmetry between analogous electric and mag- 
netic quantities, the reluctivity v (or reciprocal permeability) is useful: 
1 


re vy, = 


1 
- nae ie 7.95 X 10° m/henry (11c) 


In most applications the relative permeability is real. However, when 
time lags in magnetization are involved, it is complex. Thus 


=e =u — ju” = w'(1 — jhm) = (1 — jhm) (12a) 


n= Fe wap SIR = (12b) 


oa 


where 


The last step in (12a) and (12b) assumes 


hz K1 (12c) 
Subject to (12c) and 
h?<1 hedm K1 (13a) 


the following approximate expressions are useful: 


we = well — j(he + hm)] = we(1 — hy) (13b) 

ET gl tithe — hm)] = 1 + She) (18¢) 

rs ee, ay, eee 

Tag [1 — j(he — hm)] - (1 — jh,) (13d) 
where ho = he + hn hy = he — hn (13e) 


Note that, when h,, = 0,h, = he = h.. Convenient combinations of these 


o =o’ — jo", the real effective quantities 
€é =« —— oe = 0’ + we” (9c) 
must be introduced and substituted for « and « in (9a) and (9b). In order to avoid 


the distinguishing subscripts, « and o are retained with the understanding that where 
required they must be replaced by «, and o, as defined in (9c). 
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factors include the characteristic velocities: 


vy = LK =3 X 10° m/sec (14a) 
V wo0€0 
1 Vo 
Vue V bree 
1 v 
U V1 = jhe 
the phase constants: 
Bo = = w V Moen: (15a) 
B= - = w Vue (15b) 
B= lau Ve = BVI — jh (15¢) 
and the characteristic impedances: — 
_ foo . | 
o = ras 376.7 ohms (16a) 
0 
ee oan Mr 
fea =e of i (16) 
uv.  $ 
=> a nd 16 
ES i ok ase) 


The elimination of the electric and magnetic vectors from (1) and 
(2a,b) using the field equations leads to the equations 


Vp + Bp = 0 (17) 
V7A + BA = 0 (18) 


where the laplacian operator V? (nabla squared), when applied to a scalar, 
is defined by 


vV°o = div grad > (19) 
When applied to a vector it is 
V?A = grad div A — curl curl A (20) 
In cartesian coordinates 
WA = VA, + §V7A, + 2V°A, (21) 
a , 2 , a 
and vy = (2+ 545) (22) 


where y stands for any scalar such as @, Az, Ay, and A,. 
Solutions of (17) and (18) which give the scalar and vector potentials 
at all points in a homogeneous isotropic medium due to distributions of 
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current and charge in arbitrary configurations of conductors are 


, & abR , 
ie = — dS (23) 


A= Us yp OM av’ (24) 


where n’ is the charge density on the surface element dS’ of the conduc- 
tor at a point Q’(zx’,y’,z’) and i’ is the volume density of current in the 
interior element dV’ at Q’(z’,y’,z’). The potentials are calculated at a 
point Q(z,y,z) outside the conductors in the medium in which they are 
embedded. The distance between the point Q’(z’,y’,z’) locating the ele- 
ment of charge or current on or in the conductor and the point Q(z,y,z) 
where the potential is calculated is 


R=Ve-—cyPty—yPt+ ez)? (25) 
The integration in (23) is over all charged surfaces; that in (24) is over 
the interior of all current-carrying conductors. Note that the solutions 
(23) and (24) take account of the boundary conditions automatically. If 
the current density is expressed in cartesian coordinates, 


i= xi, + fi, + 2i, (26) 
the three cartesian components of (24) are 
A = xA, + YA, + ZA, (27) 


Az = — | I [eS pe av (28a) 
A, = in | il fi on av" (280) 
+ e—i6R , 


If all conductors are of sufficiently small cross section, for example, a 
circle of radius a which satisfies the condition 


gla <1 (29) 


it is proper to define the total axial current and the total charge per unit 
length in each conductor. Specifically the potentials calculated from cur- 
rents and charges in a cylindrical conductor of small cross section along a 
direction 2 are given byt 


eal 
é€ 76 


A= 2A, ie ne ff” Ur’ dr’ dé’ (80b) 


} These formulas are good approximations if the axial integration extends over 
distances at least as great as 5a (Refs. 9, 10, 61). Near the ends of a cylindrical 


2a 
q7 = f n’a dé’ (80a) 
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Since no currents are excited around the axis of the conductor, ip = 0, 
and therefore Ap = 0. As a consequence of the fact that the radial cur- 
rent density i, must be small compared with i, if (29) is satisfied, and 
that the contributions of oppositely directed elements in 7; cos 6’ virtu- 
ally cancel in computing 


1 2e (|| e-i0R 
ae the Rk dr’ cos 6’ dé’ dz’ (30c) 


it follows that A, is so small compared with A, that it may be neglected. 
That is, A, = 0. 

Note that (30a) and (300) musi satisfy (8b), which, with A = 24,, 
reduces to 

2 

tA + jE 4 =0 (31) 

If the configuration of conductors consists of several conductors in dif- 
ferent directions, contributions to the vector potential by currents in 
each are like (30b), with 2 replaced by a unit vector in the appropriate 
direction. The resultant vector potential is the vector sum of all these 
contributions. The resultant scalar potential may be obtained by inte- 
grating (30a) over all surfaces. Alternatively, as a consequence of (31) 
and the equation of continuity: 


| 
Ti + jog = 0 (82) 


in terms of the total current J, and charge per unit length q, it is possible 
to associate specific parts of 6 and A with one another and with specific 
parts of the distributions of charge and current. For example, if a trans- 
mission line with its terminations includes conductors lying parallel to 
the x axis, others parallel to the y axis, and yet others parallel to the z 
axis, the vector potential is given by (27) with 


1 pee ad 

A, = aay | is R dx (33a) 
a 1 / ek | 

Ay = Ine | L, FR dy (33b) 
1 FS ee 

A, es. J L; Rr dz (33c) 


where A, is determined entirely by currents in the conductors parallel to 
the z axis, A, by the currents in the conductors parallel to the y axis, 


conductor or at bends, small errors corresponding to a change in the length of the 
z integration by at most ta are involved. Note that the formulas are, in effect, 
the accurate potentials for a charge q or a current I concentrated along the axis of the 
conductor. 
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etc. The associated parts of the scalar potential are 


1 , é —~IBR , 
(2) cae Art Gx) pp R dx (34a) 
1 ; e788 ; 
oa = = Iw Pp R dy | (34d) 
; “3 fas 34 
~ = iG G2) — ( c) 
The following continuity relations must be satisfied: 
0A, 8? = ) Pr 2 
J dm = 0 ay + JOU) = 0 (35a) 
4,8, 9 Me _ 
ey +I % bw = 0 ay + jogqy) = 0 (35b) 
0A, 2 ol, , . 
—— + j 2 $2) = 0 92 1 Im = 0 (35c) 


Note that q(2) is the charge associated with the current I, and that $a, 
which is derived from q,.), is the scalar potential associated with the vec- 
tor potential A,, which in turn is derived from the current I,. 

4, Electromagnetic Derivation of the Equations and Parameters for 
Balanced Infinitely Long Two-wire Lines.®-7-4°+ Since the trans- 
mission-line equations derived by network theory apply strictly only to 
an unending line in which every section is like every other, it is appro- 
priate as a first application of electromagnetic methods to rederive these 


— Load 
Q, ! plane 
Ra q 4 as } 2a 
t 
Infinite line a? b | ——~» Infinite line 
to generator . to load 


e 
2) 
<1- 


4 
‘ 
t 
4 
5 
t 
& 
4 
' 
oy 
’ 
. 


Q2 


w=0 
Fig. 4.1. Section of infinite two-wire line. 
equations for the infinitely long line. The equations so obtained apply 
approximately to all parts of a uniform line of finite length except near 
terminations or other discontinuities. The specific conditions are derived 
in Chap. II. 

Consider a uniform two-wire line (Fig. 4.1) extending along the z axis 
of a rectangular system of coordinates. The two wires lie in the yz plane 
with the center of wire 1 at y = b/2 and the center of wire 2 at y = —b/2. 

} Superior numbers refer to the Bibliography at the end of this book. 
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The radius of each wire isa. It satisfies the inequality 

\BlaK1 (1) 
Let it be assumed for the present that the inequality 

b? > a? (2) 


is satisfied, so that distributions of current and charge in each conductor 
may be assumed rotationally symmetrical. Let the section of line to 
the right of a plane z= s or w=s—z=0 be designated the load. 
The distance along the axis of each conductor to the left of this plane to 
axial elements dw’ at points Qi and Q} is w’. The total axial current at 
the point Qi in conductor 1 is 1,,(w’); the charge per unit length near this 
point is gi(w’). The current at point Q; in conductor 2 is I2,(w’); the 
charge per unit length near point Q; is q2(w’). The conditions for a 
balanced line are assumed to be satisfied. They are 


In,(w) = —I(w) = —L(w) — qa(w) = —qi(w) = —g(w) (3) 
A2,(w) = —Ax(w) $2(w) = —i(w) (4) 


The vector and scalar potentials in (4) are defined at the equipotential sur- 
face of the cross section at w of the conductor indicated by the subscript. 

The current and charge per unit length satisfy the one-dimensional 
equation of continuity: 


TC) _ jaq(w) = 0 (5a) 


The corresponding relation for the potentials that are defined in terms of 
I,(w) and q(w) is Sec. 3, Eq. (31), with 0/dw = —0/dz, namely, 


dA(w) _ .B? _ 

9A) _ 5 EF o(w) = 0 (50) 
Note that, with the z component of Sec. 3, Eq. (7), viz., 

06 OO ‘ 

Sn = ae Ee ted, (6a) 


and (5b), the following equations are obtained by differentiation and 
substitution: 


a ahs 
0°A, . 8? 
Pa + A = GEE. (6c) 


so that for points on the surface of a perfect conductor, where E, = 0, 
and A, satisfy the equations 

0°A, 
dw? 


0°) | a4 = - 
agi tf Pe 0 + 674, = 0 (6d) 
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The potential differences between equipotential rings around the sur- 
faces of conductors 1 and 2 at opposite points Q, and Q2 at equal dis- 
tances w from the plane of the load at w = 0 are defined as follows: 


V(w) = $1(w) — o2(w) = 261(w) (7) 
W.(w) = Ai.(w) — As(w) = 24,(w) (8) 


The last step in each equation follows from (4). The differential equa- 
tions satisfied by V(w) and W,(w) are obtained readily by combining 
(6b,c) with (7) and (8). The results are 


e Vw) + B°V(w) = o (Ei: — Ex.) (9a) 
TO) + gw(w) = 5 © By — Bx) (96) 


where £,, and E>, are defined on the surfaces of the conductors. 

The evaluation of the potential differences in terms of the current is 
accomplished as follows: Using Sec. 3, Eqs. (30a,b), the general definitions 
are 


V(w) = 55 i g(w")P,(w,00!) dw! (102) 
W.(w) = a i ” FNP pw) did (100) 
where P,(w,w’) = a: — Ie (11) 


and R=Vw-wPte R= Sw—wy to? (12) 


In order to evaluate (9) and (10) the charge per unit length and the 
current at the point Q’ may be expanded in Taylor series in terms of the 
charge per unit length and the current at the point Q. Thus the leading 
and first correction terms are 


q(w’) = q(w) + (w’ — w) eau) pices (13a) 
Iw) = E(w) + (w! — w) BO) (130) 


Using (5a), Eqs. (13a,b) may be expressed as follows: 


aw’) = q(u) + = ES) (wy — w) (14a) 
Lew!) © 10) + jog) (wo! — w) (140) 


Finally the substitution of (14a) and (14b) in (10a) and (100) gives the 
following general expressions for the potential differences along an infinite 
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uniform line: 


Vow) = she atudhotw) + LO) BO) (15a) 
W.(w) = > | cept + jog(w) ne (15b) 


kyo(w) = iB P,(w,w’) dw’ = a G. — x du’ 
is iz (F(a) — F(b)| dw’ (16) 


Ri(w) _ is (w’ — w)P1(w,w’) dw’ = [. (w’ — w) (F = x) dw’ 


a ie (w! — w)[F(a) — FQ)] dw’ (17) 


ia: see ng) eee (18) 
Ra Ry 
The first integrals, in the expanded forms (16) and (17), may be evaluated 
directly. They yield 
sy fs a oe 
i h-)ew = 2In- (19) 
= atl 1 pee. 
and [@-(-%)™ = 0 (20) 
It will now be shown that, subject to the condition 
\gb|?<«1 (21) 


the second integrals in (16) and (17) may be neglected. Evidently, over 
that part of the integration for which (w’ — w)? is large compared with 
b? and a?, R, and R; differ negligibly from |w’ — w| and from each other. 
It follows that F(a) + F(b), so that there are no contributions to the 
integrals. The principal contributions to the integrals occur when 
|w’ — w| is small, so that R, and R, are of order of magnitude b. But 
when this is true, it follows with (21) that 
\eeR?]<K1 eB + 1 — 7BR — BR? + jB°R (22) 
where R stands for R, or Ry. Hence the integrand of the second integral 
on the right in (16) is of the order of magnitude 
|F(a) — F(b)| = |6°(Rs — Ra) — J8*(23 — Ro) (23) 
whereas the integrand of the first integral is 
1 1 — R, er R. , 
RB RaRe 
The ratio of the integrand in the first to that in the second integral in 
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both (16) and (17) is 

1:|6°*R.R; = j@?RaRi( Re + R,)| (25) 
over a range where (22) is valid, so that with (22) the second integral is 
negligible. It follows that, for the infinitely long line subject to (21), 


ko(w) + kk = 2 in? (26) 

ki(w) =0 (27) 

It is interesting to note that the imaginary part of (25) determines the radi- 
ation, which (21) makes negligible. 

With (26) and (27) the potential differences at a point Q along the line 


are 
dI,(w) 


= gp) 2 = 1 
V(w) = gw) = 7 (28) 
W.(w) = [.(w)l* (29) 
The following symbolism is introduced in (28) and (29): 
: oe 
ee ee, ic 8,2 
ag C7 a EU ae 208) 


These are the leakage conductance, the capacitance, and the external 
inductance per unit length of the infinite two-wire line. If y is complex, 
l¢ also is complex, In the last step in (28) use is made of (5a). Note that 

B? = wyE = —zy (31) 
where 2° = jwl* is the external impedance per unit length of the parallel 
line. 

It is noteworthy that the correction terms in (13a,b) and (14a,b) make 
no significant contribution to the potential differences when the line is 
infinitely long and (21) is satisfied. The assumption of uniform current 
and charge per unit length is adequate in evaluating the potential differences 
and the constants for an infinite line. 

One of the differential equations for the two-wire line is contained in 
(28). The other is obtained from (6a) using (7) and (8). Thus 


ala) — joW.(w) = Ex.(w) — Ex.(w) (32) 


where E,,(w) and E2,(w) are the axial tangential components of the elec- 
tric field at the surfaces of the two conductors. This electric field is 
proportional to the total current, so that 


E,,(w) = he(w)ai = 22 (33a) 


RG nS a (330) 
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Note that I2,(w) = —I),(w) for a balanced line and zi, = 24 for identical 
conductors. Hence 
zis 2+ 2h (33c) 


The complex quantity z* = 7* + jz‘ is the internal impedance per unit 
length of the two-wire line. Its real part r‘ is the internal or ohmic resist- 
ance of a unit length of the two conductors. The evaluation of z‘ from 
the ratio E,(w)/I,(w) along a cylindrical conductor is in the literature 
(Ref. 9, Chap. V). The formula for high frequencies subject to (2) is 


OS ed EI ie 


where p, and o, apply to the conductor. Note that z‘ = 224 for a two- 
wire line. Using (33) and (29), (32) becomes 


OF) = (at + jut?) Mw) (35a) 
With (30a) in (28), this becomes 
ow) = (g + joc) V(w) (35d) 


These are the familiar one-dimensional transmission-line equations. If 
desired, —9/dz may be substituted for d/dw, so that, with 


ratit jolt = ri + joi +l) = 7 + jul (36) 


the final equations are 


— —_ = z1(z) (37a) 
al(z) _ 
per ial LAC (37b) 


These are the equations derived in Sec. 2 by assuming that the line is 
equivalent to a recurrent network of resistive and reactive networks. 
This assumption has now been justified. Note that the constants of the 
line have been derived except for z‘, which presents a special problem. 
In the rest of this chapter transmission-line theory is formulated under the 
assumption that the permeability of all mediais real. If, as outlined in Sec. 
3 and implied in (30b), (35a), and (36), » is complex and given by Sec. 3, 
Eq. (12a), 1.e., 
yaw — ju” = wl — jhn) (38a) 


the complex external inductance 
+ = F(L — jhe) (38b) 
must be used instead of the real value /*. Then 
ze = jol? = jwl*(1 — jhm) (39a) 
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and in (36) it follows that 
z= 264+ jol? = ri + olthn + joi +l) = 7 + jul (39b) 
Clearly the generalized value of r is 
r= t+ olthn (40) 


where h,, is the ratio of the imaginary to the real part of the complex 
permeability uw. It follows that, whenever a magnetic medium with a 
time lag in magnetization response is involved, r as given in (40) must be 
used. 

For an infinitely long two-wire line (or approximately for the section 
of a long finite line that is sufficiently far from terminations or discon- 
tinuities) (37a,b) are the correct equations for current and voltage. The 
following conditions have been assumed or imposed: 


(1) The two conductors are parallel and identical 

(2) |gal «1 

(3) |6b/?<«1 (41) 
(4) b? > @ 

(5) The line is infinitely long 


It is shown later that, by a modification in the formulas for the line con- 
stants, condition (4) can be removed and that, by introducing an appro- 
priate lumped-constant network at 
each termination or discontinuity, 
condition (5) may be eliminated. 
Condition (1) is modified to include 
conductors of unequal size in Sec. 7. 
5. The Balanced Four-wire 
Line.° The method of analysis 
used in Sec. 4 is readily applied to 
the balanced four-wire line con- 
structed of identical and parallel 
conductors (each of radius a) which 
are so driven that conductors 1 and 
3 on one diagonal of a square of side 
b are in parallel, as are conductors 2 
and 4 on the other diagonal. The 
two parallel pairs form the transmission line (Fig. 5.1). The following 
conditions are assumed: 
Igal<K1 Bw? (1) 
Iw) = h(w) = -—hWw) = —h(w) = —3l(w) (2) 
qi(w) = grow) = —qi(w) = —qs(w) = —sq(w) (3) 


Fia. 5.1. Four-wire line. 
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where J(w) is the total current in the line and q(w) is the total charge per 
unit length. 


$4(w) = oo(w) = —di(w) = —$2(w) (4) 
Ay.(w) = A2,(w) = — A1.(w) > — A;.(w) (5) 
The potential differences are 
Vw) = oi(w) — o2(w) = $2(w) — da(w) = 261(w) (6) 
W,(w) = A1.(w) — Ao(w) = Aze(w) — Aa(w) = 2A1,(w) (7) 
vw) = by f° acwyPi (enw!) de 8) 
Ww) = i 1,(w’)P,(w,w’) doo’ (9) 
where P.(w,w’) = — a mien (10) 


and R= Vw WTR R=Vw~ uP FR Gy 
Re = Vw = ay EF 
It is readily verified that, subject to the condition 
|edit <«K 1 (12) 
it follows that 


hGos i ” P.(w,w’) dw! = 2in— 52 Ge " 0.3464) (13) 
= a 
2ro, Qrre, m b 
Hence = = le = —|In——— (14 
wnat In (b/a ~/2) : In (b/a V2) an =a 2 ay) 
Also ats git 2h + 2h + 24 = 424 (15) 


where, subject to 

b> a (16) 
zi is given by Sec. 4, Eq. (34), at high frequencies. The same differen- 
tial equations as for the two-wire line apply to the four-wire line, but 
with these new values of the parameters. 

6. The Coaxial Line. The analysis of the infinite coaxial line (con- 
sisting of a conductor 1 of radius a; in a conducting sheath 2 of inner 
radius a2 and outer radius a3) may be carried out in the manner used for 
the two-wire line. If the conditions of balance for current and charge 
in Sec. 4, Eq. (3), are postulated, the potentials at an arbitrary point 
Q(r,0,2) in the dielectric medium (a, S r © 42) are given by 


o(w) = ce I Me q(w’)P,(w,w’,d’) dw’ ag’ (1) 
An. 0 pee s ” , 2a 
1 a is / / , , dg’ 

A,(w) = hep i. [ e I,(w )P,(w,w ,O ) dw on (2) 


e 18% ,y e 18K so 
Ra Bez | (3) 


> 
S 
= 
2 
i 


where 
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and (Fig. 6.1) 
Ra = V(w — w’)? + 82? 52 = 7? + a? — 2arr cos 6’ (4) 
Reg = V(w— w')? + s&s = 2 + a2 — Qaor cos 6" (5) 


The charge per unit length and the total current in each conductor are 
defined as follows in terms of the surface density of charge n and the axial 
component of the volume density of 
current i,: 


qi(w) = 2rayni(w) 
g2(w) = 2ran2(w) = —q:(w) (6) 


1,,(w) = 2r tr 1,(w,r)r dr 


I,,(w) = 2r [ ” io,(w,r)r dr (7) 
= —1,,(w) 


In defining s in (5) it is assumed 
for simplicity that the entire current 
I.,(w) is concentrated in a thin layer 
on the inner surface of the sheath as 
fora perfect conductor. Fora good 
but imperfect conductor, the field in 
the sheath is included in the eval- 
uation of the internal impedance. Fic. 6.1. Coaxial line. 

Note that only 2, in P,(w,w’,6’) involves 6’. 

In evaluating (1) and (2) for the infinite line, g(w’) may be replaced 
by q(w), and I,(w’) by I,(w), as shown for the two-wire line. This leaves 
only P,(w,w’,@’) under the sign of integration. The integration with 
respect to z may be carried out just as for the two-wire line. After the 
condition 


\Ga2|? <«K 1 (8) 


is imposed to eliminate higher modes, the steps in the analysis parallel 
those in Sec. 4, Eqs. (16), (18), and (19). The result is 
c o l ] 89 
P,(w,w’ 0’) dw’ = —~ — — |] dw’ = 2In— 9 
r ) aw [ Ags ia) ° $1 (9) 
The integration with respect to 6’ (which does not occur with the two- 
wire line) may be carried out using Pierce formula 523. Thus 


p(w) = oy, [In (r2 + a2 — 2aer cos 8’)] < 


— © 


— i (In (r2 + a? — 2air cos 6’)] os 
0 


TT 


= =—In— . (10) 
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Similarly Kae aw) In (11) 


T 


The potential differences between points Q:(a1,0,w) and Qe(d2,8,w) on 
the surfaces of the two conductors are 


V(w) = ox(w) — x(a) = 25) in 2 (12) 
W.(0) = Au(w) — An) = i (13) 


Note that these results may be obtained even if the term 1/R, is omitted 
in (9) and V(w) is evaluated directly. This shows that the potential 
differences may be determined entirely from the charges and currents in 
the inner conductor. The potential differences in (12) and (13) may be 
expressed in the form of Sec. 4, Eqs. (28) and (29), viz., 


al, 1 
V(w) = Sor (14) 
W.(w) = L(w)l’ (15) 
. : 210 2re 
with y=-9 + Joe j= in (a2/a1) c= In (aslan (a2/a1) (16) 
M a2 
le = — In — 
Qa ay 


As for the two-wire line, the internal impedance per unit length is 

z= 23 + 25 (17) 
where zi and 23 are the internal impedances per unit length of the inner 
and outer conductors. At high frequencies (a; ~/wo,u, 2 10) 


Bers ae Mew fa. WAY eto 

a a — Jz = Qra. \ 20, (18) 
The remaining steps follow those for the two-wire line and lead to the 
same differential equations, but with the line parameters (16) and (17) 
instead of Sec. 4, Eqs. (30) and (33c). The general conditions on the 
equations are like those in Sec. 4, Eq. (41), for the two-wire line except 
that conditions (1) and (4) in See. 4, Eq. (41), are not imposed. 

The electric and magnetic fields in the dielectric medium in the coaxial 
line are obtained from the potential functions. Since rotational sym- 
metry obtains and A, is the only component of the vector potential, the 
vector relation [Sec. 3, Eq. (2a)] reduces to 


0A, 
B, = 0 By, = — re B, = 0 (19) 
in cylindrical coordinates. Hence, with (11), 
B=6B, B= I, (20) 


Qrvr 
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The electric field is given by Sec. 3, Eq. (1). With A = 2A, and rota- 
tional symmetry the only transverse component of the electric field is 


gE, = —% _ 4 (21) 


The last step follows from (10). 

If the space between the two conductors of a coaxial line is not filled by 
a single homogeneous isotropic dielectric, complications arise which can- 
not be solved without the introduction of more advanced mathematical 
methods. Two cases are of interest: (a) If the inner conductor is coated 
with a good dielectric of uniform thickness and the rest of the space 
between the two conductors is air, a so-called guided field exists in the 
dielectric which propagates in a manner related to that of the single-wire 
dielectric-coated line.“ It cannot be analyzed by ordinary transmission- 
line theory. (b) If the space between the conductors is filled with two 
different dielectrics each extending from the inner to the outer conductor, 
but the one only over an angle 6 and the other over the remaining angle 
2r — 6, the line behaves essentially in the transverse electromagnetic 
(TEM) manner characteristic of the coaxial line with a single dielectric, 
provided az is sufficiently small. The capacitance per unit length of the 
two-dielectric line is a parallel combination of the capacitances per unit 
length of the two sectors with different dielectrics. *4 

7. The Closely Spaced Two-wire Line with Unequal Conductors.1:9.*° 
In the general study of the two-wire line in Sec. 4 the conductors are 
assumed to be of equal radius, and the condition b? >> a? is imposed from 
the outset in order to keep the transverse part of the analysis simple 
while the complications resulting from the occurrence of both transverse 
and axial variables are unresolved. An important result of this analysis 
is the demonstration that, subject to the conditions imposed, the trans- 
verse and axial problems are independent to a high degree of approximation. 
Indeed the final differential equations are the same for all the lines inves- 
tigated. They involve only the axial variable z, whereas the solutions 
of the several transverse problems appropriate to the cross-sectional 
boundaries are contained in the formulas for the parameters of the partic- 
ular line. Since the conditions ensuring this effective independence of 
axial and transverse problems are primarily those requiring the cross- 
sectional dimensions to be small, these are better satisfied for more 
closely spaced two-wire lines. So long as the conditions [6a:| «1 and 
|Ga2| < 1 are satisfied, there is nothing in the analysis which requires the 
two radii to be equal. It follows that the formulation of the problem 
of a balanced two-wire line consisting of two parallel conductors of radii 
a, and az separated a distance b between centers which satisfies the 
conditions 

b>a:+ ae gb] << 1 (1) 
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where the first inequality merely means that the two conductors may not 
actually make contact, is readily achieved. 

The separation of the axial and transverse parts of a function, such as 
the potential difference 


V = o1 — 2 or W, = Ai, — Az 
which satisfies the scalar wave equation 


Ww, OW, 
Ox? 02? 


aw, 
=F ay + + BW, =0 (2) 


is accomplished by the separation of variables. By setting 


W, = F(x,y)f(z) (3) 
and substituting this in (2), the following result is obtained: 
__ 1 [a°F@y) Few) | _ 1 Ff) 1 

Fen (ae te lr de +8 ” 


In order that the mutually independent sides of this equation may be 
equal for all values of the variables, they must both equal a constant, 
which, however, may be multivalued. Let this constant be k?. Then, 
with (3), the following equations are obtained: 


ew, 


xa + G — #)W, = 0 (5) 
ew, , ew, 
aa + pyr t BW. = 0 (6) 


For a two-wire line with identical conductors, the axial equation for W, 
is Sec. 4, Eq. (9b), with Sec. 4, Eqs. (33a,b,c), viz., 
Ww, 
02? 


2 
+ ow, = 7© ail, (7) 
where 2? is the internal impedance per unit length of the two-wire line. 
It is now clear that the approximations involved in the analysis of Secs. 
4 and 5 in which 


W. = LI (8) 
are equivalent to setting 
8, 
R= jt (9) 


in (5). Note that the equation is then valid only on the surfaces of the 
conductors, since the right side is obtained from the electric fields on 
these surfaces. With z‘/wl* extremely small for good conductors, k? is 
small in magnitude compared with |@|?. Nevertheless Rk? must be 
retained in (5), since when the dielectric medium is perfect and 6? is 
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real, the propagation constant y in 
yak -¢ (10) 


is a pure imaginary unless R differs from zero. A nonzero value of k 
implies imperfect conductors and is necessary to maintain W, and I, 
finite. On the other hand, the contribution of a very small value of k? 
to the transverse problem defined by (6) is insignificant. Accordingly 
(6) is replaced by 


OW, , Ww. . 
Or? + ay? = 0 (11) 


The solution actually obtained in Sec. 4 is for W, as determined from 
(7) and (11). Thus account is taken of the large but finite conductivity 
of the conductors in determining azial distributions that involve an 
unrestricted length of conductor, but not in determining the transverse 
distributions that involve only the very much restricted cross sections. 

The problem is to solve the two-dimensional Laplace equation (11) 
subject to the condition that A, have a constant but different value on 
each of two circles of given radii a; and a. These are the circular cross 
sections of the conductors. The appropriate solution is 


A, = Kin? (12) 
1 
where r= V(etadt+y n=V(¢ —d)y?+ y¥? (13) 


and d is a constant length to be determined. K in (12) is not a function 
of x and y, but of z alone. It is verified by substitution that (12) satisfies 
(11). It remains to be shown that the equipotential surfaces are circles. 
For this purpose let 


2p = In= = const. (14a) 
1 
so that = = e7 (146) 
1 
and A, = 2Kp (15) 


Thus contours of constant p define equipotential lines in the plane or 
infinite cylinders in space. Next let (14b) be squared and (13) substi- 
tuted in it. The result is 


(a@+tdy+y =e%l@—d)+y’ (16) 
This can be rearranged as follows: 


qd? 


a 2 2— 2 2 = i ee 
(x — d coth 2p)? + y d? (coth? 2p — 1) sinh? 2p 


(17) 


This equation defines two families of circles—the one with positive and 
the other with negative values of p as parameter. Thus it has been 
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proved that contours of constant p, which coincide with contours of con- 
stant vector potentials, are circles. Since an entirely similar analysis 
can be made for the scalar potential $, it follows that equipotential lines 
for both scalar and vector potentials are circles of constant p. The range of 
pisfrom —« to +o. The centers of the circles are at 


x = dcoth 2p y=0 (18) 
Their radii are 
d 


ae |sinh 2p| (19) 


The two families of circles are shown in Fig. 7.1. They are divided by 


x/d 


Fig. 7.1. Equipotential circles for two-wire line. 
the straight line x = 0 or p= 0. The points c = +d, y = 0 are for 
p= +o. 
Consider a particular pair of circles defined by p = pi = |p:| and 


p = p2 = —|\p2|. The centers of the circles coincide with the axes of the 
two conductors at 
x = 21 = d coth 2p, y=y=0 (20a) 
x = X2 = —d coth 2Ipol y=y.=0 (20b) 


The radii are the same as the radii of the two conductors, viz., 


d d 
Caan on ..°o2 sinh Ded (21a) 


Note that a2 sinh 2|p2| = a, sinh 2p: (21b) 
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With (21a) in (20a,b) the locations of the centers may be expressed as 
follows: 
21 = a; cosh 2p; yi = 0 (22a) 
X2 = —dz2 cosh 2p. Y2 = 0 (22b) 


The distance between centers, which is the spacing between centers of 
the two-wire line, is 


b = 21 — 22 = ay cosh 2p; + ae cosh 2pe2 (23) 


In order to express p; and p2 (and with them the potentials on the two 
circles) in terms of b and a; and az, pz (or pi) may be eliminated between 
(21b) and (23). Thus 


b = a, cosh 2p: + ~/a? + a? sinh? 2p, (24) 
This can be solved for p: to obtain 


b? + ai — aj 


2e1 = cosh"! ore = cosh! y, (25a) 
1 
2 2 2 
Similarly 2p. = — cosh7! ot a a = — cosh"! po (25b) 
2 


The symbols y; and yz are defined in (25a) and (25b). It follows with 
(15) that the components of vector potential on the surfaces of the two 
conductors of radii a; and a2, with centers separated a distance b, are 


Ay, = 2Kpi = K cosh" y; (26a) 
Ao, = 2Kp. = —2K\|p2| = —K cosh yp (26b) 

The vector potential difference is 
W, = Ai, — Ax = K(cosh™ ¥; + cosh! po) (27) 


The constant K in (27) may be evaluated by comparing the solution of 
Sec. 4, Eq. (29), with (27) when this is specialized to wires of equal radius 
and sufficiently great separation by setting a; = a2 = a and utilizing the 
inequality b? > a?. Subject to these special conditions, 


hohe (28) 


Using the standard relation between arc-hyperbolic and logarithmic 


functions, viz., 
. b b b\? 
a = — — —_ 
cosh 5a In E + \ (zz) 1| (29) 


it follows that with b? > a? 


cosh! y, = cosh! ¥. = In 2 (30) 
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Hence after the substitution of (30) in (27) it follows from a comparison 
with Sec. 4, Eqs. (29) and (30b), and yw = » = 1/», that 


L, 


~ Oey (31) 
so that the vector potential difference is 
= L, —1 af ‘ 
W, = oy (cosh! ¥; + cosh! ype) (82) 


The corresponding solution for the scalar potential difference has a dif- 
ferent constant. It is 


V= sy (cosh! y; + cosh! ype) (33) 
me 


It is now convenient to define the external inductance per unit 
length l¢ and the admittance per unit length y = g + jwe as factors of 
current and charge in the relations 


W,=1l V= a (34) 
as in Sec. 4, Eqs. (28) and (29). The use of (32) and (33) in (34) gives 


the following formulas for the parameters of the closely spaced two-wire 
line: 


= 5 (cosh-! ¥; + cosh p2) (35a) 
gy = 2nro(cosh~! ¥; + cosh! y2)-! (35d) 
c = 2re(cosh™! ¥1 + cosh™ y2)! (35c) 


The arguments are 
oa li i ra {222 eee 
— 2axb . 2azb 
where b is the distance between centers of the two parallel conductors 
of radii a; and az. 
For widely separated conductors for which the conditions b? > aj and 
b? > a? are satisfied, 


(36) 


b . oO \ 
v1 5a, Y= Bai (37) 
b To Te 
and [¢ = = In ——— = — c= —————— __ (38) 
m  ~/aid2 7 n (b/-V aia2) In (b/-V/ aia2) ( 


The most interesting and important special case is when a; = a2 = a. 
In this case 


W=ve=57 (39a) 
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so that 


UF beh ot pO Se en BOE 

T cosh 2a 9 cosh= (b/2a) ¢  cosh= (b/2a) (398) 
Note that with (29) it is possible to express the general parameters for 
arbitrary spacing of identical conductors in the same form as for a spacing 
that satisfies the inequality b? > a? merely by defining an effective spacing 
b., which replaces b. This effective spacing is obtained from (29) to be 


b 2a\? 
b= 3) +1-(@)] (40a) 
With (40a), (39b) may be expressed as follows: 


b. or 


ra %"in@/a ° 


er 

~ in @./a) co 
Clearly, when b? is sufficiently great compared with a’, these formulas 
reduce to those in Sec. 4, since b, = b when the condition b? > a? is 
satisfied. 

A second special case is when conductor 2 has an infinite radius, so that 
its surface becomes the zz plane, given by p = p2 = 0. In this case it 
follows from (22a) that 


1 
= cosh7! — 
Pl 2 


p2 = 0 (41) 
where 2, is the distance from the center of conductor 1 to the plane. 
Since with (26b) As, = 0, it follows with (27) and (31) that 


AT a tee (42) 
TY a 


2 


Let the distance x, be expressed in terms of the full line spacing b between 
the conductor and its image in the conducting plane. That is, let 


m= 3 (43) 
Then, with (32) and (35), 
es = ob oe) 2no _ Qare 
=p Cn ag 0 soak ae) «| eh ee 


Note that /* is one-half and g and c double the corresponding value for a 
two-wire line of identical conductors spaced a distance b between centers. 
This follows from the fact that W, and V measured between the conduc- 
tor and conducting plane, a distance 6/2, are one-half the values measured 
between two identical conductors separated a distance 6 and carrying 
equal and opposite currents and charges. The same results can be 
derived directly from the theory of images. 
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The internal impedance per unit length is modified when two parallel 
conductors are close together by the so-called proximity effect. The 
density of axial current is increased in adjacent parts of parallel con- 
ductors with oppositely directed currents and is decreased at more remote 
parts. This increases the effective internal impedance, since more cur- 
rent is confined to a smaller volume. Accurate formulas for zi for one 
cylindrical conductor in the presence of another with different radius are 
not available. If the two conductors are identical, an approximate high- 
frequency formula involves an effective radius 


a, =avV/1 — (2a/b)? (45) 
in place of a in the formula for z‘ for a cylindrical rotationally symmetri- 
cal conductor.t Thus for each conductor“ 


Pape aa Hew 
1 Ora | 2e11 — (2a/b)?| (46) 
The internal impedance per unit length of a two-wire line is 2‘ = 22}. 
For the single wire over the conducting plane, z‘ = zj if losses in the 
plane are neglected. 

The transverse electric and magnetic fields in the medium surrounding 
the two conductors are readily obtained. Since by definition B = curl A, 
it follows from Sec. 3, Eq. (5), that, when A = 2A,, 


0A, _ _ OA, 
B, Sz “Oy B, wo Ox (47) 
The slope of a magnetic line is 
dy _ B, 
eB. (48) 
so that its contour must satisfy the equation 
0A, 7) = 
Body Byte a OU gg oe eae Se (49) 
Integration yields A, = const. (50) 


Thus the magnetic field is directed along contours of constant vector 
potential, that is, along the circles p = constant. The direction is speci- 


+ More accurate formulas for use at lower frequencies and with tubular conductors 
of outer radius a.and inner radius ka are’? 


i BA B(2 — B*) , B(9 — 10B? + 4B*) 

a _—. [2 cies 3a te 

ah E V/2 . 4 i. 16V2A “ | 50) 
~.mefl, B+1, B _ B~10B7+4B) |. 

ee ease, ee ioe 


where A =a +/uow, B = a/a, = {1 — (2a/b)?}-4, andro = 1/roa?. These formulas 
are good approximations provided that r/ro Z 2. Still more accurate but also much 
more complicated formulas are given in the literature.*® 
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fied by the right-hand screw relation with respect to A. Since A reverses 
with p, the direction of B around the circles p = constant, with p > 0, 
is opposite to that around the circles p = constant, with p < 0. 

The electric field satisfies the relation 


E = — grad 6 — jwA (51) 
Hence, with A = 2A,, the transverse components are 
_ _ 9 =.1 28 


Since the gradient of a scalar function is a vector in the direction of the 
greatest rate of increase of the function, it must be perpendicular to the 
equipotential lines given by p = constant. Thus the electric lines must 
be circles perpendicular to the circles of constant p. As such they pass 
through the points z = +d, y = 0. Since the volume density of current 
in the dielectric medium if this is imperfect is given by 


i = cE (53) 


where E is the field in the dielectric and a is its conductivity, it follows 
that the E lines are also the lines of flow of electric charges from one 
conductor to the other through the medium. 

8. The Shielded Line with Eccentric Inner Conductor.'3 If the inner 
conductor (radius a1) of a coaxial line is displaced so that its axis is at a 
distance D from the central axis of the 
enclosing sheath (inner radius a2), as 
shown in Fig. 8.1, the solution of the 
transverse problem may be obtained 
from the results of Sec.7. Itisshown 
in Sec. 7 that the circles p = constant 
are equipotential lines in each trans- 
verse plane of a two-wire line. The 
solution of the transverse problem of 
the two-wire line was achieved by 
identifying the circular metallic sur- 
faces of the two conductors which 


a Fig. 8.1. Shielded line with eccentric 
have radii a; and az and centers at inner conductor. 


z= 2, = |x|, y=0 and t = x = 
—|zxel, y = 0 with the circles p = p; = \pi| and p = p2 = —|p2| according 
to the relations 


Y1 = a, cosh 2p, Le = —Ge cosh 2\po| (1) 


The same identification with equipotential circles may be carried out for 
a shielded line (with circular metal surfaces of radii a; and az with centers 
at x = 2 = |x|, y = 0 and x = x2 = |z2|, y = 0, shown in Fig. 8.1) 
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by setting 
21 = a, cosh 2p, Xo = G2 cosh 2pe (2) 


Note that for the two-wire line p; is positive and p2 is negative, whereas 
for the shielded line p; and pz are both positive. The axial separation of 
the two conductors of the shielded line is 


D = x2 — 21 = Q2 cosh 2p2 — a, cosh 2p1 (3) 
Since, as shown in Sec. 7, the following relation is satisfied: 
a, sinh 2p; = ae sinh 2p. (4) 


it is possible to eliminate first p1, then pe, from (3). The results are 


oe 2 2 

2e1 = cosh7! aa = cosh! y,, (5a) 
, as 2 2 

Som eee aot? = ees (5b) 


where yi, and 2, are defined by (5a) and (5b). Thus it has been shown 
that a shielded line with inner conductor of radius a; and outer conductor 
of inner radius a2 > ai, with axes separated a distance D, may be identi- 
fied with two circles of constant p defined by (5a,b). The vector and 
scalar potentials are obtained from the values of p by multiplying by the 
appropriate constant. Thus 

de 
os 

- 2p: + Cy o2 = oi é -2p2 + Cy (6b) 


I, 
Ay, = aS *2p1 + Cx Ao, = *2p2 + C, (6a) 


$1 = oy Fs 
It is evidently possible to add the arbitrary constant potentials C4, and 
C, and still satisfy the two-dimensional Laplace equation. This is done 
so that the potentials may be referred to zero at the shield by setting 


I, 
a= =) ae oa - Qps (7) 


Orv 
so that Ao, = 0 and $2 = 0. The potentials of the inner conductor are 
then equal to the potential differences as follows: 

I, 
WwW. = Ai. = Ao, = Ai = Dep (cosh~! Wie = cosh7! Vr) (8a) 
V= o1 = 2 = o1 = 5 (cosh7! Vie = cosh! W2) (8b) 
me 
With the general formula 
cosh-! x — cosh-! y = cosh“ [zy — VW(z? — 1)(y2?— DD] (9a) 
it follows that 


2 2 2 
a2 +a? — D 
cosh-! yi, — cosh! yz, = cosh~! —2>—~ +. — 


20102 


(9b) 
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aj + a? — D? 


— I, —1 
Hence W, = ony cosh Dad: (10a) 
oM, Feag tee 106 
V Ont cosh oad: (10b) 
so that the external inductance per unit length of an infinite line is 
2. We Kw _,G+a? — D? 
[¢ = L-% cosh aa (11a) 
imi jo V1 op te + at — D 1b 
Similarly ge One cosh aa (11b) 
where y = g + jwe is the admittance per unit length. It follows that 
2no 
9 Cosh= [(az + a? — D?)/2a,a9] (12) 
2rre (13) 


~ eosh— [(a3 + a? — D?)/2aya2] 
Note that, when the distance D between axes is sufficiently small so that 
the following inequality is satisfied: 


D? <a? + a3 (14) 
it 1s correct to set 
2 2 2 2 2 
cosh} a; + ay — D? = cosh—! az + Qj = In ae (15) 
2a1d2 20102 a 


so that the line parameters reduce to the simple form of the coaxial line, 

viz., 

a2 = 2ro = 2rre 

a, 97 in (a2/a1) ein (do/ay) 
It is significant that the functions in (8a,b) may be interpreted as 

either of the following: (1) The'potential difference between the surface 


' jo GO 
ais 


(16) 


fee 72a / a \ 
oO C+") 
/ 
P=Pr Res PRPS. 
Circle in 
(a) (6) apace 


Fic. 8.2. (a) Shielded line with eccentric inner conductor. (6) Conductor 1 with 
image conductor 2, which together maintain the same potential on the circle of radius 
az as exists on the shield of the same radius in (a). 

of conductor 1 (of radius a; and with current J, and charge per unit 
length g) and the inner surface of the sheath (of inner radius a, and 
with current —I, and charge per unit length —gq), as shown in Fig. 8.2a. 
(2) The potential difference between the surface of conductor 1 (of radius 
a, and with current I, and charge per unit length g) and a circle of radius 


34 TRANSMISSION-LINE THEORY [Chap. I 


2 in space when in the presence of a second conductor 2 (of radius a1 
and with current —J, and charge per unit length —g). This second 
conductor (image) has its center at a distance 

b; = 2a, cosh 2p; = ome (17) 
from the center of conductor 1, as shown in Fig. 8.2b. This distance 
b; in (17) is obtained from (5a) and Sec. 7, Eq. (23), with appropriate 
specialization and changes in notation simply by requiring the potentials 
on conductor 1 to be the same in the two cases, so that (5a) may be 
substituted in Sec. 7, Eq. (23), with a2 = ai. If the radius a; is suf- 
ficiently small so that 


a2 — D? >a? (18) 
(17) reduces to 
2 
b+D=% (19) 


This is the fundamental relation between the distance D of a line source 
from the axis of a metal cylinder of radius a2 and the distance b; + D 
from the same axis to the image of the line source. 

9. The Shielded-pair Line. Consider four infinitely long parallel con- 
ductors each of radius a arranged side by side, as shown in Fig. 9.1. 
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Fic. 9.1. Four-conductor line that maintains a constant potential on the circle of 
radius 2. 


From left to right the conductors are numbered 3, 1, 2,4. The currents 
and charges in the four conductors are related as follows: 
kh, = 1h, = —h, = —li: (la) 
Q@=a= —-n = —% (1b) 
The distance between conductors 1 and 2 is b = 2D; that between 1 and 
3 and that between 2 and 4 are b;, where, from Sec. 8, Eq. (17), 


aa 2 
b; = i = 2a; cosh 2p, (2) 


With this choice of distances it follows from Sec. 8 that the currents and 
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charges in conductors 1 and 3 make the circle of radius a2 an equipotential 
surface with p = pz = constant, as given by Sec. 8, Eq. (5b). By sym- 
metry the currents and charges in conductors 2 and 4 (which are oppo- 
sitely directed from those in 1 and 3, respectively) also make this same 
circle an equipotential surface with p = —|p2| = constant. It follows by 
superposition that the currents and charges in all four conductors make 
p = p2 — pz = 0 on the circle of radius a2, provided the two pairs of con- 
ductors do not interact sufficiently to alter significantly the distribution 
of current in the conductors. This is true approximately if the condition 


b? = 4D? > a? (3a) 


is satisfied. Subject to this condition, the circle of radius a2 in space 
may be replaced by a conducting sheath of 
radius a2 enclosing conductors 1 and 2, and 
the image conductors3 and 4 removed with- 
out changing anything electrically within 
this circle. Conductors 1 and 2 in the 
sheath thus form a balanced shielded-pair 
line, as shown in Fig. 9.2. 

The potential differences between con- 
ductors 1 and 2 in Figs. 9.1 and 9.2 are 
thesame. Whereas they cannot be readily Fra. 9.2. Shielded-pair line. 
obtained when the radius a; of the con- 
ductors is unrestricted, they are evaluated easily when a; is sufficiently 
small so that the conditions (3a) and 


cylinder 


ai — D? >a? (8b) 


are satisfied. Since the two-wire line consisting of conductors 1 and 2 
is balanced, it follows, just as for the open two-wire line in Sec. 4, that, 
in the notation of Sec. 4, 


In,.(w) = —I,,(w) q2(w) = — qi(w) (4a) 
A;,(w) i —A,,(w) $2(w) = — o1(w) (4b) 


where the potentials are determined on the surfaces of the conductors. It 
follows that the potential differences are 


W.(w) = A;.(w) — Ao.(w) = 2A1,(w) (5a) 
Vw) = oi(w) — $2(w) = 261(w) (5b) 


Hence it is merely necessary to determine the scalar and vector potentials 
on conductor | as maintained by the charges and currents in all four con- 
ductors in Fig. 9.1. This potential is equal to that maintained by the 
charges and currents in the two conductors and in the sheath in Fig. 9.2. 

Using the notation of Sec. 4, the two-conductor problem is readily 
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extended to four. Thus for the infinite line 


_ Iw) _ g(w) 
5 1 1 1 1 , 
where ko = iz (t = pe SR + A) dw (7a) 


and Ri =Vwe-—w +a Re= a/(w — w’)? + 4D? (7b) 
Ryu = (w — w’)? + (b; + 2D)? Ry = /(w — w’)? + 0? 


The integration gives 


gent? 3m 22 (8) 
ay, b; 
The distance b; may be eliminated using (2). Thus, with (3b), 
_ oy 2D =D’) _ 51, bias — b°/4) 
ko = 21n ia Dy 2 In a,(a? + B°/4) (9) 


where b = 2D is the distance between centers of the shielded pair, each 
of radius a, and az is the radius of the shield. It follows, as in Sec. 4, 
that the line parameters for the balanced shielded-pair line are 


2 Bio _ 20 _ 2we 
Feo 9 om Ee 
where ko is as in (9). 

Note that, when the shield is so large that the inequality a} > b?/4 is 
satisfied, (8) reduces to the values for the open-wire line. 

Since the conductors are sufficiently far apart and far enough from 
the shield to satisfy (3a,b), the internal impedance per unit length 
z' = ri + jri of the shielded two-wire line is obtained from the same 
formula [Sec. 4, Eq. (34)] as for the open two-wire line. To this must be 
added the impedance per unit length of the shield, in which equal and 
opposite currents are induced on opposite sides. An approximate for- 
mula (Ref. 4, page 44) is 


/ 40 +4) fw (b/2as)* 
4a Ge ry 9c, 1 — (b/2a2)4 (106) 


The total internal impedance per unit length is 2z' + zi. If the shield is 
made of material different from that of the inner conductors, o, and p, in 
(10b) differ from these quantities in Sec. 4, Eq. (34). 

It is possible to drive the shielded-pair line so that the two inner con- 
ductors are in parallel, with equal and codirectional currents and equal 
charges of the same sign, and the sheath is the return conductor, with a 
total current that is equal in magnitude to the sum of the currents in 
the inner conductors, but opposite in direction, and a total charge per 
unit length which is equal in magnitude to the sum of the charges per 


(10a) 
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unit length in the two inner conductors, but of opposite sign. For this 
method of driving, the line has properties similar to those of a shielded 
line with eccentric inner conductor. If the radius a, of the identical 
inner conductors is sufficiently small to satisfy (3a,b), there is no signifi- 
cant proximity effect. For each conductor the sheath is an equipotential — 
surface, as analyzed in Sec. 8. Its potential with only one of the inner 
conductors present is proportional to p2, where, from Sec. 8, Eq. (5b), 


2 _. 2 2 
2p2 = cosh! aor (11) 


Since the second inner conductor maintains the same potential on this 
circle, the total potential of the sheath is proportional to 4p2. For a 
current I,(w)/2 and a charge per unit length g(w)/2 in each inner con- 
ductor and a current —J,(w) and a charge per unit length —g(w) in the 
sheath, the potentials of the sheath are 


2 
Ao.(w) = wo) /2 4p2 + Cy, = 2) cosh-! an +C, (12a) 
2 
10) ‘o - a? + D? 
b2(w) = too + Cy = “oF cosh™ Ba EC (126) 
The at on each inner conductor may be obtained from 
Ar(w) = HWP p+ ©, (13a) 
oi(w) = 19) ee Cs (13b) 


where kp is determined for the two conductors with their images shown in 
Fig. 9.1, but with currents and charges that satisfy the conditions 


I.(w) = I.(w) = —13.(w) = —1,(w) (14a) 

qi(w) = q2(w) = —qa(w) = —qu(w) (14b) 
Thus kp is like (7a) but with different signs. Specifically 
A 1 1 1 : 

m= |" Gast m- me )™ a 


where the R’s are as defined in (7b). The integration gives 
b(b; + 2D) 
2D 


a1 


ko = 2 1n (16) 
It is assumed that the conductors are sufficiently far apart to satisfy the 
conditions 

aj <4D? ai Kb? (17) 
where b, is given by 


2 
b = 2 (18) 
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With (17) and (18) 


Reo a (19) 
so that A,(w) = 2) in BOO + ©, (20a) 
ow) = GO in Bo +, (200) 

With (12a,b) the potential differences are 

W.(w) = Au(w) — Ans(w) = 2) (in a8 Dt — 2 cosh! a+ D) 
ree 

ss ae In oat (21) 
Similarly V(w) = di(w) — o2(w) = od | In & ct (22) 


From their definitions, @ = W.(w)/I,(w) and y = g + jwc = q(w)/V(w), 
it follows that the parameters for the shielded-pair line used with its inner 
conductors in parallel are 


ee a 
Sieg roe | Mire 0) 


4_ h4 
where lg = 2 In SH O16 


saat (23b) 


and b = 2D is the distance between the inner conductors. Although 
these formulas are restricted by (17), so that the distance 2D between 
the inner conductors must be large compared with their radius ai, the 
limiting case in which the two inner conductors coincide is readily 
obtained by setting D = b/2 = 0 in the numerator of the logarithm 
[since this comes from (12a,b)] and setting b = 2D = a; in the denomi- 
nator [since this comes from (15), in which coincidence is specified by 
Ri = Ry. The result is the formula for the coaxial line. 

The internal impedance per unit length of line is obtained approxi- 
mately by treating the outer conductor as the shield in the coaxial line 
and each inner conductor as if rotationally symmetrical. Thus 


g=gzit zy (24a) 
where eo 1+J J led “a= Bred (eee (24b) 


27a, 20, 2Q7A2 20¢ 


If the shield is of rectangular cross section, as shown in Fig. 9.3, the 
following line constants apply when the inner conductors are balanced, 
i.e., have equal and opposite currents and charges :* 


BE ORE, Re 
Qn g9= ko ko 28) 


i = 
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where 
sinh? (rb/2h) 
* In cosh? (mrw/2h) 
i sinh? (rb/2h) 


m=1 ~ sinh? (mrw/2h) 


te = 2 in 22 = (xb /2h) 


a 


(26) 


These formulas are good approximations provided the radius a of the 
inner conductors is small compared with the distance b between them 
and small compared with the distance from the wire to any side of the 
surrounding surface. Usually it is not necessary to go beyond m = 1 
in the sum in (26) to obtain an adequate approximation. As a numerical 
example with a = 0.0625 in., h = 0.4 

in., b = 0.5 in., and w = 0.9 in., (26) 


converges rapidly to give ko = 2.564. 
> 12a 


The internal impedance z§ = ri + jzi O eo h 
per unit length is the internal imped- +— b ——>I 
ance of the two-wire line, as given in ad Y | 


Sec. 4, Eq. (34), plus a small contribu- 
tion 2? from losses in the shield. Since 
this carries only small equal and oppo- 
site currents on the two sides—the total axial current is zero—the value of 
z; is small. In the absence of an accurate formula, and since the shield 
is assumed far from the wires as compared with their radius, a reason- 
able estimate is obtained if the value of zi in (10b) for a circular shield 
is used, if its circumference 2raz is made equal to the perimeter 2wh of 
the rectangle. That is, (10b) is used with ag = wh/z. 

If the line with rectangular shield is driven with the two inner con- 
ductors in parallel, so that the entire return current is in the shield, the 
line constants defined in (25) apply with 


Fig. 9.8. Two-wire line in shield of 
rectangular cross section. 


2 cosh? (rb/2h) 
_ 2h coth (rb/2h) ) | a sinh? (mrw/2h) 
m=1 cosh? (mrw/2h) 


For a = 0.0625 in., h = 0.4 in., b = 0.5 in., and w = 0.9 in., (27) gives 
ky = 0.677. At high frequencies the internal impedance per unit length 
is given by (24a), with zi as in (24b) and 


ee td eee (28) 


10. Three-wire Polyphase Line; Three-phase Cable.'*® A three- 
wire polyphase transmission line (Fig. 10.1) consists of three identical 
parallel wires each of radius a; located at the vertices of an equilateral 
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triangle of side b. It is assumed that the conditions 


Gla. <K 1 \GbiP2?<1 b? > a? (1) 
are satisfied. 
O The line is driven so that the currents 
in all three wires are equal in magnitude 
and have a progressive phase change of 120° 
from one wire to the next. Specifically 


Is, = ple, = ph (2) 
where 
Lo eee ee 
The vector potential at a point Q:(z,y,z) 
Fic. 10:1. Three-wire ine with 0” the surface of conductor 1 is the super- 


conductors at the vertices of an Position of contributions maintained by all 
equilateral triangle. three currents. Thus 


O 


+ b- >| 


2 —jBRa —IBRs —jBRo 
A,.(w) = — [ | nto’ 7 + I:,(w’) 7 + I5,(w’) _ | eu (4) 
where Re=Vw-wyte? R=Vw-w)t+b? (5) 


With (2) and (3) the expression for the vector potential may be simplified. 
Thus 


A;,(w) = a [ _Tuslw’)P(w,t0") deo! (6) 

Similarly o1(w) = Li | qi(w’)P,(w,w’) dw’ (7) 
h ; e-1BRa = giGRo F 
where P,(w,w’) = “f° Re (8) 
The corresponding expressions for the potentials on conductors 2 and 3 are 
A2.(w) = pAi.(w) 2(w) = po.(w) (9) 

A3,(w) = p?A1.(w) $3(w) = pi(w) (10) 


The potential differences between conductors | and 2 are 


Wir(w) = A.(w) — As(w) = 1-2 iz I,,(w')P,(w,w’) dw’ (11a) 


Vastu) = $4(0) — date) = EP |” quo’ Pete) dw’) 
The potential differences between the outer pairs of conductors differ 
only in substituting for 1 — p the factors p(1 — p) or p? — 1 if referred 
to the current J, in conductor 1. They are like (11a,6) if the subscripts 
are cyclically permuted so that W23(w) is referred to Iz and Wai(w) to Is. 

A comparison of (11a,b) with Sec. 4, Eqs. (10a,b), shows that the 
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integrals are the same. It follows that their approximate evaluation 
must be the same, subject to the conditions imposed in (1). Thus 


Wi(w) = s(1 — p)h.(w)l (12) 
} dI,,(w 

Vis(w) = 3(1 — pa(u) 2 = 301 — p) Sete (13) 
where /* and y are as in Sec. 4, Eq. (30a,b). Subject to b? >> a2, the 
internal impedance per unit length zi of each conductor is the same as 
in Sec. 4, Eq. (34). Since (12) and (18) differ from Sec. 4, Eqs. (28) 
and (29), only in the constant factor $(1 — p), the final differential equa- 
tions can differ from Sec. 4, Eqs. (37a,b), only in this factor. Thus the 
differential equations for the voltage and current in one pair of a three- 
conductor three-phase line are 


— Yu) _ 40 — pete) (14a) 


— Ee) = 2 yVile) (140) 
where J, is the current in conductor 1 
and V,.(z) is the potential difference be- 
tween conductors 1 and 2. The equa- 
tions for the other two phases are obtained 
from (14a,b) by cyclical permutation of 
the subscripts. The factor 4(1 — p) is 
unchanged. Thus the problem of the 
three-phase line is reduced to that of three 
two-wire lines with currents related ac- 
cording to (2) and (3). oe 

The analysis is readily extended to the !6- 10.2. Shielded pnreee Wine Tue 
: he . with image conductors equivalent 
n-phase n-wire transmission line and the to-the shield. 
single-phase multiwire transmission line.®° 
The Three-phase Cable. If the three-phase line in Fig. 10.1 is placed 
symmetrically in a cylindrical metal shield of radius a2, the constants 
for each phase may be obtained by the method used in Sec. 9. This 
consists in imagining the conducting shield removed and three image 
conductors so arranged that the resultant potential from the six con- 
ductors vanishes on a circle of radius ag corresponding to the circumfer- 
ence of the metal shield. The currents and charges in the six conductors 
shown in Fig. 10.2 are related as follows: 


I; = pl. = ph (15a) 
where pH=ers pt pt1 ag (15b) 
Is = —I; Is = —I, I, = —-i, (15c) 


The distance between each conductor and its image is b;. It is given 
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by the equivalent of Sec. 9, Eq. (2), in Fig. 10.2: 


a? — a? — D? 


b = na | aia (16) 
Subject to the inequalities 
ai — D? >a} b? > a? (17a) 
which are implied in the solution as explained in Sec. 9, 
, a — D? 
b; = D (17b) 


The distance d from the image of one conductor to one of the other two 
conductors is 


enneeees 
d= /D+FbF+ DF DOTS, - \() + Di +a} (18) 


The last step follows with (17b). 

The potential functions at w on the surface of conductor 1 within the 
shield are equal to the potentials calculated from the currents and charges 
in the three actual conductors and in the three image conductors without 
the shield. Thus, with (15c), 


1 s pn ( e7i0Re —IGRs 
Ase”) = Tap [. : ec (< Z ) 


+ [e(w') + tu(w'y] (a = aa) dw’ (19) 


where Rk, = V(w — wv’)? + aj R, = V(w — vw’)? + (20) 
R; = V(w — wv’)? + 6} Ra = V(w — wv’)? + @? 
In (20) a, is the radius of each conductor; b is the axial distance between 
pairs of conductors; b; is the distance between each conductor and its 
image, as given in (17b); and d is the distance from the image of one 
conductor to one of the other conductors. 
With (15a,b,c) the vector potential (19) may be expressed as follows: 


1 eo 

Ai,(w) = = [ 2 I,(w’) Pa(w,w’) dw’ (21a) 

Similarly the scalar potential at w on conductor 1 is 
ou) = ge [ay Palwsw') de (218) 

pn  (eribRe aOR) eRe aGRa 

where P.(w,w’) = ( R, Rr ) ( R, Ri ) (22) 
The corresponding expressions for the potentials on conductors 2 and 3 are 
A2,(w) = pA1,(w) b2(w) = poi(w) (23a) 


As,(w) = p*A1,(w) $s(w) = pi(w) (23b) 
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The potential differences between conductors 1 and 2 at the coordi- 
nate w are 


Wie(w) = Ai,(w) — Ao,(w) = a is I,(w’)Pa(w,w’) dw’ (24a) 


Vio(w) = $1(w) — d2(w) = +P i= q(w')Pa(wyw’) deo’ (24) 


These integrals are like those in (1la,b). They differ only in the occur- 
rence of Pz(w,w’) in place of P,(w,w’). Hence the differential equations 
that are satisfied by Vie(z) and I;(z) must be the same as (14a,b) but with 
different values of the line constants. By imposing the condition 
Gas|?< 1 (25) 


and carrying out the analysis as in Sec. 4, the following results are 
obtained: 


x ; Pee tales 1 1 1 1 ; 
ko =f Palwo) aw =|" [e-&)- (K-24) | 


= 2]1n bd 


ra (26) 
where d and b; are as in (17b) and (18). The line constants are 
Patey bd 7 10 _ Ie 
Coa OM meden, “= ineaamy 20 


The internal impedance per unit length of each conductor zi = ri + jx is 
the same as in Sec. 4, Eq. (34), subject to (17a). 

11, The Coaxial Cage Transmission Line. A conventional coaxial 
line is shown in Fig. 11.1a. If its outer cylinder is replaced by 2Nt con- 
ductors each of radius a, symmetrically arranged in a circle of radius b 


\ 
Ps \ 
a) 
b ad : 
id a \ / 
ee “ 


(a) (0) 
Fra. 11.1. (a) Coaxial line; co = 2zre/[In (b/a)}] and I) = [In (b/a)]/2rv. (b) Cage 
line with the same values of co and Uj. 
around the central conductor, as in Fig. 11.1b, and these 2N conductors 
are operated in parallel, the properties of the coaxial line in Fig. 11.la 
may be closely approximated. In order to demonstrate this, let it be 


f An odd number 2N + 1 conductors may also be used to form the cage. For 
simplicity only the even numbers are considered here. 
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assumed as usual that the following inequalities are satisfied: 
b? > a? b? > a? (1) 
The parameters of the cage transmission line may be quickly deter- 
mined. Thus the scalar potential at the coordinate w on the surface of 
the central conductor (number 0), when this has a positive charge q(w’) 
per unit length at w’, whereas each of the 2N outer conductors (num- 
bered from 1 to 2) has a charge —q(w’)/2N, is given by 


1 es g_iBRe rate e—1bR. 
=U) 2B) ae (2) 
where Re= Vw —v?t@ R=VJVw—vP + (3) 
It is assumed that the following inequality is satisfied 
|gb/?<«1 (4) 
The potential on the surface of each of the 2N outer conductors at the 


same axial coordinate w is the same as the potential $:(w) on conductor 1. 
This is 


N 
_ g(w) 1 = 1 1 > at. )- k| 
ow) = — “Te mE. Rit Roa’ Ory Bie 
where Ry = 4] (w’ — w)? + }2 sin dae ey 2s5i15N (6a) 
Rive = V(w' — w)? + 40? Ra = V(w’' — w)? +a? ~~ (6b) 


The potential difference is 


Vw) = do(w) — oi(w) = we “let ova + Ra + a, 
N 


+2) x) — Z| dw’ (7) 


~= 


This expression may be integrated term by term and rearranged to give 
q(w)ko 


Vw) = (8) 
where 
b 1 b 
sin 2 sin O™ - » sin TEM 
— 2l1n | sin an 8 ay sin ON n oy 
gig ritcde Ae, (9) 


ras 2N " SNax 
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It follows that 
Qre 2Qro A, is ko (10) 


Since the formulas (10) apply to the coaxial line of Fig. 11.1a with 
ko = In (b/a), it follows that the cage line will have the same values of 
Co, go, and J as the coaxial line, provided the radius of the conductors 
of the cage has a value such that 


b 
aN (11) 


ay= 


The internal impedance per unit length of the cage is approximately 


eg 4d si (12a) 
~ L+g face - ee 
+ a 1 
where 2) 27a 2c. # 27a, N2¢¢1 (126) 
whereas that for the coaxial line is 
zi = 2) + zi (13a) 
where 2 is as in (12b) and 
; 14+i |uw 
aoe Viz we) 


Since the principal ohmic loss is in the inner conductor, which is the same 
in the cage line as in the coaxial line, z‘ in (12a) usually does not differ 
sufficiently from z‘ in (13a) to make it necessary to adjust o,; so that 
2, = 23. In the case of low-loss lines it is adequate to impose (11) in 
order to make the properties of the cage line equal to those of the coaxial 
line. 

12. Strip Lines. The two conductors of the open-wire line analyzed 
in Sec. 7 are of circular but not necessarily equal cross section. In par- 
ticular, one of the conductors may be of infinite radius, i.e., may consist 
of a highly conducting image plane. Although conductors of circular 
shape are usually most convenient in practice, there are special appli- 
cations where flat strip conductors are useful. These may take several 
forms, the simplest of which is shown in cross section in Fig. 12.1. A 
parallel two-conductor line made of flat strips of small thickness is shown 
in Fig. 12.1a; the corresponding single-conductor line over an image plane 
is shown in Fig. 12.1b. The properties of strip lines of these simple types 
do not differ significantly from those of lines with circular cross section. 
The analyses in preceding sections indicate that the capacitance per unit 
length cy) may be determined by electrostatic methods irrespective of the 
nature of the cross section, provided the width b of each strip and the 
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distance 2h between the two strips are both small compared with the 
wavelength (or other means are provided to ensure the existence of exclu- 
sively axial currents, which, for lossless conductors, are in the TEM mode). 

The capacitance per unit length of a very thin strip (conductivity o., 
permeability »., and thickness d) in a homogeneous infinite medium 
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Conducting plane 


(d) 
Fra. 12.1. Cross sections of strip lines: (a) two-conductor strip line; (0) strip line over 
conducting plane; (c) strip conductor on dielectric-coated conducting plane (micro- 
strip); (d) strip conductor in dielectric over conducting plane (sandwich line). 


(dielectric constant «, permeability », and small conductivity c) over a 
highly conducting infinite plane surface (conductivity o. and permea- 
bility y.) has been determined** by conformal transformation subject 
to the inequalitiesd<«Kh<b. Itis 


where F(z) =1+2+imn(1+2) c= m (2) 
It follows directly that 

g = 9 Pw 3) 
and pa Bao (4) 


As usual, Z, = V/l*/c, using (1) and (4). The approximate internal 
impedance per unit length z' = Ziuip + Zbiane is obtained from 


ee aa oe [1 +2 +27 — 21n (6/2)] 
Zain = b A\VDa, F(@) (6a) 


. 1 four +2) F 
Zoiane = x Qc. F(a) me) 


plane b 
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where o, and y, apply to the conductor and 
b= -1+kVe=-1 kai+? (6) 


The above formulas are good approximations for a plane of finite width, 
provided it extends a distance equal to the width b of the strip on each 
side. 

An important practical application of the strip line is to provide a more 
compact and more readily manufactured substitute for wave guides and 
coaxial lines. One form of strip line known as microstrip*® is made of 
thin sheets of a low-loss plastic dielectric material, with continuous films 
of copper laminated to both sides. Appropriate portions of the film are 
removed on one side to leave a design having the shape of the desired 
strip-line circuit. The strip line obtained in this manner differs from 
the simple line already described in having a layer of dielectric of thick- 
ness h covering the entire conducting plane, as shown in Fig. 12.1c. Thus 
the strip conductor is not completely immersed in a single infinite dielec- 
tric as assumed in deriving (1). Actually the presence of the two dielec- 
tries, plastic for a thickness h above the conducting plane and air beyond 
this, introduces complications that result from the fact that it is no longer 
possible to maintain currents only in the TEM mode. An electric field 
between the strip line and the conducting plane may excite modes in the 
thin layer of dielectric which propagate outward in a manner quite dif- 
ferent from that characteristic of the TEM mode and with magnitudes 
that decrease much less rapidly with distance.*” It follows that two strip 
lines on the same dielectric-coated metal surface may be closely coupled 
even though so far apart that their interaction would be negligible if there 
were only a single homogeneous dielectric. Note that this interaction is 
due not to radiation in the TEM mode but toso-called guided modes. In 
an elementary sense the propagation in the thin layer of dielectric is a 
consequence of total internal reflection at the air-dielectric boundary. An 
analysis of the electromagnetic field and the constants of the line when a 
guided mode exists is beyond the scope of this book. However, for many 
purposes satisfactory approximations are obtained by assuming that only 
a TEM mode exists. 

In order to reduce the guided modes, the thickness of the dielectric 
layer may be increased so that the strip conductor is completely immersed 
in it, as shown in Fig. 12.1d. Such a line is known as a sandwich line. 
If the thickness ¢ of dielectric is quite large compared with the height h 
of the strip line above the metal plate, conditions approximating those in 
an infinite dielectric are approached, and the formulas given earlier in 
this section are good approximations. Alternatively the dielectric may 
itself consist of a strip not much wider than the metal strip conductor. 

Since losses in the dielectric must be kept as low as possible, it is 
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advantageous to have air rather than a solid material between the metal 
strip and the conducting plane.** A symmetrical arrangement resem- 
bling a flattened shielded-pair line operated with the two inner conductors 
in parallel is shown in Fig. 12.2. In this construction the two inner con- 
ductors are separated by a dielectric that serves as the support, as shown. 
Since the two inner conductors are 
ete anal at the same potential, thereisno field 
ET tal in the dielectric, so that no guided 
mode is excited in it. Thus it is 
essentially only the TEM mode 
which is maintained, and there is no 
solid dielectric between the inner 
conductors and the outer ones, where 
the field is great. Moreover, if the conducting shield extends sufficiently 
far out beyond the edges of the strip lines, losses by radiation are reduced 
below those for the unshielded strip line shown in Fig. 12.1e. 

13. General Solution of the Differential Equations for an Infinite Line. 
The first-order differential equations that are satisfied by the scalar 
potential difference and the current in all the several types of line ana- 
lyzed in the preceding sections have the form 

aV 
— 3, = 2b ag we (1) 
where y=g9 + joc z= 24+ jol? = r+ jul (2) 


Dielectric 


LM LE OF 


ae PLE RO AE EE) cf te 


Conducting plane 
Fic. 12.2. Shielded-pair strip line. 


It is customary to define the total inductance per unit length by 
t= +i i= — (3) 


Since zi is not a linear function of the frequency, it follows that l' is not 
independent of frequency. ‘The formulas for /*, g, c, and 2‘ differ for dif- 
ferent cross sections. The equations for the polyphase lines derived in 
Sec. 10 are the same as (1), but with the individual currents multiplied 
by the factor (1 — p)/2, where p = e?**. It follows that I,, in conductor 1 
is obtained from the solution of (1) for I by setting 


(<1; 1? (4) 


By differentiation with respect to z and appropriate substitution, the 
first-order equations (1) may be transformed into second-order equa- 
tions. Since the equations in J, and V are alike in form, it is sufficient 
to examine one of them. 

The differential equation for the voltage is 


2 
(a _ Vv, =0 (5) 
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where, as defined in Sec. 2, Eq. (14), the complex propagation constant is 
Y= Vzy = «+58 (6) 


The general solution of the well-known Eq. (5) may be expressed in dif- 
ferent ways, such as 


V, = Byet*? + Bret? = C, cosh yz + Cesinh yz = Dcosh (yz + 6) (7) 


as may be verified by direct substitution. Alternatively w = s — z may 
be substituted for z in the several forms of (7). The B’s, C’s, D, and @ 
are complex constants of integration. The expression for the current is 


most easily obtained from 
dv 
a, = -(%) ) 


Thus, for the exponential form of (7), 
zl, = —y(Byer* — Bre-*) (9) 


It is convenient to introduce Z,, called the characteristic impedance, for 
the ratio z/y. Thus 


Z=R,+jX.= : (10a) 


g + Jue 
Y, = + =O, +58, (100) 
The current is then given by ; 
I, = Y.(—Byet* + Bee-**) (11) 


Similar expressions for the other forms of (7) are readily derived using (8). 
The relations (7) and (11) are general solutions for the complex currents 
and potential differences. Although strictly correct only for an infinitely 
long line, they are good approximations for finite sections of line which 
satisfy the conditions . . 


lyo?<K1 2b? (8s — 2)? >? (12) 


as is shown later. 

Alternative exponential forms of (7) and (11) which are convenient in 
the analysis of junctions (Chap. V) are obtained by redefining the arbi- 
trary constants. They are 


V, = VZ, (Ae? + Bev?) (13) 
I, = VY, (Ae-t? — Ber?) (14) 


where A = B, \/Y, and B = B,~/Y,. The coefficients B,; and By in (7) 
and (11) are dimensionally voltages; the squares of the coefficients in 
(13) and (14) are dimensionally powers. 
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14, Interpretation of the Solution for the Voltage along an Infinite 
Line. Phase and Group Velocities.!"*> Before proceeding to evaluate 
B, and Bz (Sec. 13) in terms of general terminal conditions, it is instruc- 
tive to apply the solutions obtained to an infinite line. Consider a sec- 
tion of line beginning at z = 0 and ending at z = s = ». For physical 
reasons the voltage must vanish at infinity, so that B, = 0. It follows 
directly from Sec. 18, Eq. (7), that B, is the voltage Vo at z = 0. Thus 


s= @® V, = LZ, = Voe (et 38)2 (1) 


Upon multiplying through by e and selecting the real part as the solu- 
tion that is consistent with an assumed time dependence of the form 


Vo = Vo cos wt = Re (Veer) (2) 


which refers the phase to the maximum value of the instantaneous volt- 
age, one obtains 
v, = Voe~% cos (wt — Bz) (3) 


This solution has an instructive physical interpretation. Note that 
the voltage v, is a function of two independent variables, the time ¢ and 
the distance z along the wire. At any fixed point z = 2: the voltage 
varies periodically. ‘The potential is positive on one wire and negative 
on the other for one half period. The amplitude increases from zero to a 
maximum of Ve~#*! and decreases to zero in a sinusoidal fashion. Then 
the polarity reverses, and the voltage decreases to an equal negative 
extreme, then again is reduced to zero. The phase lag of the voltage 
at z behind the voltage at z = 0 is Bz. The cycle repeats. The same 
variation occurs at every other point z, but the amplitude Voe-* is dif- 
ferent, and the phase lags that at z = 0 by 6z. The amplitude decreases 
exponentially, and the phase lag increases linearly with distance from 
z= 0. 

If, instead of concentrating on a fixed point along the line, the ampli- 
tude all along the line is examined at a given instant, such ast = 0, then 


v, = Voe—* cos Bz (4a) 


At a quarter period later ¢ = 7/4, and 


v, = Ve sin Bz (4b) 
At a half period later ¢ = 7/2, and 
Vv, = —Voe—® cos Bz (4c) 


The three distributions are shown in Fig. 14.1. It appears that, as time 
passes, any given curve, such as the one for ¢ = 0, moves down the line 
with amplitude confined between the limiting curves Voe~** and — Voe~*’. 

In order to investigate this motion, let attention be focused specifically 
on the phase of the voltage. This is given by the argument of the 
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trigonometric function in (3), that is, by w! — Bz. Points and times in 
the distribution of voltage along the semi-infinite line at which the volt- 
ages are all in the same phase relative to a complete cycle are defined by 
y = wt — Bz = constant. Because the trigonometric function is multi- 
valued, the current at all points for which the constant differs by 2nmr 


/ _ Voer*' sin Gz 


4 oa 
Ba Voge “* cos Bz 
-Vy 
= Voe"** cos Bz 


Fig. 14.1. Instantaneous distribution of voltage along a semi-infinite line at instants 
differing by a quarter period. 


(where n is any integer) is in the same phase as at z = 0. The currents 
at different times and different points along the line which differ in phase 
by integral multiples of 27 are defined by 


wt — Bz = on = Po — 2nr n=0,1,2,3,... (5) 


where yp is a constant. The significance of this relation may be dis- 
closed, first, by determining the distances z from the input end at which 
the voltages differ instantaneously in phase by integral multiples of 2x 
and, secondly, by discovering what happens to these particular phases 
as time passes. If an arbitrary instant ¢, is selected, the points charac- 
terized by voltages in the phases yy — 2nm are given by 


an = 5 (wls — vo + Qn) n=0,1,2,3,... (6) 


The distance between two points that are adjacent and differ in phase 
by 27 is 
2a ' , 
en+1 — &m = re m is any integer (7) 
This distance is the same for all choices of m. It is a fundamental con- 
stant of the distribution called the wavelength on the line. It is assigned 
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the symbol A. Thus, by definition, 


_2 
Net (8) 


At any given instant of time, voltages along the semi-infinite line which 
differ in phase by 2m are separated by distances }. 

With the points in the distribution which are characterized by voltages 
in a particular phase at a given instant determined, it remains to discover 
how the distance z locating any one such point varies in time. This is 
determined by differentiating both sides of (5) with respect to time. In 
this way 


dz 
or, defining v,, 
dos e = ; (10) 


In (10) v, is the velocity with which a given phase travels along the line. 
In general, it has nothing to do with the propagation of energy, but only 
with the arrangement of phases; it applies only to periodic phenomena of 
infinite duration. Thus each particular phase of the voltage travels along 
the infinite line in the positive z direction with a constant velocity w/. 
This phenomenon, in which points of constant phase are separated by 
constant distances \ and all travel with a constant velocity v,, is called 
traveling or running waves of constant phase. Depending on whether 
attention is directed to a constant phase of voltage or of current, the 
traveling waves are called voltage waves or current waves. Any particular 
phase reaching a distance z at a selected instant must have started at 
z = 0 at an earlier time given by ¢ — z/v, or by ¢ — Bz/w. Consequently 
a voltage in this particular phase always lags the voltage at z = 0 at any 
time ¢ by a phase angle 6z. Similarly, if the distribution of voltage is 
viewed along the entire line at any single instant, as in Fig. 14.1, the 
phase lag at any distance z from 0 (with respect to the voltage at.z = 0 
at that instant) is 8z. Thus @ measures the phase angle characteristic of 
a given semi-infinite line per unit of its length. It is the phase constant 
(per unit length) of the (infinite) line. It is measured in radians per 
meter if z is in meters. 

The amplitude of voltage in a particular phase is reduced according to 
e-*, Thus a measures the natural logarithm of the ratio of amplitudes 
|Vo/V.| per unit length: 


(11) 


It is the attenuation constant (per unit length) of the (infinite) line. In 
the relation (11) it is measured in nepers per meter if z is in meters. 
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If the phase constant £ is a linear function of the frequency, so that 


as (12) 


where v is a constant independent of frequency, then the phase velocity 
v, is the same for all frequencies and equal to the constant v introduced 
in (12). Under all other conditions the phase velocity is different for 
each frequency, so that, for any complex voltage that is a superposition 
of components of several frequencies, these components have different 
phase velocities. In this case dispersion is said to occur. 

The significance of dispersion may be determined by investigating the 
propagation along a semi-infinite transmission line of a voltage that is 
modulated in amplitude at an angular frequency 6 which is small com- 
pared with w. In this case the input voltage at z = 0 may be written as 
follows: 

vo = Voll + m cos (dwt)] cos wt (13) 


where m is the degree of modulation (usually multiplied by 100 and 
expressed in percent). Using a standard trigonometric formula, this 
may be rewritten in the following equivalent form: 


Vo = Vo cos wt + 3 cos (w + dw)t + 5 cos (w — su) | (14) 


Since the differential equation is linear, the voltage at any point z along 
the infinite line is the superposition of the voltages due to the three 
components. Thus 


v, = Vo {e~ cos (wt — Bz) + 5 e~(atba)2 cos [(w + dw)t — (8 + 58)z] 


+ 3 e~(e—8a)2 cog [(w — dw)t — (8B — saya} (15) 


Here a + da and 8 + 4£ are, respectively, the attenuation constants and 
phase constants associated with the angular frequencies w + dw. If dw is 
sufficiently small, it may be assumed that the changes in a and 8 for an 
increase in w by éw are the same in magnitude as the changes when w is 
decreased by dw. Since a is very small along a highly conducting line, 
as will be shown later, 5a is a small quantity of higher order and of 
negligible importance in determining the nature of the propagation, at 
least over moderate distances. Specifically e+#*7 = 1+ baz. The last 
term is negligible if z is not so great that it is not possible to require 
daz <1. If daz is neglected, the result is 


v, = Voe—% {cos (wt — Bz) + > cos [(w + dw)t — (6 + dB)z] 


m 


+ x cos [(w — dw)t — (8 — 68)z]7 (16) 
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This may be transformed trigonometrically, without further approxi- 
mation, into the following expression: 


v, = Voe~™=[1 + m cos (dw t — 68 z)] cos (wt — Bz) (17) 


The transmission properties of the modulation-amplitude are contained 
in the function in square brackets. Thus a particular phase in the 
modulation amplitude is defined by 


dw t — 66 z = const. (18) 


Differentiation with respect to ¢ yields the velocity of propagation (dz/dt) 
of a particular phase of the modulation amplitude along the infinite line. 
It is the group velocity and is defined by 


%™ =F = 36 (19a) 
In the limit as 6 approaches zero, 
An alternative form is obtained using dw = 5(6v,) = ¥,68 + B bp: 
my =o +8? (19) 
Since 6B = 27/d, B(d/d8) = —d(d/dd), so that 
Vy = Vp — ae (19d) 


If there is no dispersion, w is linearly related to @ by the simple relation 
8 = w/v, with v a constant independent of frequency. In this case (19) 
together with (12) gives . 
Vp =V=V, (20) 
When there is no dispersion, a modulation envelope travels along the 
transmission line at the same velocity as any particular phase of the 
carrier frequency. If there is dispersion, the velocity of the modulation 
envelope is different from that of the carrier. If the phase velocity 
decreases with frequency so that dv,/d@ is negative, a particular phase 
travels more slowly at a higher frequency than at a lower one, the dis- 
persion is normal, and the group velocity is less than the phase velocity. 
If the phase velocity increases with frequency so that dv,/df is positive, 
a particular phase travels more rapidly at higher than at lower fre- 
quencies, the dispersion is anomalous, and the group velocity is greater 
than the phase velocity. 

It is easily shown that the group velocity is also approximately the 
velocity of propagation of a pulse that can be represented in terms of a 
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narrow frequency band between wy + dw and wo — dw, with dw very small. 
If this is true, 


Bo + 68 2 Bo 2 Bo — 48 (21) 


If a voltage pulse composed of a narrow band of frequencies (note that 
this does not mean a narrow, sharp pulse that is composed of a very wide 
band of frequencies) is impressed across an infinite line at z = 0, the 
instantaneous complex value of the resulting voltage pulse on the line 
can be represented in terms of a complex Fourier integral of the form 


v= f° viper dp = f 


Een V(B)ei(ot-6) ag (22) 
Here V(8) is an amplitude function of the frequency, and hence of 8, 
which has any shape in the interval By) — 68 to By + 66 but is vanishingly 
small outside this interval. (A pulse of any shape can be expressed by a 
Fourier integral with limits extending from — © to +0. A sharp pulse 
contains such a wide range of frequencies, each with a different phase 
velocity, that the shape of the pulse changes so rapidly that a group 
velocity cannot be defined.) Because it is required that dw be small, 
the angular velocity w in the integrand can be expanded as a function of 
6 in a rapidly converging Taylor series about the value at 8o, and higher- 
power terms may be neglected: 


w(8) = wpe, + (#) (8 — Bo) +-°° (23) 
wt — Bz + [on + (%) (6 — be) |t (Bo + B — Boz 
ap /o 
= wot — Boz + (B — Bo) |(%) 2 = “| (24) 
Hence 
je { 1, a V(B)eiO-Bo) [deaf tz) ds} eilwot-Bo) = Y,eiwst—Bee) (25) 


The complex amplitude V, varies with z only in the phase factor in the 
exponential. Accordingly V, is the same at all points and times where 


(¥) — z = const. (26) 
Differentiating with respect to the time gives the velocity 
dz dw 
dt =v, = (#). (27) 


of the pulse. It is the same as the velocity of a modulation envelope (19). 
The concept of group velocity is precise only in the limit as éw approaches 
zero. If dw is sufficiently small, the shape of the modulation envelope 
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or of a pulse remains approximately the same over a long distance, so 
that a velocity of propagation is meaningful. This is the group velocity. 

The velocity of a signal whose transmission can be described in terms 
of electromagnetic waves is, in general, neither the phase velocity nor 
the group velocity, but a third velocity called the signal velocity. This 
is not easy to define in general terms, but it corresponds physically to the 
arrival of a sufficiently large amplitude to activate a receiver. In the 
case of normal and small dispersion the signal velocity practically coin- 
cides with the group velocity, and both are smaller than 3 X 108 m/sec. 
When dispersion is normal but large, both group and signal velocities 
are difficult to define at all; when dispersion is anomalous, complicated 
conditions may obtain in which the group velocity may differ greatly 
from the signal velocity. In no case does the signal velocity exceed 
3 X 10° m/sec; in all practical cases it is less. Theoretically an infinitely 
sensitive receiver should detect the extremely small amplitude of the 
so-called first precursor of a signal. This always has the so-called wave- 
front velocity, 3 X 10° m/sec for all media. 


PROBLEMS 


1. Derive the transmission-line equations using the general method of Sec. 2 as 
applied to an equivalent II section. 

2. Determine the line constants of a four-wire line in which adjacent pairs (instead 
of diagonal pairs) of conductors are in parallel. The four conductors are at the 
corners of a square. . 

3. Determine the line constants of a four-wire line with conductors arranged at 
the corners of a rectangle of sides b and c. The diagonal pairs of conductors are in 
parallel. 

4. The inner conductor of a horizontal coaxial slotted line is supported along its 
entire length by a wedge of polystyrene (e, = 2.6) which occupies a 9° angle. If the 
wavelength measured along the line is 1.2 m, what would it be if the line were com- 
pletely air-filled? 

5. A trough line consists of a single wire placed symmetrically parallel to the 
intersecting line of two highly conducting planes. The planes meet at an angle of 60°; 
the conductor lies on the bisector of this angle at a perpendicular distance 6/2 from 
each plane. Determine the line constants, indicating what approximations are made. 
(Hint: Use images.) 

6. A shielded cable consists of four copper conductors at the corners of a square 
in an iron shield of circular cross section. The dielectric is polystyrene. 

(a) Determine the line constants /¢, c, and 8 for each of the possible phase-sequence 
voltages, assuming simple image theory to apply. 

(b) What are the associated phase velocities? Obtain an estimate of their numeri- 
cal magnitudes by assuming the copper conductors to be No. 10 wire, the square to 
have a side of 1 cm, and the shield to have an inner diameter of 3 cm. 

7. A transmission line terminated at z = s in its characteristic impedance of 
300 ohms is driven at z = 0 by a generator with an emf of 100 volts and an impedance 
of 8 +740 ohms. The frequency is 100 Mc/sec. The attenuation constant of the 
line is 0.01 neper/m. Determine the instantaneous current and voltage at z = 10m 
if the instant ¢ = 0 is chosen to occur when the emf has a positive maximum in its 
cycle, 
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8 The amplitude of the current in a long line terminated in its characteristic 
impedance is measured at two points 100 m apart. The ratio of the two values is 1.1. 

(a) What is the attenuation constant of the line in nepers per meter? 

(b) What is the ratio of potential differences between the two conductors of the 
line at two points 20 m apart? 

9. Plot curves showing |J,/Jo| along an infinite line (or a line terminated in Z,) for 
which « = 10-3 neper/m over a range from z = 0 to z = 2) and over a second range 
from z = 100 to z = 102d. Sketch the instantaneous current 7./Zo) at ¢ = 0 in 
both ranges with 6 = 3.14 radians/m (ip = Io cos wt). 

10. A flexible two-wire line consists of two copper wires joined by a thin ribbon of 
dielectric. The characteristic impedance of the line is specified by the manufacturer. 
The wire size and spacing can be determined by direct measurement. How could 
the wavelength along this line be determined by calculation for a specified frequency? 


CHAPTER II 


THE TERMINATED LINE 


1. Potential Functions for a Terminated Line.®°.*° Since the differ- 
ential equations derived in Chap. I are valid strictly only for an infinitely 
long line, it is not correct to assume that they may be applied to a line of 
finite length with arbitrary impedances as the load at z = s and in series 
with the generator at z = 0. In order to investigate this problem of 
termination, let the infinitely long line to the right of the line-load plane 


umsy 


y 7 i. =¥ , 
be i 
b “p \m& Lineiload > 
; : 


i" 


Fig. 1.1. Line with termination. 


at z = s be replaced by a terminal impedance of finite length. Since 

there is a different specific solution for each type of termination, it is not 

possible to derive general results valid for all terminations and types of 

lines. However, the general method of analysis can be formulated in 

terms of the configuration of conductors shown in Fig. 1.1, consisting of 

a symmetrical coil terminating a two-wire line with identical conductors 
58 
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of radius a and spaced a distance b that satisfies the inequality 
b? > a (1) 


This restriction may be removed as in Chap. I, Sec. 7. 

As a first step in the derivation of a generalized set of differential 
equations, let the scalar and vector potential differences be evaluated. 
Let w = s — z be measured from the line-load plane along the trans- 
mission line to the ring Q,(w,z,y) on the surface of each conductor where 
the potentials are evaluated. Similarly let w’ be the distance from the 
line-load plane to the elements dw’ at Q)(w’,x,y) at opposite points on 
the axes of the conductors. The coordinate u is measured from the line- 
load plane along each side of the symmetrical load. The distance from 
this plane w = 0, u = 0 to the elements du’ at Q; on the axes of the 
conductors forming the load is w’. 

In order that the line may be balanced with equal and opposite cur- 
rents and charges on the two conductors, that is, 


Qou(w) = —Qiu(w) — Teaz(w) = —Tir(w) (2) 


(where the subscript L stands for line), it is necessary that the line and 
the load be symmetrical, so that 


b2(w) = —Gi(w) Aa. (w) = — Ar(w) (3) 


Since o2(w) and :(w) must be calculated from all the charges and 
A:,(w) and A:,(w) from all the z components of current in both the line 
and the load, this latter must be symmetrical in its geometry and in its 
charges and currents. Thus it is necessary that 


Gor(u) = —Qir(u) Teur(u) = —tur(u) (4) 


where the subscript 7’ stands for termination. If the halves of the load 
are geometrical images of each other in the plane y = 0 (Fig. 1.1), but 
with signs of charges and directions of currents opposite to those of 
mirror images, all conditions (2) to (4) are satisfied. However, there 
are configurations of conductors in which the halves are not geometrical 
images in the plane y = 0 which also satisfy these conditions. 

With (2) the potential differences between opposite points on the equi- 
potential surfaces of the two conductors are 


V(w) = oi(w) — $2(w) = 2o1(w) (5a) 
W.(w) = Ai.(w) — Ao(w) = 2A1.(w) (5b) 


Note that these are the sums of the potential differences calculated from 
the charges and currents in the line (subscript Z) and in the termination 
(subseript 7): 


V(w) = Vi(w) + Vr(w) —-W.(w) = Wi1(w) + W.r(w) (6) 
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Equations (5) are true if subscripts L or T are added to each potential. 
The evaluation of the potential differences at w on the line may be 
carried out as in Chap. I, Sec. 4, but with finite limits. Thus 


W.1(w) = = [ 1,.(w’')P1(w,w’) dw’ (7a) 
W.2(w) = ~ [ Lp(u!)Pr(w,u’) du! (7b) 
WY Jo 
Vi(00) = sy i qu(w")P,(w,w") do’ (8a) 
rE Jo 
1 ae / / / 
Vr(w) = Ont [ gr(u’)Pr(w,u’) du (8b) 
: = e—18Rs _ Ee 18Rs 
where Pi(w,w’) = R, Re (9a) 
Pp : e7ibRir e7ibRer ob 
r(w,u’) = "Ras Ras (9b) 


and where 

R, = V(w — wv’)? + a? Ry = V (w — w’)? + 0? (9c) 
The distances Riz and Ror are measured from the symmetrically placed 
elements of integration du’ in the termination to the point Q,(w,z,y) on 
~ one of the conductors of the line where the potentials are calculated, as 
shown in Fig. 1.1. The half distance around the contour of the termi- | 
nation is sr. It is assumed that the length s of the line is sufficiently 
great so that the direct coupling between the generator and the load is 
negligible. It follows that it is sufficient to determine the potential dif- 
ferences far from the generator end of the line. By interchanging z and w 
the results so obtained apply to the part of the line far from the load end. 
In order to evaluate the potential differences in (7) and (8), the charges 
and currents at w’ on the line and at wu’ in the termination are expanded 
in Taylor series, as in Chap. I, Sec. 4. The distributions of current and 

charge are continuous at the line-load junctions, so that 
qu (w' > 0) = gr (u’ > 0) (10a) 
Lt (w’ > 0) = Tur (u’ > 0) (106) 
With dI,/ds + jwg = 0, the following expansions are obtained (as in 


Chap. I, Sec. 4) for gz(w’) and I.1(w’) (only the first two terms are 
retained): 


gu(w’) = qi(w) + (w’ — w) Oren) (11a) 
Li(w’) = L1(w) + (w’ — w)jogr(w) (110) 
gr(u’) + qua) — (wl + w) 2 PE) (116) 
Tur(u’) = L1(w) — (w’ + w)jwg.(w) (11d) 


Note that Lr(u’) = Iyr(u’) cos y(u’) (12) 
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where I,,7(u’) is the total axial current at w’ in the termination and y(w’) is 
the angle between the direction of the current at wu’ and the z axis. 

The substitution of (11) and (12) in (7a,b) and (8a,b) and the subse- 
quent substitution of the integrals so obtained in (6) give 


W.(w) = 5 {rc(w) Chow) Pe ey + foals) + Rael] (13) 
1 O7f,1 ‘ 
ee ee (halt) + Riau] 
2nE |qu(w)[Ro(w) + Ror(w)] + 8 
(14) 
where, with w = s — z, 
ho( y= [Pc a alka 
o(w) = J Pr(wyw') dw’ = J \ ap — a ) dw 
= sinh-! — — sinh! = + sinh = — sinh-! ; (15a) 
For a sufficiently long line (s? >> b?) this reduces to 
fa(to) = ko(w) © sinh?” — sinh? 4 in? 
b wt Jw? + b? 
a w+ Vw + a co 
— = ’ ! a ee = 1 , t 
Ror(w) = i Pr(w,u’) cos ¥(u’) du’ = f GE a) cos ¥(u’) du 
(15c) 
. ag er ; = sr 1 = ile? : 
Rir(w) = i Pr(w,u’) du’ = i e a) du (15d) 
= 5 —_ ‘ espe ° ar 1 1 U 
ki(w) = 6 | (w’ — w)P1(w,w’) dw’ = a (w’ — w) (4 — x) dw 


= Ve TE Veta VFFR+VEF A (156) 


Rir(w) = -86 qe (u’ + w)Pr(w,u’) cos y(u’) du’ 
= —6 iM (u’ + w) & _ as) cos y(u’) du’ (15f) 
Kig(w) = —§ i "(ul + w)Pr(w,u!) du’ 
sT 1 1 
ot -6 [ (u’ + w) & _ Rs) du’ (15g) 


Note that the integrals (15a) and (15e) are the same as those in Chap. I, 
Sec. 4, Eqs. (16) and (17), except that the limits of integration are from 
0 to s instead of from — © to +o. Just as in Chap. I, Sec. 4, it is a 
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good approximation to replace the first integrals in (15a) and (15e) by 
the second integrals, provided the following restriction is imposed on the 
separation b of the two conductors of the line: 


|gb/?<«1 (16) 


It is not clear whether this restriction is sufficient to make the second 
integrals in (15c), (15d), (15f), and (15g) good approximations of the first 
integrals. The approximation actually made is 


sT 1 1 ; sr ? 
= e7i18Rir bes 1 2 e ibRer ~ 1 
where Fir = a For S say ae (17b) 


In order to evaluate (17a) it is necessary to specify the geometry of 
the termination. As a convenient and rather general case, let all signifi- 
cant contributions to the potential differences on the line come from cur- 
rents and charges in the straight parts of the termination in Fig. 1.1 
which make a constant angle y with the line. This means that these 
parts are relatively longer compared with the line spacing b than in 
Fig. 1.1. Note that Rir and Rer may be expressed as follows: 


Rir = V (w + w’ cos py)? + (w’ sin py)? + a? (18a) 
Ror = V(w + w’ cos yp)? + (u’ sin p + Db)? (18b) 


Significant contributions to both integrals in (17a) are obtained only from 
values of the integrand for which Riz and Rer are of the order of magni- 
tude of small multiples of b and therefore sufficiently small to satisfy the 
inequalities 


|GRar|? ~ |Gb,><K 1 — |BRarl? ~ |B)? «1 (19) 


For larger values of Rir and Rer, these distances approach each other, 
and the integrands in both integrals in (17a) become small. Over the 
ranges specified in (19) the exponentials in (17b) may be expanded as in 
Chap. I, Sec. 4. The result is 


Fir — For = 6?(Ror — Rir) — j0*(R3p — R}p) + °° (20) 


It follows that the ratio of the magnitude of the integrand on the left in 
(17a) to that on the right is 


1: 16? RirRer| < 1 (21) 


Since over this range (19) is satisfied, the integrand on the right in (17a) 
is small compared with the integrand on the left over the entire signifi- 
cant range of the integral. Therefore the representation of the first inte- 
grals in (15c,d) and (15f,g) by the second integrals may be assumed to be 
a good approximation, subject to (16). Let the following symbols be 
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defined (note that k in (15b,c) is essentially real): 


I+) = Ig) + Tyla) = Soe) + onl) (22a) 

jeoy (0) = jalys'(w) + yxt(w)] = OE Bo) a2) 

y(w) = g(w) + jet) (224) 

pee) = Fa) Fete) (220 

pw) = (224) 

po(w) = re (22f) 

Note thet gt = SE = dal hlw) + Kal] aay 


If (22a) to (22f) are substituted in (13) and (14), the final expressions 
for the vector potential difference and the scalar potential difference are 


W.(w) = Ie(w) | tla) + fone 9) (23a) 
1 d°LL(w) p'(w) 
V(w) = rer Jie |g L(w) sis ap? 3 (236) 


For some purposes the ratio functions ai(w) and ®,(w) are useful. 
They are 
W.(w) . l(w) 


a,(w) = Wii w) ~ Te(w) = a1(w) (24a) 
Vi(w) . y(w) 
@p = = 
) = Foo) ~ yotwo) ve) 
Note that, when the leakage conductance is small, as is usual, 
,(w) = &y(w) = om (24c) 


It is now readily verified from (15a) to (15g) that, subject to the 
inequalities 
w? > b? 2? > b? (25) 
the general expressions (23a) and (23b) for the potential differences are 
well approximated by the simple formulas derived in Chap. I, Sec. 4, 
for the infinite line. With (25) it follows that 


ko(w) = ky = 2 in? ki(w) = 0 (26a) 
kor(w) = 0 kor(w) = 0 Rir(w) = 0 (26b) 
po(w) = 0 p(w) = 0 p(w) =0 (26c) 
P(w) = 1 Vi(w) = V(w) (26d) 


ai(w) = 1 W.1(w) = W,(w) (26e) 
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so that W.(w) = UI,x(w)  V(w) = oe qu(w) (27) 
2 Koy _ Ome 
where Ie = an. ae (28) 


It follows that, whereas the general equations (23a) and (236) for the 
potential differences must be used within distances of the termination at 
both ends which do not satisfy (25), the simple formulas for the infinite 
line are good approximations at sufficient distances from the ends. 

Although the discussion in this section was carried out specifically for 
a two-wire line, it applies with slight modification in detail to the other 
types of line analyzed in Chap. I. In all cases there is a region near 
each termination where the more general equations (23a,b) must be used, 
whereas the formulas for the infinite line apply at distances from the 
termination which are large compared with the cross-sectional dimensions 
of the particular type of line. For each type of line the appropriate 
formula for ky must be used in the general expressions (28) for the parame- 
ters 1? and y = g + jue. 

For example, in the case of the coaxial line, 


a ae cae ame | col yas 


where, as in Chap. I, See. 6, with r = au, 


R= Vw@-wF TR B= Vw WF FH 0a) 
Sip = Vaz + a? — 2aia2 cos 6’ (80b) 


The integration with respect to w’ may be carried out directly to give 


. 2 2 2 _ , ’ 
ky(w) = 2in@ — [Bt Vw FoF ot Borns cos FE a1) 
a Jo w+ Sw? + a} 7 


The integral in (31) has not been evaluated, but a satisfactory approxi- 
mation is readily obtained. Since az is always greater, and usually much 
greater, than a: and since the expression under the radical in the numer- 
ator ranges between +~/w? + (a2 — ai)? and ~/w? + (az + a1)’, it is clear 
that a reasonable mean value is obtained simply by neglecting the terms 
in a; in the numerator. The result is 


a2 +L a2 
wt Yu? t+ a3 (32) 
w+ Vw? + a? 
This is seen to be the same in form as (15b) for the two-wire line, with 
az occurring in place of b and a; in place of a. 


2. Generalized Differential Equations.®'"*® The derivation of the 
differential equations for the scalar and vector potential differences which 


a Gos 
ko(w) = 2 In - In 
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are valid at all points along a terminated line parallels the derivation in 
Chap. I, Sec. 4, for the infinite line but proceeds from more general forms 
of the fundamental relations. Specifically, since the vector potential at 
points on the conductors of the line near its terminations may have 
components perpendicular to the line as well as parallel to it, the general 
relation [Chap. I, Sec. 3, Eq. (8b)] must be used. The desired general 
equation of continuity for the vector potential at points on the conductors 
of the line is 


ce eee (1) 


where A,, A,, and A, are the components of the ¢otal vector potential due 
to the currents I,, in the line and such of the components I,7, I,7, and 
I,7 a8 may exist in the terminations; 6 is the total scalar potential due to 
charges qz in the line and charges gz in the terminations. As pointed 
out in Chap. I, Sec. 3, it is possible to replace the single equation (1) 
by several equations involving related components of the potentials such 
as the following: 


A, = Azr A, => Ayr A, = Ait = A.r (2a) 
> = er + Oz (2b) 


A,z, and $, are computed at points on the line from currents and charges 
in the line, whereas A,r, A,r, A:r, and or are computed at the same points 
on the line from currents and charges in the termination. These com- 
ponents satisfy the following equations: 


OAcr , OAyr | OArr , Bo. | 
ax ay ee ae eo (Ba) 
dA, , 82, _ 
ae Td te a O (3b) 


If the scalar and axial vector potential differences are introduced as 
defined in Sec. 1, Eqs. (5a,b), it follows from (3b) and with /dw = —@/dz 
that 

0W.1(w) a 


a) = 5 view) (4) 


Similarly, proceeding from the general equation [Chap. I, Sec. 4, Eq. 
(6a)], viz., 


Se) = E,(w) + jwA.(w) (5) 


and making use of the defining relation [Chap. I, Sec. 4, Eq. (33a)] for 
the internal impedance per unit length zi, namely, Ei.(w) = 1,(w)zi, the 
following equation is obtained directly: 

oV(w) 


aaa = 2'I,1(w) + jwW.(w) (6) 
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where V(w) and W,(w) are the total potential differences between points 
on the two conductors of the line at a distance w from the load-line 
junction, I,,(w) = I,1(w) is the total current in conductor 1 at this dis- 
tance, and z‘ = zi + 24. The desired differential equations may now be 
obtained from (4) and (5) with Sec. 1, Eqs. (23a) and (23b). As a first 
step, let gi(w) be eliminated from Sec. 1, Eq. (23a), using Sec. 1, Eq. 
(23b), to give 


Ww) = rw) | (eo) + POOUCPCD _ Stee) BCEP Ol 
8 ow 6 

Since the last term on the right in (7) is a small correction term, it is 
satisfactory to assume in evaluating its order of magnitude that the 
current satisfies the uncorrected equation. Moreover, since the term 
includes the small factor p(w)p’(w), it is negligible beyond a distance 10b 
from each end of the line. In the short lengths 10b the small internal 
impedance of the conductors may be ignored, and j§ substituted for y. 
Under these conditions the differential equation for the current as 
obtained in Chap. I, Sec. 13, is 


0 2L 1(w) _ 
A) + BALr(w) = 0 (8) 
If (8) is used in (7), the first and last terms on the right become 
L.1(w){l + p(w)p’(w)] (9) 


However, since both p(w) and p(w) are correction terms, their product is 
of higher order and may be neglected. Hence, subject to the condition 

[p(w)p’(w)| K 1 (10) 
the z component of the vector potential difference in (7) may be expressed 
as follows: 


Welw) = (0) | Tala) + VODwOPC | (11) 
W.(w), as given in (11), may be substituted in (6) to obtain 
Ilo) = hy | OU — deb oytw) eo) vw) | 2) 


where the impedance per unit length has been defined as follows: 

z(w) = 2 + jol*(w) (13) 
The correction factor on the right may be expressed in terms of the ratios 
a,(w) and ®,(w) defined in Sec. 1, Eqs. (24a,b), if use is made of Sec. 1, 
Eqs. (22). The result 


L1(w) => 


1 | dV(w) 
2z(w) Ee a Bai(w) ®,(w) p(w) vu) (14) 


is the generalized first-order equation for the current. 
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The second-order equation for the voltage is obtained by differentiating 
(6) with respect to w and using (4) together with 


W.(w) = W.1(w) + W.r(w) 


Thus + 6°Vi(w) = 2 [zi 2(w) + jooWer(w)] (15) 


0?V(w) 
Sut 
In this relation W.7r(w) is the axial component of the vector potential 
difference due to currents in the termination only, and the term with 
z' as a factor takes account of the very small internal impedance of the 
line. ‘Thus the entire term on the right in (15) is a first-order correction 
in which the vector potential difference and the current may be repre- 
sented by their leading terms, i.e., by their uncorrected values. Thus 
with Sec. 1, Eq. (23a), the leading part of the total vector potential is 


W.(w) = Li(w)l*(w) = Li(w)[lg(w) + if(w)] (16) 
Evidently, since W,(w) = W.1(w) + W.r(w), it follows that 
W.r(w) = T.1(w)lz(w) (17) 


If (17) is substituted in the brackets in (15) and I,1(w) is replaced by its 
leading term from (14), viz., 
1 dV(w) 


I,1(w) = z(w) Bip (18) 
the right side of (15) becomes 
dO | 2(w) — jule(w) dV(w) 
dw zn) dw (?) 


Since the principal part of z(w) is jwl¢(w), the leading term in (19) is 


z(w) — jwls(w) d?V(w) 
z(w) Ow? 


(20) 
The substitution of (20) in (15) and a subsequent rearrangement of terms 
give the following homogeneous equation: 


a°V(w) 
Ow? 


z(w) 
jol§(w) 
However, with Sec. 1, Eqs. (22) and (240), it follows that 


+ B°Vi(w) = 0 (21) 


jolg(w) — ®(w) 
Hence, since with Sec. 1, Eq. (24b), Vi(w)/®i(w) = V(w), the final equa- 
tion for the total voltage along the line is 
0?V(w) 
dw? 


6? y(w) (22) 


— 7(w)Vw) = 0 (23) 
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The generalized propagation constant y?(w) is defined by 
y?(w) = z(w)y(w) = Z0(w)yo(w)ar(w) Hi (w) (24) 


When there is no inductive coupling between the termination and the 
line, ai1(w) = 1; when there is no capacitive coupling, ®i(w) = 1. At 
distances that satisfy the condition w? > b?, 


p(w) = 2 = zy = (a + jul") (g + joe) (25) 


where [*, g, and c are the parameters of the infinite line. Thus, when 
w* is large compared with b?, the generalized Eq. (23) reduces to the 
equation for the infinite line given by Chap. I, Sec. 13, Eq. (5). 

3. Terminal Zones; Coupling and End Effects.‘°*® Jt was shown in 
the preceding section that the scalar potential difference between the two 
conductors of a transmission line of finite length and terminated in arbi- 
trary impedances is given in first approximation by the equation 


av 
PVC) _ 4200) ¥(w) = 0 (1) 
where y?(w) = z(w)y(w) = ai(w) Pi(w)z0(w)yo(w) (2) 
The current in one of the conductors of the balanced line, in which 
I.,(w) = —l,(w) = —I,(w), is obtained from the scalar potential differ- 
ence by differentiation: 
_ 1 | aV(w) 
Lu) = shy | EO + pptwdan(u) vw) vow) | 3) 


Since the variable w, in general, occurs in y?(w) in an intricate manner, 
Eq. (1) cannot be solved by conventional methods that apply to equa- 
tions with constant coefficients. Indeed, since y(w) is a different func- 
tion of w for each type of termination and line, a general solution of (1) 
is not possible. Fortunately, precise knowledge about the distribution 
of current or voltage in the parts of a line near its ends at w = 0 and 
z = s — w = 0, which are excluded by the conditions 


w* > b? 22 = (s — w)? >? (4) 


is relatively unimportant, provided the currents and voltages are known 
accurately everywhere else. Although at all points outside the terminal 
zones of length 


d<10b d=O0.10 (5) 
currents and voltages satisfy the simple equations 
ay 
VO) _ wv) = 0 y= ay (6) 
1 aV(w 
I(w) = +24) 7) 


z Ow 
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for which general solutions are given in Chap. I, Sec. 13, the currents and 
voltages actually cannot be determined from (6) and (7) without speci- 
fying boundary conditions; and these necessarily involve the terminal zones 
in which (1), (2), and (3) but not (6) and (7) are valid. 

The differences between the general Eqs. (1) and (3) for the terminated 
line and the special Eqs. (6) and (7) for the infinite line and for points 
sufficiently far from the ends of a finite line may be summarized under 


ko(w)=sinh7? sinh Brine 


at wl w+? — fw2+a2] 5° 
[3b 


0.01 


10 
od 
b 


Fig. 3.1. The functions ko(w), k:(w)/8b, and po(w)/8b for a two-wire line in a perfect 
dielectric. 


the headings of coupling between the load and the line and transmission- 
line end effects. 

1. Coupling between the load and the line may be inductive owing to 
a nonvanishing z component of current in the load, so that W.r7(w) and 
[(w) are not zero and a;(w) differs from unity; it may be capacitive, so 
that Vr(w) and cr(w) in yr(w) are not zero and ®,(w) differs from unity. 
The absence of inductive coupling is defined by ai(w) = 1; the absence 
of capacitive coupling is defined by ®,(w) = 1. It is significant to note 
that the infinite line is not characterized by an absence of either inductive 
or capacitive coupling between the sections of line on each side of an 
arbitrary line-load junction at w = 0. On the contrary, in the infinite 
line the following relations are true: 


Is(w) + U§(w) = le (8a) 
Yr'(w) + yot(w) = yo! = (g + jac) (8b) 
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so that the constancy of l* and y presupposes inductive and capacitive 
coupling. Note that, at w = 0, 


Is.(0) = 1§(0) = aI* yr(0) = yo(0) = 2y (9a) 


whereas, when w? > b? or w—> &, 
(eo) =O Ulo)=l yr(o) =O yr(m)=y (9b) 


It is clear that the equations for the infinite line do not apply even to a 
section of line with an open end, since |2y| = |y(w)| = |yl. 

2. Transmission-line end effects arise from the fact that, even when 
there is no capacitive or inductive coupling between the line and the load 
or when there is no load, the general Eqs. (1) and (3) do not both reduce 
to the simple forms (6) and (7). 
This is readily seen by setting 


®,(w) = 1 a,(w) = 1 (10) 
It follows that 


z(w) = Z0(w) 
11 
10 yw) = yw) = FD 
v°(w) = Z0o(w)yo(w) = zy = 

100 
£90 (12) 
a so that 
x ie d?V(w) 

50 po NE ot age = 

a — Vw) =0 (13) 

30 which is the infinite-line equation. 


On the other hand, 


AC ee 


15 z(w) 
10 BEI | Sees + Bpo(w) v(w) | (14) 


Fic. 3.2. The functions [é(w), co(w), and _ Ai(w) 
R.(w). ox wastes Pay) ko(w) 


(15) 


Note that it is only the product zo(w)yo(w) which is independent of w, 
not the functions 20(w) and yo(w) individually. It is due to the fact that 
zo(w) is proportional to ko(w) and yo(w) to 1/ko(w) that the product 
Z9(w)yo(w) is constant. Clearly the ratio zo(w)/yo(w) is not independent 
of w, and it is this ratio which defines the generalized characteristic 
impedance Z,(w). 

The functions ko(w), ki(w), and po(w) are shown in Fig. 3.1 for an open 
two-wire line as a function of the normalized distance w/b from the load 
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at w=0. The line spacing is b. The inductance and capacitance per 
unit length, /g¢(w) and co(w), are shown in Fig. 3.2 together with the ratio 
R.(w) = lg(w)/co(w) = Z0(w)/yo(w). A perfect dielectric is assumed. 

The section of line near a termination (or other discontinuity) in which 
the equations of the infinite lines, (6) and (7), are not valid is called a 
terminal zone, and the conditions that are responsible for the differences 
between (1) and (3), on the one hand, and (6) and (7), on the other, 
are called terminal-zone effects. 

4, Equivalent Uniform Line with Terminal-zone Network. Since the 
principal purpose of an analytical solution of the transmission-line prob- 
lem is to predetermine quantities actually measured on a transmission 
line, it is necessary to formulate an approximate solution of the general 
equations [Sec. 3, Eqs. (1) and (3)] for practical use. Transmission-line 
measurements usually involve the distributions of current and voltage 
on parts of the line which are outside the terminal zones. The data so 
obtained are then interpreted using conventional formulas derived from 
the solutions of the special equations [Sec. 3, Eqs. (6) and (7)] for an 
infinite line. Although these equations are valid in the region of measure- 
ment, their range of application does not extend to the actual termi- 
nations. Hence this procedure is correct only if a sufficiently long section 
of line is included as a part of the termination, so that z = s may not be 
the actual end of the smooth line. If the conventional formulas are 
assumed (incorrectly) to apply to the terminal zones and z =s or 
w = s — z= 0 coincides with the actual junction of the line with an 
impedance, the impedance apparently terminating the line includes the 
effect of errors made in using incorrect parameters and formulas in the 
terminal zone. This apparent terminal impedance Za at z = 8 (or Zoa at 
z = 0) is not, in general, the ratio of the actual scalar potential difference 
across, to the current entering, the terminating impedance. Since Z,, 
involves the properties of the transmission line, the same impedance may 
have quite different apparent impedances when connected as a load to 
different transmission lines. Merely by varying the spacing of the line 
or by changing the relative orientation of line and termination, the appar- 
ent terminal impedance of a given load may be altered. 

For reasons similar to those which make it impossible to have the uni- 
form properties of a long transmission line continue to its junction with 
an arbitrary impedance, it is also impossible to define for an arbitrary 
circuit element an impedance that is independent of the circuit to which 
it is connected. The degree of coupling of such an element to the adja- 
cent parts of the circuit, e.g., the transmission line, varies with the con- 
figuration of conductors and the separation of its terminals; it may be 
large or almost zero in specially designed arrangements. Only when the 
separation of the terminals of a circuit element is vanishingly small, as 
when it is driven by a fictitious extensionless generator or by an equally 
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fictitious transmission line with zero spacing, is it possible to define a 
self-impedance Z, that is an independent characteristic of the circuit ele- 
ment, which then becomes a complete self-contained circuit. 

It is possible to separate formally the circuit properties of, and the 
coupling between, two parts of a single complete circuit into two self- 
impedances and a mutual impedance.® Except when the distribution of 
current is greatly affected by the mutual term, the self-impedance of the 
load differs negligibly from its ideal self-impedance when isolated and 
driven by a potential difference maintained across its terminals by a 
fictitious source. This is true of the coupling between a transmission 
line and its load. Accordingly the transmission line may be analyzed 

as if it had a physically extensionless 
load, and the load may be analyzed 
as if it were driven by a fictitious 
source that maintains the required 


$,(s) potential difference V(s) = $:(s) — 

I(s) $2(s) at its terminals, as shown in Fig. 

Vis) =$,(s)—$,(s) 4.1, provided separate account is taken 
of the actual coupling between them. 


~L(s)=I, 
= ie This may be done approximately by 


means of a suitable equivalent net- 
work that represents the coupling as 
if lumped at the junction instead of 
distributed over short distances near 
it. By concentrating coupling effects 
and transmission-line end effects in 
such a network of lumped elements, the actual terminal zone in which z(w) 
and y(w) are functions of position may be replaced by a fictitious section of 
line in which the variable parameters z(w) and y(w) are replaced by the 
constants z and y of the infinite line. That is, the length of the terminal 
zone is reduced from, say, d = 100 to zero, and its distributed circuit 
properties, insofar as they depart from those of a smooth line, are con- 
centrated as a lumped network at the line-load junction. If this is done, 
the impedance terminating the hypothetical completely uniform line with 
constant parameters everywhere is the apparent terminal impedance Zya. 
This consists of the impedance of the idealized isolated load Z, = V(s)/I(s), 
as obtained from Fig. 4.1, in combination with the lumped network that 
takes account of all terminal-zone effects. This is shown schematically in 
Fig. 4.2, where the lumped elements of the terminal-zone network consist 
of a series impedance Zr = jwlr and a shunt admittance Yr = joC'r. 
The lumped elements Zr and Yr are to compensate for the difference 
between the series impedance and shunt admittance of the actual terminal 
zone and the series impedance and shunt admittance of a section of line 
which is equal to the terminal zone in length but has the line constants 


Fig. 4.1. Typical termination for two- 
wire line. 
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of an infinite line. These elements are defined as follows: 
Zr = i" (e(w) ~ 2] dw = jo [" (ew) — dw = jale 
¥r = [ (yl) — yl dw = jw [ tel) — dw = juCr (2) 


where y(w) is as defined in Sec. 1, Eq. (22c), z(w) as in Sec. 2, Eq. (13), 
and z and y as in Sec. 2, Eq. (25). Alternatively, with Sec. 2, Eqs. 
(24a,c), 


Lr = f° Us(w)ax(w) — 14] dw _ @) 
On f * Teo(w)1(w) — c] dw (4) 


With Zr in series and Y, in parallel with the load (the order is not 
important), z(w) and y(w) in the terminal zone may be replaced by 


Conventional tine Terminal zone A 


Load 
(coupling to line) 


Zin=Zsa— 


Constant parameters zp, yo ; br eats pense B 
to load 
—_————_——_ A /2 ——————> 


L 
Conventional line 7Lr A 
O66 2 
Zin =Z, (no coupling 
ee 50g 2S. to line) 
Constant parameters 29>No 1, B 
no coupling to load oe 


Fig. 4.2. Actual and equivalent transmission lines. The configuration of conductors 
between A and B is the same in both cases. 
z and y, so that y(w) becomes y and p(w) = 0. It follows that the 
infinite-line equations [Sec. 3, Eqs. (6) and (7)] apply to the entire line 
including terminal zones, provided an appropriate lumped network is con- 
nected between the line and each termination, as shown in Fig. 4.2, so 
that the apparent terminating impedances are Z,, at zg = $s and Zoa at 
2=0. The constants of this network must be evaluated separately for 
each impedance and each type of line. Specific application of this general 
theory to impedances of various types terminating different lines and to 
the junction of two different lines is made in later sections. For use in 
the next section it has been shown that the constants of integration in 
the general solution of the infinite-line equations [Sec. 3, Eqs. (6) and (7)] 
may be applied to finite lines, provided the boundary conditions are 
expressed in terms of apparent terminal impedances Z,. which include an 
appropriate terminal-zone network. 

5. Evaluation of Constants in Terms of Boundary Conditions; Expo- 
nential Solution for a Terminated Line.’ If the transmission line is of 
finite length extending from z = 0 to z = s, as shown in Fig. 5.1a, the 


74 TRANSMISSION-LINE THEORY [Chap. II 


ends of the conductors may be connected by terminal impedances of the 

most general sort, provided a section of transmission line which is long 

compared with the line spacing b is included as a part of each termination. 
The impedances are defined by 

V 

eees 1 

z= (1) 


where V is the complex potential difference across the terminals of the 
impedance and I is the complex current in each terminal. The currents 


' i 

1 H 

~2Vot 

7 en. 

© 

+iye a i 

2,0 i 
(a) 

' 

~ 35+ 

dices, 

V6 
(d) 

{ : 
+4 
“| | 
z=0 (c) z=8 


Fic. 5.1. Terminated transmission lines. (a) Terminations at both ends include 
sections of transmission line. (6) Lumped terminations. (c) Lumped terminations 
with single generator at center of Zo. 


in the two terminals are equal and opposite. At the input end the imped- 
ance is Z) = Ry + jXo0; at the output end it is Z, = R,+ jX,. The 
generator at the input end is separated into two identical parts each 
maintaining an emf sVé. The superscript ¢ is to distinguish an externally 
applied potential difference or emf from a voltage drop. The subscript 0 
locates the generators at z = 0. 

For lines in which b is so small that it makes no significant difference 
in any length of line whether it is increased or decreased by an amount b, 
terminal-zone effects are negligible, and the circuit of Fig. 5.16 or Fig. 
5.1¢c is adequate with Z,, = Z,and Zoq = Zo. If the current at all points 
in Zp is the same as J, (the current into or out of the line), the halves of 
the generator may be combined into a single generator connected in series 
with Z) in any desired manner. If the current amplitude is not constant 
throughout Zo, the generator must be in two parts in order to have the 
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currents equal and in reversed directions at opposite points along the 
two conductors or at the center of a symmetrical structure. 

If the termination does not include a section of line and the spacing is 
not so small that terminal-zone effects are negligible, these may be 
assumed to be localized in a network of lumped elements at the junction 
of the line and the termination, as explained in the preceding section. 
By combining such a corrective network with the ideal impedance Z) or 
Z, of the impedance when isolated, the apparent impedance Za or Zeq i8 
obtained. This is the fictitious impedance that would have to terminate 
the line if uniform conditions prevailed to the ends and the same cur- 
rents and voltages existed everywhere on the line as on the actual line 
with the actual termination except in the terminal zones. The apparent 
impedance is that determined from measurements made on the line if solu- 
tions of the conventional or uniform-line equations are used in the reduc- 
tion of the data. 

In the following it is assumed for simplicity in the notation that 
terminal-zone effects are negligible, so that Z) and Z, are the termi- 
nations. The solution obtained may be applied to general terminations 
merely by adding the additional subscript a to Z) and Z, and to other 
functions introduced to describe the terminations. 

The boundary conditions for the circuit of Fig. 5.1 are 


For z 
For z 


0, Vo = Ve — LoLo (2a) 
8, V, = LZ, (2b) 


ll 


If the appropriate currents and voltages as given by the first equation in 
Chap. I, Sec. 13, Eq. (7), and by Chap. I, Sec. 18, Eq. (11), namely, 


V, = Byev* + Boe? and I, = ; (—Byet* + Bre’), are substituted in (2), 


two equations are obtained for evaluating the arbitrary constants B, and 
B, in terms of the impedances Z) and Z, and the parameters of the line. 
These equations are 


Vi= Bi + Br +3 (Bi + By) (3) 


4 (—Byev* + Brev*) = Bye? + Boeve (4) 


Rearranging and collecting terms lead to 


Zo =, Z. € LZ 
BZ + Be Y“iZ TZ (5) 
Z,— 2, 
—B, + B, Z. Z. Ct (6) 
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For convenience let the following shorthand be introduced in (5) and (6): 


Ty = Lo ann Z = Toei¥o rT, an Zz. rai Le 


Zo + Z, Z+ 2, 


= Tye (7) 


The complex factors Fy and I, are called coefficients of reflection of voltage. 
Their properties are studied in later sections. Solving (5) and (6) for 
B, and Bz, using (7), gives 


2 4 Tr ,e-2%8 
Boing Zi-rrer i 
Zz. 1 
Pas 2+ Z.1 — Wo¥,e72 (9) 


Upon substituting these in Chap. I, Sec. 18, Eqs. (7) and (11), the final 
solutions in exponential form are obtained. They are 


VsZ, e-** + Frere) 


Vi-747, 1- ire ay) 
_ Ve _ ere tee 
ha 74k 1-1 ey 


The solutions for a terminated line must, of course, reduce to the solu- 
tions previously obtained in Chap. I, Sec. 14, Eq. (1), for a semi-infinite 
line of length s that is allowed to increase without limit. If s— © in 
(10) and (11), all exponential terms involving s vanish, provided y has a 
positive real part, so that 


-_ _ Veee a : 
This is like Chap. I, Sec. 14, Eq. (1); note that 
6Z, 
os 0c 


It is significant that solutions like (12) and (13) are obtained for a line 
terminated so that 
Z = Ze or rT, —_ 0 (14) 


The input current given in (12) is like that in a simple circuit con- 
sisting of Z, in series with Z). It follows that an infinitely long trans- 
mission line, or a line of any length terminated in Z, = Z,, behaves at its 
input terminals like an impedance Z,. Since Z, is defined by Chap. I, 
Sec. 13, Eq. (10a), entirely in terms of parameters characteristic of the 
line itself, Z, is properly called the characteristic impedance of the line. 
Note that a transmission line behaves like an impedance Z, only if it 1s 
infinitely long or if it is terminated in Z,. Its behavior under other cir- 
cumstances is quite different. 
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6. Infinite-series Form of the Exponential Solution.’ The exponen- 
tial solutions of Sec. 5, Eqs. (10) and (11), may be modified either in 
order to make them more convenient mathematically or in order to facili- 
tate their interpretation in terms of a physical picture or model. In this 
section Sec. 5, Eq. (10), is rearranged into a form with a physical interpre- 
tation that helps to explain the significance of the parameters appearing 
in the solution. From the analytical point of view such a physical inter- 
pretation is not required. On the other hand, pictures or models that 
illuminate a mathematical formula in terms of a readily visualized physi- 
cal mechanism often serve a valuable purpose. 

A physically fundamental transformation of Sec. 5, Eq. (10), is derived 
below. The procedure is contrary to that usually followed by the mathe- 
matician, who prefers a closed formula to a physical interpretation, in 
that Sec. 5, Eq. (10), is expanded into an infinite series by dividing the 
numerator by the denominator. The result is 


VsZ. 


Y-Z4e. 


[e—v + Dye7t s-) + VolF e777 28+) +. Tol 2e—v (42-2) 
+ Parie ere + oe -] (1) 


In order to obtain the instantaneous real voltage, (1) must be multiplied 
by et and the real part selected. This is 


v, = Vs rig {e-* cos (wt — Bz + ®) 

+ T,e-*?-*) cos [wt — B(2s — z) + ¥. + 

+ Tol ,e-2**) cos [wt — B(28 + z) + yo +y, + F] 

+ I'oI'2e—*4*-*) cos [wt — B(4s — z) + fo + 2y, + F] 

+ TZrze-#4"t) cos [wt — B(4s + 2) + 20 + 2y. + F] 

as : Z (2) 

ee Z+Z,|%+zZ.|" @) 
and Vo = Toe lr, = Te (4) 


The velocity of a constant phase associated with each term in (2) is 
obtained by setting the phase equal to a constant and differentiating 
with respect to the time. Thus 


For the first term, 


d = dz wo _ 
qi wt — Be + &) = const. Gog 7" 
For the second term, 
© (wl — 268 + Be + Ys +) = const, a - 97% 
For the third term, 
£ (wt — 288 — Be + vo + ¥. + #) = const. Gn ga 
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For the fourth, sixth, and every even-numbered term dz/dt = —v,; for 
the fifth, seventh, and every odd-numbered term dz/dt = vp. 

The series (2) may be interpreted term by term. By allowing the 
length s of the line to increase without limit, the first term in (2) is seen 
to be the complete solution for the instantaneous voltage at z on a semt- 
infinite line. It is like Chap. I, Sec. 14, Eq. (1), for a generator imped- 
ance Zp instead of zero. The interpretation previously applied to Sec. 4, 
Eq. (1), may be applied to the first term in (2). That is, the contribu- 
tion to the instantaneous voltage at z by the first term may be visual- 
ized as a voltage wave traveling in the positive z direction with a constant 
phase velocity v,, the amplitude of the voltage diminishing exponentially 
with z. At the instant ¢ when the wave reaches the point z, the wave will 
have traveled a total distance z from z = 0 toz =z. The voltage meas- 
ured at z at the particular instant ¢ may be regarded as having originated 
at the generator at an appropriate earlier time ¢, such that ti = ¢ — z/vp. 
Thus the first term may be assumed to represent a voltage wave that has 
traveled only the distance z from the generator to the point of observation 
at z with velocity v,. It involves a phase lag @z and a decrease in ampli- 
tude by the factor e-** compared with the point z = 0 at the same instant. 

The instantaneous voltage at z on the terminated line at time ¢, differs 
from that which would be observed at the same point and time if the 
line were infinite by the addition of the series of terms following the first 
one in (2). Viewed in the same light as the first term, the second term 
in (2) represents a voltage wave moving in the negative z direction which 
has traveled the distance 2s — z, starting at the generator, proceeding 
to the end of the line at z = s, and returning to the point z, where it 
arrives simultaneously with the first wave. The entire distance was 
traversed with the constant phase velocity v,. The starting time was 
ty — (28 — z)/vp + ¥./w. It involves a phase lag B(2s — z) and a 
decrease in amplitude by the factor e~*-». In addition, there is 
an amplitude factor I, = |(Z. — Z.)/(Z. + Z.)| and a phase shift 
vy, = arg (Z, — Z.)/(Z, + Z.). Since T, and ¥, depend only on the 
terminal impedance Z, at z = s and on the parameter of the line Z,, 
it is plausible to regard Ir, = I’,e/” as a coefficient of reflection character- 
izing the impedance Z, when this terminates the line of characteristic 
impedance Z,. The effect of the coefficient is to change the amplitude 
of an incident voltage wave by a factor I’, and the phase by y, after the 
wave reaches Z, and before it starts back as a reflected wave. 

The third term in (2) may be interpreted in an analogous manner as a 
wave which originated at the generator at a time é; — (28 + z) + s/o + 
~o/w and which has traveled to the end at z = s, back to the generator 
atz = 0, and finally back to the point of observation at z, where it arrives 
simultaneously with the other waves. When it arrives at z, it is traveling 
in the positive z direction along with the first wave. In transit the wave 
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is attenuated by the factor e—*°*+ due to the line, by a factor T, due to 
reflection at Z,, and by a factor Ip due to reflection at Z). Similarly 
there is a phase lag (2s + z) due to the distance traversed on the line 
and phase shifts y, and yo due to reflection at Z, and Z). All succeeding 
terms in (2) may be interpreted in a manner analogous to that used to 
describe the first three terms. Each is a contribution to the voltage at 
the point z from components that started at z = 0 sufficiently early to 
travel as a constant phase back and forth along the line. In so doing 
the amplitude suffers a continuous exponential attenuation, and the phase 
suffers a linearly increasing lag with respect to the voltage atz = 0. In 
successive reflections at each of the two ends, discontinuous changes in 
amplitude and phase supplement the effect of the line. The number of 
reflections at each end is given by the powers to which the factors Ip and 
T',, which characterize a single reflection, are raised. The total distance 
traveled by each component is given by the factor of a in the exponents 
or of @ in the phases. In terms of this physically attractive picture the 
instantaneous potential difference at any point along a terminated trans- 
mission line is the resultant of all the contributions reaching that point 
simultaneously from both directions after an infinity of successive reflec- 
tions at the ends. The terminated line is thus seen to play the role of 
an infinite line folded back and forth upon itself, with discontinuities at 
intervals equal to the actual length and with the potential difference in 
these folded parts actually superimposed and combined algebraically into 
a single value. 

This interpretation can be obtained directly from the complex series 
(1) if it is recalled that a complex quantity involves a real amplitude 
and a phase shift. That is, once the relationship between complex and 
real instantaneous values is understood, the essential points may be deter- 
mined directly from the complex form without the real solution. A simi- 
lar expansion and interpretation may be used for the current. 

7. Incident- and Reflected-wave Form of the Exponential Solution.! 
An alternative physical picture of the exponential solution of the trans- 
mission-line equations is often given in a form of Sec. 5, Eqs. (10) and 
(11), in which the voltage V, across, and the current I, = V./Z, in, the 
terminal impedance Z, are introduced explicitly. The voltage V, is 
obtained by setting z = s in Sec. 5, Eq. (10). It is 


_ Vez, e(1 + 1) 
7 Z, + Lo 1— Tol ,e72%* 


V;, (1) 


Similarly, from Sec. 5, Eq. (11), 


_ Ve etl — 1) 
8 74 Rl Phe . 
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If (1) and (2) are substituted in Sec. 5, Eqs. (10) and (11), and the 
notation 


w=s-—2 (3) 
is introduced, the following expressions are obtained: 
V; I,Z, 
V, = 1 + T, (er + r,e-*”) = 1 as rb; (er ae r.e-%”) (4) 
= V, wD — = I, wy —~w 
L, = Z0+T,.) (ev — T.e +?) = (ev — VT,e-* ) (5) 


1—T, 


It is clear that the distribution of current depends on w = s — 2, not on 
z alone. The instantaneous real solutions are obtained by multiplying 
by e# and selecting the real parts. Thus, for example, the first equation 
in (4) leads to 


V. 
LE, 


[ex” cos (wt + Bw + ®) 
+ T,e-*” cos (wt — Bw +y.+)] (6) 


v, = Re V,e"* = | 


where ® is given by 
V, 


& —_— V, 
C7, 


1+T;, 
This instantaneous voltage consists of two terms. The phase velocity 


for the first term is obtained by holding the total phase constant and 
differentiating with respect to time. This gives 


el? (7) 


~ Pa Gata, (8) 


The phase velocity of the second term is 


= —UvUp 


‘dt dt 8 
Accordingly the first term in (6) represents a voltage wave traveling 
in the positive z direction with phase velocity vp, whereas the second 
term represents a wave traveling in the negative z direction with the 
same velocity. Thus the instantaneous voltage v, at z may be con- 
sidered to be made up of the sum of a composite wave of amplitude 
|V./(1 + Y.)|e traveling toward Z, and a composite wave of amplitude 
\V./(1 + .)|Pe-® traveling in the opposite direction. The two waves 
differ in phase by ¥, — 2@w, corresponding to a greater distance of travel 
for the second wave from the point z to Z, and back to z, with a phase 
shift y, on reflection at Z,. The wave traveling toward Z, is the incident 
wave; that traveling away from Z, is the reflected wave. Note that these 
composite waves have amplitudes that are intricate functions of the 
parameters of the line and of both Z) and Z,, and that the origin of the 
waves is not readily determined by noting the distance traveled. 


= dw dz w (9) 
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The relative phases and amplitudes of the two terms in (4) and (5) 
are represented in the following alternative formulas: 


= 8 wD —2aw pj (y—2Bw) 

Vy, = ioTr, ev[1 + T,e722%e! ] (10) 
= ee prey —2aw oi (Y—2Bw) 

L ZA+T) ev[1 — T,e7?¢e? ] (11) 


A plot of the bracket in (10) is given with a = 0 in Fig. 7.1 and with 
a ~ 0 in Fig. 7.2. 

It is instructive to compare the representation of the exponential solu- 
tion [Sec. 5, Eq. (10)], first, by an infinite series as in Sec. 6, Eq. (1) and, 
secondly, by two terms as in (6). The first representation expresses the 
instantaneous solution as an infinite sum of individually simple terms, 
each of which is the solution of an infinite line folded back upon itself. 


Fic. 7.1. The function 1 + re-#26 with Fig. 7.2. The function 1 + TPe-2#%e~i26w 
r = Te; T = 0.6, y = 30°. with © = rei¥; T = 0.6, y = 30°. 


The contribution by each term is made up of the fraction of the gener- 
ator voltage impressed across the line, modified in amplitude and phase 
by the effect of the over-all distance traversed on the line and by the 
coefficient of reflection at each end appearing as a factor for each reflection. 
The instantaneous voltage at a given point is thus made up of the simul- 
taneously arriving contributions of an infinite number of simple waves 
that have traveled back and forth, with one term for each possible distance 
between generator and point of determination. 

The second representation, using only two composite terms, in effect 
separates the infinite series into two parts, as determined by the direction 
of motion at the point z at the instant ¢. Thus all terms representing 
waves traveling in the positive z direction are combined into a single 
composite wave, the incident wave; similarly all terms representing waves 
traveling in the negative z direction are combined into a composite 
reflected wave. Each of the two resulting composite waves is the super- 
position of an infinite number of simple waves traveling simultaneously 
in one direction. As such, its amplitude involves the effect of all reflec- 
tions at both ends and does not represent each by an explicit factor. 
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The regrouping of an infinite number of simple waves into two composite 
ones traveling in opposite directions is analytically convenient but not 
physically so transparent as the superposition of an infinite number of 
simple waves. In particular, the physical interpretation of the coef- 
ficients of reflection Fy and I, as modifying amplitude and phase at each 
reflection is lost, and the expressions (4) and (5) may as well be made 
more symmetrical by substituting for I’, the equivalent (Z, — Z,)/ 
(Z. + Z.). The resulting expressions are 


V, aw V, _ yw 
V. = oZ, (Z, + Z,)et + 2Z, (Z, Z.)e€ v 
= 4,(Z, + Z.jet’ + 31,(Z, — Z,)e-™” (12) 
Vz w V, a2 yw 
L = 2Z,Z. (Z, + Z.)ev =F 22.2. (Z, Z.)e z 
I, w I, = —yw 
= 97, (Z, + Z.)er — OZ, (Z, — Z,)e* (13) 
Some writers introduce the notation | 
V, = Vi + V5 L=+15 (14) 
i Vy 
Vi = oe (Zt Zen = MZ + Ze Tp ZF (AS) 
Ve 
Vom eZ, — Zyeom = WZ Ze = F 8) 
Then V, = Vier + Vre-™; I, = Ifet’ + Ipe-™ w=s-—2z_ (17) 
I, Vs 
where Vi= 5 (Z,+ Z.) = az, (Z, + Z.) 
it ~ Vs 7 _ 
V; = 2 (Z. Z.) = 2Z, (Z, Z.) (18) 
I= I, (Z, ay Aeon + Z,) 
a) Sta 2 De a \ 
a I, Seon ee 
i: = 2Z. (Zz = Z.) = QZ.L; (Zs Z.) (19) 


Clearly, from (10) and (11), with jy = 2yw = j26u, for y = j8 anda = 0, 


Vz 
[, 


Vyere(1 + Ir.|) == | = a 2 
Tyerv(1 _- |r|) = Emin oy 2Bw 0, 2n, 4rr, ent 28 ( 0) 


Similarly, at jf = 2y~w + jz, 
Vz, = Vter(1 — [P.|) = Vermin 
I, = Frev°(1 + |[¥|) = Lamox 
The terms with the superscript + are for waves traveling in the positive 
z direction; those with the superscript — are for waves traveling in the 
negative z direction. 


| at y — 260 = 9, 8m... (21) 
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Note that 

r= p-- #7 (22) 
so that the reflection coefficient T, may be interpreted as measuring the 
ratio of the reflected composite voltage wave at Z, divided by the com- 
posite incident wave. Similarly Ir’ measures the ratio of current waves. 
No such interpretation for Fp exists. In fact, I) does not appear in any 
of the formulas for two composite waves, being contained exclusively in 
the amplitudes V, and J,. 

8. Hyperbolic Forms of the Solution.’*! The formulas [Sec. 5, 
Eqs. (10) and (11)] for the complex current and voltage may be expressed 
in terms of hyperbolic functions of complex argument by eliminating the 
reflection factors Ty and IF, using Sec. 5, Eq. (7), and the definitions of 
the hyperbolic sine and cosine, viz., 


cosh u = 3(e%+e™) — sinh u = 3(e" — e™) (1) 


where u stands for ys in the denominators and y(s — z) in the numerators 
of Sec. 5, Eqs. (10) and (11). With w = s — z the two expressions are 


Vez, 


Vv. = D (Z, cosh yw + Z, sinh yw) (2) 
= Ui: (Z, sinh yw + Z, cosh ~w) (3) 
where D = (22 + ZZ.) sinh ys + Z,(Zo + Z,) cosh ys (4) 


These expressions explicitly involve y and Z, and the terminal imped- 
ances Z) and Z,; coefficients of reflection do not appear. These alterna- 
tive forms of Sec. 5, Eqs. (10) and (11), do not lend themselves to a 
simple physical interpretation in terms of successive reflections. 

The formulas (2) and (3) are too complicated to permit a direct visuali- 
zation or simple graphical representation of the distributions of current 
and voltage. Very considerable simplification from this point of view 
may be achieved by employing the same method previously used in 
simplifying the exponential forms, viz., introducing the voltage and 
current at z = s explicitly. These are 


_ Vile, _ _ Vee 
<p tee 


V, LZ, 1, D (5) 


If these values are substituted in (2) and (3) to eliminate Ve/D, the follow- 
ing formulas are easily deduced: 
V. = V, cosh yw + 1,Z, sinh yw (6) 


i= i“ sinh yw + I, cosh yw (7) 
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It is clear from (6) and (7) that the voltage and current at any point 
along a terminated transmission line depend on the distance w = s — z 
of the point from the output end. Furthermore they may be expressed 
entirely in terms of the voltage across, and the current into, the terminal 
impedance Z,. The formulas (2) and (8) are in this way divided into 
two somewhat simpler parts. The first permits the investigation of the 
current and voltage at any point along the line in terms of the current 
and voltage at the output end. The second, as given in (5), involves the 
current and the voltage at the output end. 
It is evidently possible to express Eqs. (6) and (7) in the following 
general form: 
V, = AV, + BI, (8a) 
I, = CV, + DI, (8b) 


where, in the present case of a transmission line, the four complex coef- 
ficients A, B, C, and D have the following values: 


A = D = cosh yw (9a) 
B= 27C = Z, sinh yw (9b) 


Since (8a) and (8b) are, in fact, the general equations of a four-terminal 
network of lumped elements, it is clear that a section of line between the 
points z and s must be equivalent to such a four-terminal network. This 
is considered in Chap. III, Sec. 12. 

An alternative method of simplifying (2) and (3) involves the definition 
of functions to replace the reflection coefficients My) and r,. It will be 
recalled that I) and ©, may be interpreted as a measure of the change in 
amplitude and the shift in phase produced by each of an infinite number 
of successive reflections of a wave traveling back and forth along the line. 
The new functions that are to replace IM and I, are defined to be a 
measure of the complete or over-all attenuation and phase shift by the termi- 
nation, that is, to represent as a single effect the composite effect of all the 
reflections at a given termination. 

The complex terminal function 6 and its real and imaginary parts, the 
terminal attenuation function p and the terminal phase function ®, are 


defined as follows: 


=pt+jbo= coh Z (10) 


¢ 


A subscript 0 or s is used on 6, p, ®, and Z to distinguish between the 
terminations at zg = 0 and zg = s. An alternative definition that is at 


times more convenient is 


ee =p+je = tanh™? 2 (11) 


It is readily verified that the primed functions differ from the unprimed 
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by the following very simple relation: 


=o B= b+5 (12) 
The proof reduces to showing that 
coth (p + j@) = tanh (. + j@ + zr) (13) 


Using Dwight formulas 655.3 and 655.4, this is accomplished at once. 
It is shown later that @ is measured from zero current into the termi- 
nation and ®’ from zero voltage across the termination. 

If the numerator and denominator of (2) are divided by Z? and Z)/Z. 
and Z,/Z, are replaced, respectively, by coth @ and coth 6,, according to 
(10) it follows that 


coth 6, cosh yw + sinh yw 


Vai V rae coh oy ooth @,) sinh ya -(- (coh @n ect @) cose. 
With suitable rearrangements this expression becomes 
V. = V: sinh 00 cosh (yw + 6.) (15) 


° ‘sinh (ys + 0 + 6,) 
nae _ V§ sinh sinh (yw + 9,) 
Similarly Le 7, sah oe 0,0) (16) 
If the definition (11) is used instead of (10), the corresponding formulas 
are 
V.=Vve cosh 6; sinh (yw + @/) 
° sinh (ys + 64 + 04) 
_ V§ cosh 6 cosh (yw + 83) 
= 3 “sinh (vs +O +0) (18) 
These relations may be referred to voltage and current atz = s. Thus, 
from (15) and (16), 


(17) 


_ ye sinh 6 cosh 6, 
Veen sinh (ys + 0 + @,) (19) 
he V§ __sinh sinh 0, (20) 


Z. sinh (ys + 8 + 4,) 
For convenience let the modified terminal voltage V, be defined as follows: 


v=V: sinh 0 cy Var 2 see 
*""° sinh (ys + 0) + 6,) cosh, sinh 6, 


Using (21), (15) and (16) reduce to 
V, = V, cosh (yw + 6.) = V, cosh [(aw + ps) +j(Bw + &,)] (22) 
I, = 7 sinh (yw + 0,) = 5! sinh [(ow + p,) + j(8w + &)] (28) 


(21) 


SI 
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These formulas reduce to a particularly simple form for a lossless line 
with a dissipationless load, for which, as is discussed later in detail, 


.=0 6 = Jf ~i(u+5) (25) 
Vv, = ; cos (@w + ®,) = ae sin (Bw + 41) (26) 
LR, = V, sin (Bw + ®,) = V, cos (@w + #) (27) 


For a short-circuited line for which Z, = 0, 6, = 1/2, and ©, = 0 (as 
shown in Sec. 15), 


V. = —V, sin Bw (28) 

LR, = V, cos Bw (29) 

For an open-circuited line for which Z, = ©, ®, = 0, and © = —7/2 
(as shown in Sec. 15), 

: V. = V, cos Bw (30) 

LR, = V, sin pw (31) 


The completely hyperbolic forms of the solution, as expressed in (22) 
and (23), represent the general case with arbitrary terminations in a form 
analogous to the simple form of a lossless line. The phase function ©, 
represents the over-all phase shift due to the termination at z = s (as 
distinguished from the phase shift per reflection given by the argument 
of the reflection coefficient). The function ©) plays a similar part for 
the termination at z = 0. 

The part played by the attenuation functions po and p, is best seen in 
the amplitude factor V, in (21). Thus in 


° sinh [as + po + pe + (Bs + Bo + &,)] 


po and p, contribute the over-all attenuation due to the terminations in 
the same manner as as contributes the over-all attenuation due to the line. 

9. Instantaneous Values of the Hyperbolic Solutions. The instanta- 
neous voltage and current are obtained by multiplying the respective 
complex quantities by e* and taking the real parts. For this purpose 
it is necessary to express the complex quantities in polar form, which, 
in turn, involves the polar forms of complex hyperbolic functions. These 
are 


V, = Ve (32) 


sinh (u + jv) = S = Se” (1) 
cosh (u + jv) = C = Ce (2) 
where S=vV/ 3(cosh 2u — cos 2v) = a/sinh? wu + sin? v (3) 
C = ~V/i(cosh 2u + cos 2v) = sinh? u + cos? v (4) 
_, tanv 
o = tan™! canh ai (5) 


tan—! (tan v tanh x) (6) 


€ 
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With this notation Sec. 8, Eqs. (15) and (16), become 


SoC. SoCo, i= 
V, = Ve a = Ve 5 ef (oot ew—on) (7) 
Vo SoSw Vs SoSw (Got ow—os—$o) 
Paar ” 
where 
= Se = sinh @ = sinh (po + j®o) (9) 
S, = S,e’ = sinh (yw + 6,) = sinh [aw + p, + j(6w + ,)] 
= sinh (Ay + jFw) (10) 
Cy = Cye* = cosh (yw + 8,) = cosh [aw + p, + j(Bw + %.)] 
= cosh (Aw + jFw) (11) 
S, = S,e = sinh (ys + 60 + 8.) = sinh [as + po + ps + 7(Bs + Bo + &,)] 
= sinh (A, + jF,) (12) 
Z. = Zee'* (13) 
In particular Ve = V3 = = We et(o-o) = VY ei(ao-o) (14) 
So _ Ve cosh 2p9 — cos 2%) _ ,,, {sinh? po + sin? &p 
Yea Vig Sz VG °Vcosh2A, — cos 2F, _ VG \ sinh? A, + sin? F, (15a) 
_, tan Bo _, tanF, 
09 —- Og = tan7! : 


tanh po an tanh A, (156) 


The instantaneous real voltage is obtained by multiplying both sides of 
(7) by e* and taking the real ar to correspond to a driving voltage 


= Vé cos wt (16a) 
Thus v. = Vé si, cos (wt + oo — os + éw) (16d) 


For fixed terminations (16b) may be interpreted as a single wave of com- 
posite amplitude and phase. 

The distribution of voltage along the line at particular instants may be 
investigated conveniently by setting wt’ = wt + oo — o,, so that 


= Vs st V sinh? A, + cos? Fy cos «, (cos wt’ — tan e, sin wt’) (16¢c) 
With (6) and (11) this may be expressed as follows: 


s. * sinh? A,, + cos? F, ; biog 
v, = Ve anak! 4c ae [cos wt’ — (tanh A, tan F,,) sin wt’] 


(16d) 
Rearrangement gives 


= V5 = (cosh A, cos Fy cos wt’ — sinh A, sin F, sin wt’) (17a) 


Note that, for a matched line with p, = ©, (17a) reduces to the expres- 
sion previously obtained in Chap. I, Sec. 14, using the exponential form 
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of the solution. Specifically, when p,—> ©, ¢,—> Bs + &) + ©, and 


sinh A, cosh A, = emtrr 
Ss i S, a erst potps = 
so that v, = VéSoe—e-* cos (wt — Bz + oo — Bo) (17c) 


This is the same as Chap. I, Sec. 14, Eq. (3), when pp = 0 and ®p = 7/2. 

Convenient instants for studying the distribution of voltage in the 
general case (17a) are wt’ = 0 and wt’ = 7/2. At these instants the volt- 
age distributions are 


—pog—az wherez = s—w_ (17b) 


For wi’ = 0: v, = Tis cosh A, cos (@w + ®,) (18a) 
For ut! = 3: ae Fibs ih Assi ee we) (18) 


Note that these distributions resemble (17c) in that they are sinusoidal, 
but that the amplitude factors behave quite differently in that they have 
different values at different instants of time. This means that, for a 
wave traveling along the line with a finite (but not necessarily constant) 
velocity, the amplitude varies with location. Note that, for aw < p,, 
Ay is essentially constant. 

The phase velocity of the sinusoidal wave with variable amplitude may 
be determined in the usual manner by selecting an arbitrary phase y and 
differentiating it with respect to time. Let 


y = at + 09 — os + & = constant 
dy _ dey _ 
Then Ae ae (19) 
(Note that oo and oa, are constants that do not involve?,z, or w.) Intro- 
ducing the variable w = s — z, (19) may be expressed as follows: 
dey dw dew dz 


Hence the phase velocity is given by 


dz dw w 
"> = GE ~ Gt ~ de,/dw ep 
where €é) = tan—! [tan (6w + ®,) tanh (aw + p,)| (22) 
Differentiation using the formula 
d 1 d. 
a (tan— a) = ita 7 (23) 
ae de, _ d/dw [tan (6w + ®,) tanh (aw + ps)| (24) 


dw 1-+ tan? (Bw + 4,) tanh? (aw + p,) 
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Using the standard relations 


d oe Gee 

ae tan 2 = sec? x as (25a) 
d ee a 
om tanh x = sech? x ae (25b) 


in (24), the result is 


dew _ B tanh (aw + p,) sec? (Bw + ,) + a tan (Bw + ,) sech? (aw + pe) 


dw 1 + tan? (6w + ©,) tanh? (aw + p,) 
(26) 
Accordingly, with 8 = w/v, F, = Bw + ,, and A, = aw + pa, 
a eee 1+ tan? F,, tanh? Ay (27) 
'» ~ qe,/dw  ” tanh A, sec? Fy + (a/B) tan F,, sech? A, 


Note that v is the phase velocity previously obtained for an infinttely long 
or matched line. Equation (27) can be rearranged by multiplying numer- 
ator and denominator by cosh? A, cos? F,. Thus 


cosh? A,, cos? F, + sinh? A,, sin? F,, 
sinh A, cosh A, + (a/8) sin F, cos F,, 


The division of (28) by cosh A, sinh A, and the introduction of double 
arguments give 


(28) 


Up = 0 


coth A, cos? F,, + tanh A, sin? F,, 
a6 sin 2F,, 
6 sinh 2A, 


(Vp) vottage =v (29) 


The corresponding expression for the phase velocity of the current is 
obtained in the same manner. It is 


coth A, sin? F,, + tanh A, cos? F, 
v : 
_@ sin 2F 
6 sinh 2A,, 


(vp) current = (30) 


A simple special case is that of a transmission line with low attenuation 
per unit length (a@ small) but sufficiently end-loaded so that 


a 


a 
Bsinh 2A, 6 sinh 2(aw + p.) 


«1 (31) 


In this case the phase velocities for the voltage and current in (29) and 
(30) are 
(Vp) voltage = V(coth A, cos? F,, + tanh A, sin? F,) (32) 
(Vp)currene = V(COth A,, sin? F,, + tanh A, cos? F,,) (33) 


On a low-loss line a/8 may be of the order of magnitude of 10—%, so that 
(31) is satisfied if sinh 2(aw + p,) 2 0.1. This is true when aw + p, 2 


~ 
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0.05. If the line is not loaded, so that p, = 0, it follows that 


Qa 
& sinh 2aw <4 (34a) 


or, with a/8 = 10’, sinh 2aw = 2aw = 0.1. This is equivalent to 


1 
— < 10 > > 
380 = 10 Bw = 50 w= 8r (34b) 
That is, on a line with low attenuation and no load the phase velocity 
given by (32) or (33) is accurate only at eight or more wavelengths from 
the end z = s. Nearer to the end than this (29) or (80) must be used. 
If the attenuation on the line is small compared with the load, 


Aw =aw+ Pc = Ps aw <K ps (35) 


The amplitude of the voltage and current distribution along the line as 
functions of w = s — zis given by 


V,.~C, = Vsinh? A, + cos? F, (36) 
I,~ 8S, = V sinh? A, + sin? F,, (37) 


If (35) is true, as is usual on a loaded line, A. = p, is independent of w, 
so that V, is greatest where cos? F,, is greatest and smallest where cos F, ts 
smallest. Similarly I, is greatest where sin? F,, is greatest. Specifically 


For Fy = nT, 
(V2) max ~ Ce = a/sinh? A, + 1 = cosh Aw 
(Up) vottage = V COth Aw = (Up) inex (38a) 
(lati ~ Sw = sinh Ay (U5) caccont = y tanh Aw = (Vp) min (38b) 


For F,, = nr + 4/2, 
(Vz) min ~ Cy, = sinh Ay (Vp) voltage = V tanh Ay = (Vp)min (39a) 


~~ = i 2 ae = 53 
(12) max ~ Sy = sinh? A, + 1 = cosh A (39b) 


(Up) current =v coth Aes = Ws) max 


Note that (vp)mex(Vp)min = v?. Thus the phase velocity is greatest 
(v coth A.) where the amplitude is greatest (~ cosh A,,); the phase 
velocity is smallest (v tanh A,) where the amplitude is smallest 
(~ sinh A,,). From the behavior of the hyperbolic tangent and cotan- 
gent, the extreme values of the phase velocity increase with decreasing 
A, and decrease with increasing A,. In particular, if p, = ©, so that 
A, = ©, tanh A, = coth A, = 1, so that v, = v = constant at all 
points along the line. This is the matched or infinite line with running 
or traveling waves. On the other hand, if the line is essentially lossless 
with a very small load, tanh A, = A, is very small and coth A,, is very 
large, so that the phase velocity is very large where the amplitude is 
large and extremely small where the amplitude is small. 
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Since the shape of the voltage (or current) wave changes as tt travels, 
the motion of a given phase is not readily visualized. However, two 
points are always located easily. These are the zero points and the points 
where the trigonometric factor has its maximum value of unity. Since 
the value 1 is multiplied by a varying amplitude, it is not always at the 
maximum of the traveling wave. However, it is always at the point of 
contact of the varying traveling disturbance, with the amplitude vari- 
ation plotted as a fixed function of z. Thus the picture is that of a wave 
of varying shape moving between boundary lines defined by the ampli- 
tude, in such a manner that the wave is in contact with these lines at 
one point in each wavelength. This point of contact and the zero value 
travel with a phase velocity that increases and decreases along the line 
with the fixed amplitude distribution. Thus, when the zero point in the 
instantaneous wave passes the maximum of the amplitude, it is moving 
with high speed if the transmission line has only a small load. On the 
other hand, when it passes the minimum in the amplitude, it travels very 
slowly. The same is true for the point of contact. 

10. The Propagation Constant. The complex propagation constant 
y defined in Chap. I, Sec. 13, is 


y=atje= V(r + jol)g + joc) = V(rg — wile) + jo(lg +er) (1) 


The real and imaginary parts of the radical on the right may be sepa- 
rated in two ways leading to equivalent but different formulas for the 
attenuation constant a and the phase constant 6. In the first method 
both sides of (1) are squared, and the real and imaginary parts equated 
separately. By solving for a and 8 and selecting positive roots to make 
a and 8 real and positive, the results are 


a = VZ(yz — wile + rg) (2) 
B = V5(yz + wile — 7g) (3) 
where y= VG + we? 2= VP + wl? (4) 


In the second method for obtaining explicit expressions of @ and 8, 
(1) is arranged as follows: 


y=atje=jVoile — rg V1 — jhy wle > rg (5) 


= <Vr7g — wile V1 + gh, rg > w'le (6) 
= a V/w(lg + re) rg = w'le (7) 
lg + re 
where hy = | eae (8) 


The second square root in (5) and (6) is in the form used in defining the 
tabulated functions f(h) and g(h) (Ref. 9, Appendix II). These functions 
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are the real and imaginary parts of the square root. Thus 


V1 + jh = f(h) + jg(h) (9) 
The functions f(h) and g(h) are defined as follows: 


fih) = Vi(V/1 + Fh? + 1) = cosh (4 sinh A) (10) 
Ge VR ae = 1) sa eh a) (11) 
For h? <1, ft) +1 g(h) =} (12) 
For h?s> 1, f(h) = o(h) = 4/2 (13) 


Using the notation of (9) in (5), the result is 
a+ 7B =j Voile — rg[f(hy) — jg(hy)] —w*le > 1g (14) 
a+ 78 = Vrg — wile [f(hy) + jg(hy)] wile < rg (15) 


For all practical transmission lines wlc is always greater thanrg. How- 
ever, in some attenuators rg may exceed wlc. It follows that 


a= Vwile — 71g g(hy) 2 
B= Vaile — 7g f(y) ne ae 
a= Vrg — wile f(hy) 2 oe 
si vanoiee | <7 is 
a=6=VJtollgtre) wle=7g (18) 


These formulas are more convenient for computing a and # than are (2) 
and (3) if tables of f(h) and g(h) functions are available. The condition 
wle > rg is satisfied for all practical high-frequency transmission lines. 
The important ratio a/8 is given by 


a _ glhy) _ vitw-1_} 1 24 2] 19 
B= fh.) VIF ae 


o i = VIFR RD rg > wile (190) 
Clearly 
For 5 < 1, wle > rg 
For 5 So, wle < rg (20) 
For a = 8B, wile = rg 
It is readily verified that for wlc > rg the following relations are true: 
Wey “Gasie4 (21) 
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or, specifically, for an error not exceeding | per cent, 


2 
“5022 © <0.05 22 
nn @ 
Consequently a good approximation is obtained if a?/8? is neglected in 
comparison with unity if hy does not exceed 0.45. 
On the other hand, for rg > w°le, 
hy B2yi to a@eyyl 
41 ae ie 3 ae (23) 
11. The Characteristic. Impedance. The general definition of the 
characteristic impedance is 


Z, = RK, 44%. 24) 


hi S 0.2 hy, & 0.45 


r+ jul 
g + jwe 


(1) 


This also may be separated into real and imaginary parts in two ways 
corresponding to those used for the propagation constant. In the first 
manner Z, is obtained in polarform. Using tan-!4 = 7/2 — tan7!(1/z), 


49 272 
ne ae exp {(j/2)[tan- (g/we) — tan~! (r/al)}} (2) 


In order to make use of the f(h) and g(h) functions, let 


_ fwle + rg _ .w(re — lg) 
Zo tot + gt! — 4 tle bry (3) 


w(re — lg) 


and define h, = eae (4) 
so that (3) is equivalent to 
*le + ; 
Zo = |e eg (he) + Jo(he)] (5) 


The upper sign is to be used when rc < Ig; the lower sign is to be used 
when: rc > lg, as is usual in all transmission lines immersed in good 


dielectrics. Then 
wle +r 
R. = 4 jee f(he) (6) 


*Ie + rg g(he) 
Xe = + 2 oc) = c 
+ ge oh) = RFF (7) 
Here the upper sign applies when rc < lg; the lower sign applies when 
rc > lg, as is usual. If rc = lg, X, = 0 and f(h,.) = 1. It is convenient 


to introduce the quantity ¢., called the distortion factor, by setting 


— 9h.) 
"= 7h) = 


d 
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By the same reasoning as was used to establish Sec. 10, Eq. (20), it 
follows that ¢, cannot exceed 1. That is, 
For h, < «: de <1 (9) 
In particular, 
For h, S 0.45: $2 S 0.05 or ¢? <1 (10) 
In terms of (3) to (5) it follows that 

Z.=R(i-—je) re>lg 


Z, = R.(1 + 7¢.) re < lg (11) 
Je KR; re = Ig 


Z. taay be expressed in polar form as follows: 
Z, = Re V1 + 62 emit = Revie for 6? Klandre> Ig (12) 


For rc < lg the sign of ¢, is changed; for re = lg, ¢ = 0. 

12. The Phase and Group Velocities of the Infinite Line. The veloc- 
ity of a particular phase of current or voltage traveling along an infinite 
line or reflected back and forth along a terminated line is defined in 
Chap. I, Sec. 14, Eq. (10). It is 


1 
Vile — (rg/w*) f(hy) 


| VEVE + AG FO) + alle — rg] 


Numerical values may be determined using tables of f(h). At suf- 
ficiently high frequencies h,, as defined by Sec. 10, Eq. (8), becomes 
small; f(h,), as defined by Sec. 10, Eq. (10), approaches unity; and rg/w? 
in (1) becomes negligible. Hence the upper limit of v, as the frequency is 
increased without limit is 


Vn = 


B 
(1) 


Vp We asw (2) 

The lower limit as w becomes small is obtained most easily using the second 
form of (1). Itis 

rg 

152 age (3) 

Since v, is not independent of the frequency, there must be dispersion. 

The group velocity as defined by Chap. I, Sec. 14, Eq. (19a), may be 

calculated directly from Sec. 10, Eq. (3), or from Sec. 10, Eqs. (16) to 

(18), using Chap. I, Sec. 14, Eq. (19a) or (196). The expression obtained 

is intricate, and, in general, the group velocity is not equal to the phase 

velocity. 
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13. Special Forms of the General Parameters of the Line. The gen- 
eral formulas for the complex parameters y+ and Z, of a transmission line 
may be simplified by imposing restrictive conditions upon the relative 
magnitudes of some or all of the parameters r, 1, c, and g. Although 
considerable simplification in the form of the general solutions for the 
current and voltage along the line may be achieved in this manner, it is 
obtained at the expense of generality. Wherever the particular restric- 
tions imposed are consistent to a satisfactory degree of approximation 
with the experimental circumstances for which the final formulas are to 
be used, such simplification is desirable and valuable. Otherwise it must 
be used with great caution, if at all, and with the realization that results 
are not dependable in any general sense. 

From the point of view of high-frequency circuits the most important 
special cases are those associated with low values of resistance and leak- 
age conductance. The simplifications leading to the so-called distortion- 
less line or the ocean cable are of minor importance in the high-frequency 
field. 

The Line with Low Attenuation per Unit Length. The conditions that 
define a transmission line with low attenuation per unit length are 


r\? g\° rg 
(5) <K1 ry 1 ale “ 1 (1) 
Subject to these conditions, 
si(rig zift_g 
mel) net 
so that hn2a<1 W<l (3) 


It follows directly from Sec. 10, Eqs. (10) and (11), using (3), that, for 
«1, 
h 


A) =1 gh) =5 (4) 


These relations apply for both subscripts y and c. Accordingly 


= VEG + ‘) (5) 


oe 
B+ave (6) 
a _i1frig ae 
3 = za[ 17 8 so that 2 <1 (7) 
oe (F lfr g 
b= 5 = 2 (3 = 2) so that ¢? <1 (9) 
1 


Vp = aE = U% (10) 
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In this special case the phase velocity is to a first approximation, equal 
to the upper limit given in Sec. 12, Eq. (2), which is independent of the 
frequency, so that no dispersion occurs. It is to be noted that this is 
only approximately true and that even a small difference in v, for differ- 
ent frequencies may lead to great over-all dispersion on a line of sufficient 
length. As shown in the small type below, more accurate formulas are 


= w Vlee (1 + 8) (11) 
Vel — 8) (12) 


vg = 2 (1 — 3) (13) 
R. “Ve (1 +3) (14) 


(15) 


® 
| 


S 
rs 
ll 


where 26 = = Ve = ie 


Factors of Higher Order in the Parameters of a Line with Low Attenuation at High 
Frequencies. Although the formulas given in (6) to (10) are excellent approximations 
for most practical purposes using good transmission lines, it is of value in special 
instances to determine the first terms neglected in quantities such as R., B, vp, and 
vg which are not themselves small, as are a and ¢. Thus, instead of (4), 


re ae 
fA FNI+G 


so that, with Sec. 10, Eq. (16), 


Using (2) and (9) and neglecting higher-order terms, 


i ae 2 
psovielit 8-2 ae viea +i =e V ie(l + $6) 


Accordingly vp = 


B Vic(l + $3) 


In order to determine 2, it is necessary to introduce the specific formula for 1 because 
it involves the frequency. Thus with 


1 = 2l* + le for a two-wire line 
l= +h +E for a coaxial line 
= for a two-wire line 
let 265 = i ae ti 


for a coaxial line 


Using Chap. I, Sec. 4, Eq. (34), and Chap. I, Sec. 6, Eq. (18), which are valid at high 
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frequencies, 
25 = 2a? = art mee for the two-wire line 
wl? wl? — wlé 
256 = wll, + &) a ret 1 ees for the coaxial line 
wl? wl? wl? 
Hence a and e<i 
2wl? 


Clearly ¢. = x (; _ 4) is never larger than 6, so that ¢? is a term of higher order 
i) 
than ¢, or 6, subject to ¢? <1 and 6% <1. Therefore 


B = ow Vikc(l + 28)(1 + 62) = w Viec(l + 28) = w Vee (1 + 8) 
1 


1-6 
ding] Be ee ee ag 
pecerles PB a7 lel +6) Vee 
vo . 3 X 108 m/sec 
where Ve = ———__—_ 


1 
7 V/ le V rer WV bres 
and pr, and ¢, are the relative permeability and dielectric constant. Also 


et. 2s Ve 
~ @B/da 1 +8 + wd8/dw 


Ug 


But, since at high frequencies r varies as w, 


OO ee aot Ee ay ot Oe 

Ow Qwi Qu 
Ve Ve 6 
that = = = ; 1-- 
et eT +3—-38 1438/2 »( ‘) 


It follows that both v, and v, are smaller than v, but that v, is greater than vz, so that 
the dispersion is anomalous. Since 3 is very small, the dispersion is also small. 
Higher-order terms in R, are obtained using (6) with f(h.) = V1 + h?/4. Thus 


fe ee OR 
° c(L + g?/w%c?) 


The leading higher-order term is the one in 6, so that 


wedi ey eee 


Although 6 is no smaller than ¢,, the error is usually insignificant if 5 is neglected, 
whereas in at least one instance (to be described later) an error of 50 per cent is 
made if ¢- is neglected. This difference is due to the fact that ¢,R,. is the leading 
imaginary term in Z., whereas 5R, is an extremely small fraction of the real part of Ry. 
It is always a good approximation at high frequencies to neglect 6 in computing R,, 


so that 
r= fe 
c 


= 4 V (1 + 25)(1 + h2)(1 — g2/we?) 
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The Line with Low Attenuation and Negligible Leakage Conductance per 
Unit Length. For most high-frequency lines the following condition 
applies in addition to (1): 

ae ee 
an < al (16) 


and further simplification is possible. Thus 


or 

hy the = (17) 
r (64 r 

oe avi ~ OR, co 
a.?r 

Ge = Bul a) 


On the other hand, 8, R., and vp are as in (6), (8), and (10). 

The Line without Attenuation. 'The extreme simplification afforded by 
neglecting the resistance of the line is attractive. The physically unrealiz- 
able conditions are 


r=0 g =0 (20) 
so that ~ =h, = 9 (21) 


The expressions for 8, v, and R, are the same as for low attenuation. For 
this reason a limited number of important results involving sections of 
line of restricted length may be calculated quite accurately apparently by 
assuming (20). Great care must be exercised in the use of formulas that 
depend upon (20) and (21), since correct results are obtained only when 
the same results are obtained with (20) as with (1) and (16). 

The Line with Low Distortion. A line with low distortion is one that 
need be restricted in no other manner except that ¢, is sufficiently small 
so that 


<i (23) 
It has already been shown that (23) is equivalent to 
he & 0.45 (24) 
in which case 
¢? S 0.05 (25) 


The Distortionless Line. 'The conditions defining a distortionless line 
are 


a IQ 


o=0 or Ff (26) 
In this case _ 
ya +58 = I Or + Gel (27) 
Z.= RAL ~ jd.) = a2 (28) 


c 
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Hence a=r : = 2 (29) 
B=0vVle (30) 

Re=afe  o=0 (31) 

Vp = anes Ug (32) 


If (26) is satisfied, these formulas are not approximate, as when (1) is 
satisfied, but exact. There would be no dispersion if 1 were not a func- 
tion of frequency. At low frequencies in lines where r in ¢, affects the 
phase velocity, considerable improvement can be made by using loading 
coils to fulfill (26). At high frequencies the condition (26) can be ful- 
filled only with difficulty, and since the effect of r is smaller than that of li, 
little is gained. Most high-frequency transmission lines normally fulfill 
the conditions (1), so that large changes involving an increase in either 1 
or g or both are required before (26) can be satisfied. At high frequencies 
this has not been found practicable. 

Lines with High Attenuation: Attenuators.| The extreme case of high 
attenuation which leads to considerable simplification in the general 
formulas involves the following conditions: 


r : g : rg : r g 


Hence hy = @ (2 +p ‘) he = (: = “) (34) 
rog rog 
Kl WK (35) 
so that f®)=1 gh + ; (36) 
for both h, and h,. Hence 
y=at yp (37) 
with a= ~/rg (38) 
wy hy a ove (4 8) 
2 
Note that S22 (: + ‘) E2i (40) 
a 2\g fr a 
_w  2Vrg 
P68 Ig+re (41) 


} Attenuators referred to here are lossy and not the beyond-cutoff type familiar in 
wave-guide theory. 
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Similarly Z. = R.(1 + 7.) (42) 
r 
.= 4 (43) 
: he ofl Cc 
with d- = 575 (: = :) (44) 


Line with Large Leakage Conductance and Negligible Resistance. A 
so-called lossy line may be constructed of very good conductors and a 
poor dielectric, so that a satisfactory approximation is 


r+0 bh=h=L=h (45a) 


w@ 


© 


With Sec. 10, Eq. (14), and Sec. 11, Eq. (5), the propagation constant 
and characteristic impedance are 


y= at j6 = jw Vie [f(h) — jg(h)] (45d) 
L i 
Z.= Re +]Xe = Ae Vi cae [f(h) + jg(h)] (45c) 


In two special cases simplification is possible. The first case assumes 
moderately low attenuation, as defined by 


9’? K wc? <1 (46a) 
_gvile gp _ - |! _ gRe 
so that a = “5. B=aovVle R= - Xe=5 (468) 
The second special case assumes very high attenuation, as defined by 
wer<Kg? hl (47a) 
so that a= f= 5 R, = X_ = 39 (47b) 


The Ocean Cable. An approximation that serves well for special types 
of cable, such as those used underwater, is 
r g 
hee 1 aS 1 (48) 
The first condition is due to low frequencies and very small inductance, 
not to high resistance. In this case Sec. 10, Eq. (1), and Sec. 11, Eq. (1), 
give directly 


wre 


. r . tre 
Re+dXe= fe = 0 -dalge (50) 


The phase velocity is 
® 2a) 
= RA re (51) 


Z. 
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Since v, increases with frequency, the group velocity is larger than the 
phase velocity and can be computed using r = P +/w, with P a constant. 


Then 
~ ot. [Pe 8 _ aia [Pe _ 38 
_ bo dw, 
Hence v= 38 3B aUp (53) 


Evidently dispersion is anomalous and quite large; higher frequencies 
travel more rapidly than lower frequencies. If the numerator and 
denominator of the expression under the radical in (51) are multiplied 
by J, the inductance per loop unit length of the cable, it becomes 


Ql fi 
Vp = 4/— JE (64) 


Here the second square root gives the phase velocity (10) for a line with 
small attenuation. Since wl is small compared with r, according to (48), 
it is clear that v, for the cable is small compared with that along a con- 
ventional line. Lines for which (48) may be used are not encountered 
at high frequencies. 

14. Relation between Refiection Coefficient and Terminal Functions. 
In the following sections a detailed study is made of the phase and 
attenuation functions ® and p for various terminal impedances. Since 
the magnitude and angle of the reflection coefficient I are simply related 
to p and ©, they may be obtained directly from p and ®. The required 
relationships are readily deduced using 


; Z—Z, ; Y—Y, Z—Z 
=> ¥ => c Y = y/ = fet = pa ad 
Yr = Te Ziz. I’ = Té YrY.-~Ziz2 (1) 
: Z : Y Z 
— = ee a ene a) puesta -1 ~*~ 
6 = p+ 7 = coth Z 0 = p+ 7%’ = coth Y. tanh7! Z. (2) 
The division of (1) by Z, and subsequent substitution from (2) give 
= yy — coth @ — 1 = 2-20 
Ee = oth oat (3) 
Since 6 = p + 74, the result is 
TV = Te = e—%Xrtis) (4) 
agp tc COUN ioe ae ee ak 
so that T = e— othe ti? ep Oe Top (5) 
y = —2 or 2(a — ®) (6a) 
Similarly y’ = —28’ or 2(r — ©) (6b) 


It is clear that, when p = 0, = 1; whenp = ©,f=0. Using (5) and 
(6), T and y are obtained readily from p and &, and I and y’ from p and ®’, 
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15. The Phase and Attenuation Functions of the Terminations.*! The 
general definition of the complex terminal function 6 (or 6’) of the imped- 
ance Z when used to terminate a line of characteristic impedance Z, 
is given in Sec. 8. With 2: = Z/Z, and yi: = Y/Y, = Z./Z, © may be 
expressed as follows: 


@ = p+ j® = coth z; = tanh y; (1) 

; 7? = us 
Or, with f’ = 9 (2) 
6 = p+ 7% = coth"! y: = tanh" 2, (3) 


Explicit expressions for the terminal attenuation function p and the termi- 
nal phase function ® are obtained readily. The normalized impedance 
Z1 = 7; + jx, may be expanded as follows: 


‘ZR — joe) R(1 + $2) 
Hence R-¢X .h nar toh 2 x (5) 


N= RG+¢) Rk “RO +43)” R 
The corresponding expansion of the hyperbolic cotangent is 


sinh 2p — j sin 2® 


cosh 2p — cos2e + Jes (6) 


coth (p + j&@) = 


By equating the real and imaginary parts of (6), explicit formulas for the 
normalized resistance and reactance are obtained. They are 


_ sinh 2p 
"1 = Gosh 2p — cos 2 (7) 
— sin 26 
v= (8) 


cosh 2p — cos 2& 


With the aid of simple trigonometric and hyperbolic transformations, 
these formulas may be solved for the terminal functions. The results are 


1 = 2Qri 
y tanh z+ (9) 


® +5 = 3 tan 


lI 


p 


— 244 


- zz] — i 


(10) 


For some purposes it is advantageous to express the terminal imped- 
ance in admittance form. Since 


1 . 
Y=5=G+3B y= =m tit (11) 
1 
‘ R _ T1 
me C= Rte naa Sou 


= —X(R?4+X%) by = —m(r? + 22) (12b) 
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it follows that, with Y, = 1/Z,, 


t= gi ti =~ = G+ sB)RAL — jo.) (13) 

so that gn = R(G+ ¢.B) = RG (14a) 
b, = R.(B — 6G) = R.B (14b) 

Since n= z = coth (p + j®’) (15a) 
whereas a= Z = coth (p + j®) (15b) 


it follows that p and ®’ are expressed in terms of g; and b; in exactly the 
same form as are p and @ in terms of r; and 21. Specifically 


291 

as —-1 1 

p = 5 tanh wi +i (16) 
ee, ees ee | ~1 2b1 

@’ = 5 tan wil—i (17) 


The formulas for p, 6, and &’ apply to either termination. The sub- 
script 0 or s may be used where required to distinguish between the ter- 
minal functions associated, respectively, with Z) at z = O and Z,atz = s. 

In order to make the definition of the phase function & in (10) unique, 
it is necessary to specify the quadrants in which ® is found for different 
types of termination. This information is obtained directly if the follow- 
ing conventions are adopted for tan 26 = a/b: 24 is in the first quadrant 
if a and b are both positive, in the second quadrant if a is positive and b is 
negative, in the third quadrant if a and b are both negative, and in the 
fourth quadrant if a is negative and b is positive. Obviously all these 
statements locating the angle 2® apply to the angle © if octant is written 
throughout for quadrant. Since trigonometric functions of 2 are in no 
way changed if this is increased by 2z, it follows that functions of ® are 
not altered if @ is increased by x. Accordingly whatever values x, and 
r, may have in the first, second, third, or fourth octants, respectively, are 
duplicated exactly in the fifth, sixth, seventh, and eighth octants. Thus, 
with z; = (X + ¢.R)/R.(1 + ¢2), the values indicated in Table 15.1 are 
determined. The corresponding values for &’ are obtained by adding 
a/2 to ® or by increasing the octant number by 2. 

The following important characteristic of p may be noted in the general 
case: Whenever 

2z=1 m= 1 %1=0 (18) 
it follows that , 
= 7 tanh! 1 = (19) 


Evidently, when p = , the termination has no effect on the incident 
train of traveling waves, so that no factor involving © can occur. The 
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mathematical limit for @ as x; approaches zero, with 7; = 1, is /4 or 
3/4. 


TasBLe 15.1 
—2 
2@ = tan7! Par Signs of a 
ail? — and 6 in| Quadrant for {Octant for 
Reactance | 21 (or bi) | [zi] (or [yil) | or a | 26 (or 26’) & (or @) 
—2b1 tan"! 
, = b 
2¢’ = tan! 
lwil?—1 
Capacitive: 
2 
Large.... - >1 tan"! Bodh aa I I, Vv 
|}zaj2 =- 1| + 
1 tan-1 22! Be = Egeee 
0 0 2 4 4 
2 
Small.... = <1 Ae eee dL o II II, VI 
—|lalz — | - 
= Es = 
0 AS bold Rehan eats erat a “ ; oF = 
Inductive: a abit - =e 
Small.... + <1 tan-! - _ III III, VII 
— {212 _ 1| _ 
{22a - 3ar 3r T 
tan-) ——— es — pans = 
+ 1 an 0 0 2 4 or 4 
—2\x1| - 
Large.... + >1 tan7! _ IV IV, VIII 
+|lzi2 — 4 | 
0 
0 py Gn (Rare rer cote eee ere _ 0, 2x 0, 7 
+ 
0 
+ 0 STP veers erecsigieeets iene ds _ 0, 2x 0, + 
+ 


16. Graphical Representation of the Terminal Functions in the Normal- 
ized Impedance or Admittance Plane; Circle Diagram."47-*! Equations 
for curves of constant p and of constant ® are readily derived in terms 
of r; and 21, as given in Sec. 15, Eqs. (7) and (8). Thus curves of con- 
stant p are defined by 

r? + 2? — 2ri coth 29 + 1=0 (1) 


1 
ios 2 Dees Bis et ee ec 
or (r, — coth 2p)? + x? = coth? 2p — 1 sinh? Da (2) 


This gives a family of circles with origins at 
7, = coth 2p v= O0 (3) 


and with radii equal to 1/sinh 2p. The same equation and family of 
circles are obtained in terms of g: and 61. 
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Intercepts along the r; axis occur when x; = 0, that is, when 


r? — 2r, coth 2p + 1 = 0 (4) 
or (r, — tanh p)(r: — coth p) = 0 (5) 
so that r,; = coth p or tanh p (6) 


Note that coth p 2 1, so that x, = 0, r; > 1 give intercepts associated 
with coth p, and that tanh p S 1, so that 2; = 0, r1 < 1 give intercepts 
associated with tanh p when 2; = 0,71 = 1, and p = o. 

Similarly curves of constant @ are defined by 


x? + r? + 22, cot 26-—1=0 (7) 


1 
2 2 — x 7 
or (x1 + cot 26)? + r? = 1 + cot? 26 = an? oe (8) 


This equation defines a family of circles with origins at 
rr = 0 Li = — cot 26 (9) 


and with radii equal to 1/|sin 26|._ The intercepts along the x; axis occur 
atr, = 0. Thus 


x}? + 22, cot 26 -—1=0 (10) 

or (x1 + cot &)(a, — tan’) = 0 (11) 
so that the roots are 

x, = — cot & (or tan $) (12) 


In order to be consistent with the assumed convention that x, is negative 
for0 = ® < +/2 and positive for r/2 S @ < z, only the root zx, = — cot® 
may be used to define the intercepts. The significance of this restriction 
is brought out by noting that, since 


cot (x + 26) = cot 26 (13) 
sin? (x + 26) = sin? 26 (14) 


it follows that the origins and radii of circles for 6 and 6 — /2 are the 
same, so that the families of circles for 6 and ® — x/2 coincide. This 
means that in the family of circles defined by (10) each circle represents 
two electrically different values of @ in each range from zero to 7, namely, 
@ and @ — 7/2. This ambiguity is resolved by the conditions imposed 
in Sec. 15 to make each pair of values r; and x; have a unique value of ®. 
Since, by postulate, 


2, is negative forO S$ @ < (15a) 


Z, 
2 
™ (15b) 


wv 


a oe 
2=° 


IA 


21 is positive for 


it follows that to each circle of constant ©, with its two possible values 
of &, is assigned only the value less than +/2 when 2; is negative and only 
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the value greater than x/2 when 2, is positive. This implies that the 
value of © assigned to each circle jumps by 7/2 on crossing the 7; axis, 
where +; = 0. However, since the intersections of the © circles with the 
r, axis satisfy Eq. (7) with 2; = 0, that is, 7; = 1, it follows that all ® 
curves pass through the point x71; = 0,71 = 1, where p = ©, and are dis- 
continuous by 7/2 at this point. Thus, if = 30° along a circle of con- 
stant & for 21 negative, it equals 120° along the same circle for x, positive, 
the jump of 90° occurring at x; = 0,r1 = 1. The limiting circle of infinite 


Fic. 16.1. Circle diagram—illustrative rectangular form. 


radius that is the r; axis has the value 0 or 180° for 7; = 1 and the value 
90° for r < 1. 

Since gi and }; satisfy exactly the same equations in terms of p and 
&’ (= & — 7/2), as dor; and 2; in terms of p and &, it follows that the 
same families of circles are obtained in terms of g; and bi, p and ®’. 
Moreover the values of gi and bi which correspond to a given pair of 
values 7; and x; have the same value of p and a value ® = @ — 1/2. 

Families of circles plotted using x1 (or 61) and r, (or g:) as rectangular 
coordinates are shown in Fig. 16.1. Circles of constant angle ® (or ®’) 
have their centers along the positive and negative x: (or bi) axis. They 
are scaled in degrees. Circles of constant p have their centers along the 
ri (or gi) axis extending from ri: = 1. They are scaled in nepers. Only 
a small number of circles are shown in Fig. 16.1, which is intended to 
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illustrate clearly the construction of the diagram. A more detailed dia- 
gram that may be used for determining approximate values of p and ® 
or &’ directly without computation is given in Fig. 16.2. 

In terms of the reflection coefficient, circles of constant ® (or ®’) are 
also circles of constant + — ¥/2 (or  — y’/2). This follows from the 


Double stub 


Fig. 16.2. Circle diagram—detailed rectangular form. 


relation y = 2(r — ©) or’ = 2(r — @”), Similarly circles of constant p 
are also circles of constant I, since T = e-2, 

The following applications of the circle diagram may be listed: 

1. Determination of p and @ from known values of r; and £1 or of p 
and ®’ from known values of g; and 03. 

2. Determination of r; and z; from known (e.g., experimentally deter- 
mined) values of p and © or of g, and b; from known values of p and ©’. 

3. Determination of z; = 71 + jx; from given y; = gi + jbi. This 
merely involves entering the circle diagram at the point gi, 61, noting the 
value of ’, moving on a circle of constant p to ® = & + 90°, and reading 


108 TRANSMISSION-LINE THEORY [Chap. II 


r; and z; appropriate to this point. The determination of y, with 2; 
given is similar. Note that the circle diagram is actually being used to 
obtain the reciprocal of a complex number. 

4. Determine p, given its intercept S = coth p on the axis of reals; 
determine S = coth p, given p. (The quantity S is the standing-wave 
ratio, to be discussed later.) 

17. Graphical Representation of the Normalized Impedance or Admit- 
tance in the Reflection-Coefficient Plane; Smith Chart.®® The conven- 
tional circle diagram (Sec. 16) consists of circles of constant attenuation 
p and constant phase shift ® (or ©’) in the complex z, = r; + jxi (or 
yi = gi: + jb1) plane. More generally it represents graphically the trans- 
formation from the complex values of 2; = 71 + jx: (or yi = gi +701) to 
the complex values of 8 = p + j@ (or ®@ = p + 7’), according to the defin- 
ing relations 

Z1 = coth 0 yi = coth 0’ (1) 


Circles of constant p have centers on the 7; axis and enclose the point 
7, = 1, 21 = 0, which is the circle of zero radius for p = ©. The axis of 
imaginaries r, = 0 is the circle of infinite radius for p = 0. Circles for 
all values of p from zero to infinity have intercepts with the 71 axis between 
r; = O and r; = 1 and again between 7; = Oand7r, = ©. It is evident 
that any two circles for specified values of p lie relatively very close 
together as they cross the r; axis between 0 and 1, whereas they are 
relatively far apart as they again cross the r; axis between 1 and ~. 

Circles of constant & have their centers on the x; axis. All circles pass 
through the point r, = 1, x1 = 0. It follows that two circles for differ- 
ent constant values of & lie close together near the point 71 = 1, 41 = 0 
but are relatively far apart at values of r: and x; which are large com- 
pared with unity. 

Since both r,; and x, vary from zero to infinity, it is evident that a 
circle diagram of the type shown in Figs. 16.1 and 16.2 cannot be practi- 
cal simultaneously in the range of small values and large values of 1 
and 2,. Either a number of circle diagrams drawn to different scales 
must be used or, if the convenience of a single diagram is desired, the 
scale must be transformed in a manner to compress the range of large 
values of r: and 2, and expand the range of small values. This may be 
accomplished by the well-known bilinear transformation (Ref. 1, page 
106) z, = (az, + b)/(cz: + d), witha = 2,b = 0,ande =d=1. This 
distorts the circle diagram in Fig. 16.1 in such a manner that the circles 
of constant p become concentric about the point r; = 7, = 1, 71 = 7% = 0 
with the x axis (p = 0), a circle of wnit radius, and the circles of constant 
& become radial lines. Simultaneously the simple straight lines (circles 
of infinite radius) r, = constant and x; = constant are distorted into 
more complicated families of circles with finite radii. These are nothing 
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else than the representation of 11 and x, in the complex plane of the reflec- 
tion coefficient T = Te¥ in polar coordinates. This is shown more explic- 
itly after the transformation has been carried out. 

The desired transformation is achieved by requiring the new circles of 
constant p to have centers in the z} plane at r, = 1, 2, = 0 and to have 
radii given by |exp (—26)| = exp (—2p) = Tl. The equations of these 
circles are (r, — 1)? + 2? = exp (—4p). The circles of constant ® in 
the z’ plane are the radial lines defined by 26 = — tan [x4/(r, — 1)]. 
The equation of transformation is 


em eng P= A/G Tt ah citer) = oh — 1 (2) 


where 2, = r, + jx) defines the rectangular coordinates of the new com- 
plex plane. With z; = coth 6, it is readily verified that (2) is a bilin- 


ear transformation from the complex z plane into the complex z/, plane, 
according to 


i 221 
2, = 21 + 1 (3) 


The simple rectangular net of 7; and x; in the z plane is distorted into 
more complicated families of circles in the z, plane. Their equations 
may be derived by solving (8) successively for r; and x, in terms of 
r, and x}. The results are 


(2 ~ rh) — al? 
(2) tay 
221 
pa 2) a? 


Y= 


(4a) 


uM = (4b) 
With considerable manipulation (4a) may be rearranged into the follow- 
ing form: 


2 
{ 1 T1 "2 1 
(1-1 -55y) += Gp ” 


This is the equation of a family of circles of constant r: in the z, plane. 
The circles have radii 1/(ri + 1) with centers at r, = 14 ri/(m + 1), 
z, = 0. The entire x axis defined by r; = 0 in the z, plane becomes a 
circle of unit radius with center at r, = 1, 2; = 0 in the z’ plane. Thus 
the entire half space r; = 0 in the z; plane is mapped inside the unit 
circle in the z, plane. The liner; = © maps into a circle of zero radius 
with center at ri = 2, x, = 0. The line 7; = 1 maps into a circle of 
radius 0.5 with center at r, = 1.5, 21 = 0. Thus the strip 0 <7: <1 
in the z, plane maps into the region between the circles r; = Oandr, = 1. 
The contours of constant ri, which were straight lines in the z plane, 
map into circles in the 2 plane, as shown in Fig. 17.1. The intercepts 
x, = 0 on the r; axis in the z, plane transform into the points obtained 
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by setting 7; = 0 in (4b). With 2; = 0, 21 = 7; in (2) and 


2 
ae ee 6) 


Eq. (4b) may be rearranged so that it becomes 


(ry — 2)? + (2 = =) =5 (7) 
v4 x? 
This equation defines a family of circles of constant x; in the 2 plane 
with radii 1/|z:| and with centers at r, = 2, 2, = 1/a;. The m1 axis, 
defined by x1 = 0 in the 2, plane, be- 
comes a section of a circle of infinite 
radius with center atr, = 2andz, = ©; 
this is the r, axis, defined by zx; = 0. 
The intercepts on the 7 axis, x, = 0, 
occur at the single pointr, = 2. Hence 
all circles of constant #1 pass through the 
pointr, = 2,2, =0. The circles of con- 
stant 71 and 2, in the z’ plane (or g; and 
b; in the y’ plane) are shown in Fig. 17.1. 
They correspond to the rectangular 
mesh of straight lines r: (or gi) = con- 
stant and 2, (or b1) = constant in the 21 
plane (or y; plane). The concentric cir- 
cles of constant p and radial lines of constant & (or ©’), corresponding to 
the two families of circles in the z: plane (or y: plane), are shown in Fig. 17.2. 


Fie. 17.1. Circles of constant 71 and 
21 in transformed cirele diagram. 


Fia. 17.2. Circles of constant p, ®, and ’ in transformed circle diagram. 


Thus, whereas the original circle diagram for transforming from 2; to 8 (or 
from yi to 6’) has a simple rectangular mesh for ry and x; (or gi and );) 
and two rather complicated families of circles for p and & (or &’), both of 
which extend to infinity, the transformed circle diagram (Fig. 17.3) (Smith — 
chart) has complicated families of circles of constant 7; and 2, and simple 
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families of concentric circles and radial lines for p and ®. Significantly 
all values of r; and 24, including infinite values, are contained within or 
are on the unit circle r; = 0 or p = 0. 

Since the circles of constant p in the z’ plane are, in effect, circles of 
constant T = e~*, where, in the range p = © to p = 0, I increases from 
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Fic. 17.3. Smith chart. 


0 to 1, it is often convenient to use a linear scale of T as the parameter 
instead of the exponential scale for p. Thus I is simply the radial dis- 
tance from the center of the diagram on a scale that has the value 1 for 
the bounding circle r, = 0. From symmetry, the circles of constant ® 
can be scaled in terms of the angle of the complex reflection coefficient 
y = 2(r — ®) [or y’ = 2(4r — &’)]. Thus, whereas ® ranges from 0 to 
180° clockwise around the circle, y ranges from 0 to 360° counterclock- 
wise around the circle. The relation between the p and @ scales and the 
I and y scales is indicated in Fig. 17.4. 
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It is evidently possible to use either circle diagram for converting from 
the terminal function 6 = p +j® (or ® = p + j®’) to the normalized 
impedance z; = 7; + jz: (or admittance yi = gi + bi), or vice versa. 
Alternatively the conversion may be from TF = Te’¥ (or I’ = Te’) to 
21 (or y1), or vice versa. Each has advantages for certain purposes. 


© (¢’) 
Fia. 17.4. Smith chart with scales for p, IT, and ®. Note that y = 360° — 24. 


18. Special Forms of the Terminal Functions and of the Reflection 
Coefficient—Resistive Termination.*: In order to obtain a clearer pic- 
ture of the dependence of the terminal functions p and @ upon the termi- 
nal impedance Z, consider a line with an essentially resistive termination 
such that x, = (X + ¢.R)/R.1 + ¢2) = 0. This is physically possible 
over a range of resistances extending from very small to enormous values. 
Note that very low values of resistance are usually associated with short 
pieces of copper wire which do not have zero reactance. In fact, their 
resistance is usually negligible compared with the inductive reactance. 
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Zero reactance with very small, although never zero, resistance, can be 
obtained with a series-resonant circuit. 
The termination to be investigated is defined by 


_~ X+¢R _ 
a Baga (1) 
It follows that 
A Pa) Ee @) 


without approximation. Similarly, with (1), 


= R(X + $F) 
b= RAB — of) = — “pays = 0 (3) 
= _R(R —- ¢X) _ RK. 
Ber ..3) 
Note that f= fe? (5) 
The terminal functions are: 
2r 2 
p = x tanh"! 2 + i= z tanh! z ee i (6) 
: 221 
= Bs a 
® — ¢ tan = a aes (7a) 
; —2bi 
fs 2 1 —1 et 
® fu = tan pth (7b) 
Let p be investigated first using the trigonometric formula 
_  2tanh p 
aN Peta p Me 
with which (6) becomes 
2tanhp —  2r; (9) 
1+ tanh?» r?+1 
This can be expressed in the form 
1 
(tanh p — 171) (tanh p— 1) = 0 (10) 
1 
1 
T1 = 
with roots tanh p = 1 a (11) 
T 


Since the hyperbolic tangent can never exceed unity, it follows that 


p = tanh! r; 1 <1 (12) 
p = tanh“ g; g. Sl (13) 
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(7, =2) = 1.0000 
to 4 decimal 
places for p> 5) 


09 0020.04 0.06 0.08 0.1 Lower range 
0 02 0.4 0.6 08 1.0 Higher range 


Fia. 18.1. The attenuation funetion p = tanh"! 71, with m1 S 1, and p = tanh q,, 


with gi S 1, for a resistive termination, with r1 = 1/91. 
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Fig. 18.2. The phase function & for a resistive termination, with 2, = 0. 
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This includes the entire range of values of r1 = 1/g; from zero to infinity. 
It is plotted in Fig. 18.1. 

For small values of r; or small values of g; = 1/r1 corresponding to 
very large values of ri, the inverse hyperbolic tangent may be replaced 
by its argument. Thus 


p=ri forr? <3 (14) 
p=gi for g ?<3 (15) 


It is readily verified that the conditions 


w= 0 rr=1 (16a) 
coincide with 2, = 1 or Z=2Z,= R.(1 — jd) (165) 
for which R= k, X = —¢.R, (17) 


In this case p = ©. 
The phase functions ® and ®’ as given by (7a,b) may be expressed as 
follows: 


@ = § tan“! aI (18) 
®’ = 5 tan! z 0 i (19) 
1 @ = § tan“ o = 5 or on (20a) 

For n= < 1, 
1 # = 6-5 =0orn (200) 
1 ® = § tan7! — = 5 or on (21a) 

For gj = ri < 1, 
1 = 8 +5 = ror (21) 


For r: = 1, @ and ®’ are indeterminate because discontinuous. If r, or 
g: approaches 1 from small values, 4 or ©’ is 7/2 or 3/2; if ri or gi 
approaches 1 from larger values, ® or ® is 0 or z. On the other hand, 
if r; is set equal to unity before x; is made to vanish, the following result is 
obtained: 


® = lim 5 tan”! a 2t1 = lim § tan“! =? gtan-! 0 (22a) 
t170 vy 210 r1| 


(22b) 


The phase function of a resistive termination is represented in Fig. 18.2. 
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The angle of the coefficient of reflection is given by 


y = —2 or 2x — 2 (23a) 
Hence y=2r -—T=T7 forr,; <lorgi>1 
y = 2n — 2r = 0 forr; > lorg: <1 (230) 
3 
p= T= 5 form, =l=q 


Summarizing, if 2, = 0 = bi, ®@ = O and y = O for g. < 1 or 1 > 1; 
@=7/2 and y= forr, <1lorg:>1. With 7; = 1, & and © are 
w/4, and y = 7/2. 

If it is required that 


X=0=B (24) 
instead of x; = 0 = by, then 
~ Raex Ro ,R.1 
wo Pee Rae) ee ge | 
a X+oh oh  _ bes (25d) 


RCL + $2) Re(1 + $2) 
If ¢? is neglected compared with unity, it follows that r, and hence p are 
the same for X = 0 as for z, = 0. On the other hand, 


—2¢11 
1 


@ = 5 tan” a ne (26) 


With r; > 1, 2® is in the fourth quadrant (—/-+); for ri < 1, 2 is in 
the third quadrant (—~/—). Hence 


6’=n7—% tan! meni n> 
& = 5 + 5 tan! nl m<il (27) 
Also ® =} tant 2% 3 r=1 
Alternatively 
g’ = & — 5 = 5 = ; tan~! re 9 <1 
g = } — . = 5 tan= a g >i (28) 
Gg! = i g=l 


The principal range of ® as a function of r; and g; with ¢, as parameter 
is shown in Fig. 18.3. 

Summarizing the behavior of & and p for a resistive termination with 
x, = 0, the following simple picture may be described: As ri: increases 
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from near zero to 1, p increases from near zero to infinity. & continues 
constant at 7/2 until r; is exactly equal to 1. It then rises abruptly to 
37/4. As r; increases further from 1 to very large values, p decreases 
from infinity to near zero. © rises abruptly from 37/4 to z as 7; exceeds 1. 
Thus a normalized resistance 7: that is smaller than 1 behaves like a zero 
resistance insofar as the phase function ® is concerned; similarly a normal- 
ized resistance r, that is greater than 1 acts, insofar as ® is concerned, 


Pree 
320-02 04 06 08 1.0 
-0° 
X=0, $c=7.18x 10~* ~10° 
X=0,$-=10-? 
—20° 
~30° 
—49° 
g° 
-50° 
~60° 
-70° 
-80° 
-90° 


0 0.2 0.4 0.6 0.8 1.0 


n= RS 


Fia. 18.3. The phase function & for a resistive termination, with X = 0 and ¢? <1. 


like an infinite resistance. If, instead of 2, = 0, the condition is X = 0 
on a line for which ¢, is small but not zero, so that ¢? < 1, the function 
p is just as for x, = 0, and the function @ follows the same general 
behavior without quite such an abrupt change from ® = 7/2 to ® = 7 
atr; = 1. The smaller ¢, is, the more rapid is the change. 

19. Special Forms of the Terminal Functions—the Predominantly 
Reactive Termination.*! It is not possible to construct a purely reactive 
termination. On the other hand, a terminal impedance with a resistive 
component that is negligible compared with the reactive component is 
easily obtained except for very small reactances and very large positive 
reactances. Negatively reactive impedances with extremely small resist- 
ance are easily constructed for a range of reactance which extends 
from practically negatively infinite to nearly zero. As the reactance 
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approaches zero, a point is reached where the resistance ceases to be 
small compared with the reactance, and ultimately as the reactance 
becomes still smaller, the resistance always predominates. In the case of 
positively reactive impedances exactly the same situation as for negative 
reactances obtains near zero values. Although it is a simple matter to 
provide positively reactive impedances with resistive components small 
compared with the reactive over a range of reactance extending from 
small values to extremely large ones, it is not possible to approach infinite 
values. This arises from the fact that very large values of inductive 
reactance usually must be obtained with parallel or antiresonant circuits. 
As the resonant frequency is approached from the positively reactive 
side, this latter increases to a large value before antiresonance is reached, 
but this is never infinite and always drops to zero at antiresonance while 
the resistance increases to a maximum. Thus a predominantly reactive 
termination is physically available in the range of X from negative infinity 
to nearly zero and from nearly zero on the positive side to extremely 
large but not infinite values. Near and at zero reactance the impedance 
is predominantly resistive. 
Let the predominantly reactive termination be defined by the 
inequality 
re < |x? — 1 (1) 


For lines with low distortion (1) is equivalent to 
e<K<l R<«|X? — R3| (2) 


Subject to (1) and (2), the general formulas for p and ® become 


p= z tanh~! +i (3) 
— 2x 
@ = ; tan! = i (4) 


Since (1) includes r? «< x? + 1, it follows that the argument of the 
inverse hyperbolic tangent in (3) is small. Hence 


Ty 


The expressions for ® may be simplified using the formula 


= 22 
tan-! x = § tan7! ee (6) 
Thus ® = 5 tan"! Seen pt tan! eee (7) 
ge—) —(1 — 2? 


Assuming 2, positive and less than unity for the moment, the inverse 
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tangent in (7) is in the third quadrant. Hence 


6= 5 (« + tan- i zn) = 5 +tan2,=a7+tan'b (8) 
~ +71 


By replacing ® with ®’ and x, with b, it follows that 


® = 3 (x + tan! ) = 5 +tan—?b; =r-+tan'2, (9) 


1 — b? 
Also @ = 6 — 5 = tan"! 2 (10) 
and b= + 5 =n + tan! b, (11) 
It is clear from 
1 
17 = 7 _ -12 
tan! x 5 tan z (12) 
that “= L (13) 
by 
Useful formulas for x; are obtained from (8) and (9). Thus 
— x — _ v — —_— , 
L1 (« z) = tan ( *) = — cot ® = tan ® (14) 
b, (= BR.) = — cot (« _ *) = tan 6 = — cot # (15) 


The condition (1) defining a predominantly reactive termination 
includes the entire range of x; from zero to infinity except a range near 
lz,| = 1. Insofar as p is concerned, the inequality (1) could be replaced 
by the much less restrictive conditions 


re<Ka?4+1 (16) 
which is to be interpreted as a restriction on 7; and not as limiting 21. 
Accordingly formula (3) for p and others derived from it are valid for 


all values of x, if (16) is satisfied. 
The condition (16) evidently is not sufficient for & or ©’, since 


For |z,| = 1, & = 5 tan“! = =F (2 — tan! 2) (17) 
1 1 
Using (12), it follows that 
ees ae 1 Ti 
= on 1 —1 ry = 3n ry 
or P= 7 +5 tan 377 mn (19) 


Thus ® as obtained from (4) is in error by r?/4 in the extreme case 
|z1| = 1. If (16) is satisfied instead of (1), it follows that 


n<4 (20) 
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so that r?/4 is negligible compared with 31/4. Accordingly (4) as well 
as (3) may be used subject to (16) instead of subject to (1). This means 
that, if 
ri<i (21) 
x, may have all values. 
For most purposes, therefore, the predominantly reactive termination 
may be defined by 
re <ai+1 (22) 


A similar set of formulas may be obtained by writing b, for 24, gi for ri, 
and @’ for ®. 

20. The Conducting Wire Bridge as a Termination; Resistive Wire.®' 
Transmission-line measurements depend on the availability of a stand- 
ard terminal impedance. The properties of such a standard necessarily 


Terminating 
Long line A section 
1b 
v 
B 
€------- Ss; weer > 
f A 
Ce fs 
ad B 


Fig. 20.1. Terminating section as half of a rectangle. 


include terminal-zone effects. Whereas these are analyzed in general in 
Chap. V, it is advantageous to consider simple standards in this chapter. 
For the two-wire open line and the shielded-pair line a straight conducting 
wire bridge is useful. It is analyzed in this section. The conducting 
piston or disk for use in coaxial and other types of line is considered in 
the next section. 

The impedance of a section of length s, of a long line of length s > s,, 
when terminated in a straight conducting bridge of length b equal to the 
spacing of the line, may be determined quite accurately if the following 
inequalities are satisfied: 

32> b> @? (1) 
as? K 1 (2) 


where a is the radius of the conductors of the line and By = 24/Xo. The 
method consists in treating the terminating section as one-half of a long 
and narrow rectangle of wire of length 2s, and width b, as shown in Fig. 
20.1. The impedance looking to the right from AB on the long line and 
on the rectangle is the same if the distance between the sides c and e of 
the rectangle is sufficiently great to make any coupling between them 
insignificant. This is ensured by (1). 

Denoting the self-inductance of a typical side j of the rectangle by 
L,; and the mutual inductance between sides 7 and j by J/,;, the total 
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inductance of the rectangle of wire is as follows (note that the mutual 
inductance of mutually perpendicular sides is zero): 
L= Lice + Dee + Daa + Lys + Las + Lya + Lice + Lec (3) 


Subject to (1), the contribution to L by Le + Lec is negligible. By 
symmetry it follows that 


L = 2(Le. + Laa + Laz) (4) 


The inductances in (4) are evaluated in Ref. 9, Chap. VI. Subject to 
(1), the final expression for Z for wires in air is 


_ 1 _1 0 | as a? b 
L = 1 ]o (sion bh +4) + 2umb+a-5| (5) 
where vo = 1/0 = 107/4r m/henry, a is the radius of the wires of the 
long sides, and a, is the radius of the short sides. The inductance per 


unit length of an ideal uniform line has been shown to be 
le = — In —- (6) 


subject to the condition b? > a’, which is included in (1). Strictly the 
square root occurring in (5) may be replaced by unity if (1) is imposed. 
However, by using the unrestricted formula 


é— 1 —1 bo 
ig = am cosh 3a (7) 


for the inductance per unit length of the line and retaining the term in 
a?/b? in the radical in (5), this formula for L may be generalized to apply 
approximately to all values of b/a. With (6) or (7) the external induc- 
tance of the rectangle as given in (5) may be expressed as follows: 


Le = 21, + 2s¢ + 2Le (8) 
b (.,.,06 , Gs | a 
where Ls = Orv (sinh 1 d. bo _ 1 + a) (9) 
b—a 
andt Lr = — nv. (10) 


The total external inductance L* of the rectangle is made up of two parts: 
(1) the sum of the two inductances ZL, of the short sides of the rectangle, 
and (2) the total inductance of the long sides treated as a transmission 
line and expressed in the form 2s; In (b/a) + 2Lr. The term 2s; In (6/a) 
is the inductance of a uniform line with constant inductance per unit 
length, and Lr is the correction for the actual nonuniformity of the induc- 


+ The same formula for Lr is derived from the general integral [Sec. 4, Eq. (3)] in 
Chap. V, Sec. 12. 
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tance per unit length. The internal inductance L* is negligible, so that 
L=[2+L* = Le. 

Since the short ends c and e of the long rectangle in Fig. 20.1 are by 
postulate sufficiently far apart to be essentially uncoupled, a section of 
length s, at the end of a long transmission line has an inductance given 
by one-half of (8), viz., 


L=L, + slg + Lr = Lua + sie (11) 


where, by definition, 
Le =Le+ Lr (12) 


is the apparent impedance of the terminating wire bridge if the line is 
assumed to be uniform and ZL, is the theoretical, isolated impedance of 
the bridge. Note that L,. differs from L, by a terminal-zone inductance 
Lr that is negative, indicating that the inductance per unit length is 
greater along a uniform line than near a terminating impedance at the 
end of the line. Note that the inductance of the bridge apparently termi- 
nating the line, as determined by measurement and calculation using (6) 
for the entire length of line, including the section of length s;, is Lya. 
Since the resistance of the wire bridge is 


R, = bri (13) 


_ where ri is the internal resistance of a cylindrical conductor, it follows 
that the theoretical impedance of the bridge is 


Z; oes R, aR jols (14) 


whereas the apparent terminal impedance of the bridge at the end of an 
assumed uniform line is 


Lae = R, ae joLisa (15) 


The terminal functions 6, = p, + j®,, corresponding to the theoretical 
impedance Z,, and @.4 = psa + jPsa, corresponding to the apparent imped- 
ance Z,,, may be readily defined for the conducting wire bridge. 

Highly Conducting Bridge. The normalized resistance and reactance 
of a highly conducting wire bridge may be assumed to satisfy the follow- 
ing conditions: 


r?,<K1 vi, Kl (16) 
_ bs — ocXs Re _ Xe 
where T1535 = RA + 62) = R. Pc R. (17a) 


—_ Xs ae ols — X; R . 

“RU +0) Re R, m7) 
In the approximate equalities in (17a,b) it is assumed that ¢, is suf- 
ficiently small so that $2 < 1. 


Vis 
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ta ei ~™ ace 
—2\x1.| a 0 -1 . 7 

a a a i a 

Let X, = oh, R, = bri (19) 


With (16) p: = x tanh7! 


&, = ; tan™! 


where ri is the resistance per unit length of the conducting bridge of 
radius @s. 

For a low-loss line in air, ¢ = r/2wl = a/B, where r is the resistance 
and 1 is the inductance per loop unit length. It follows that (18a), with 
(17a) and (19), may be expressed in the form 


~ Re, rowh, 7 (2h, Ls 
poe Be Fae (Re _ le) (20) 


The following new symbols, which are dimensionally lengths in meters, 
are introduced conveniently for the ratios in (20): 


_ 2R, es 
Hence ps = alm, — k,) (22) 
Similarly peak A gee i Oe (23) 
mie tie Z oe a -ae ; a 
; | (ed oe wo 
Since ie iE =v a B (24) 
it follows that, with a?/p? <1, 
2 
s.= Tt a(t Sm) oo + Ah (25) 


The apparent terminal functions for the apparent terminal impedance 
Zea = Rea + jXea are Obtained in the same manner as (20) and (25). 
Since 

Xsa = WLicg = w(Ls + Lr) (26) 


it is necessary merely to define 


kis = Hse =k,+kr= 


(27) 


in order to obtain 
Psa = a(m, = Kya) = ps — akr (28) 


®.q = 5 + Bksa = &, + Bkr (29) 
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It is convenient to represent the equivalent lengths k, and k,, as follows: 


ke = is koa = fab (30) 
where, with y= 2 Ye = 2 (31) 
_ sinh y, + ys? — V1 + 3? 
f= cosh! (y/2) (32) 
_ sinh y, + 2y71 -1-— Vi ty? 
fa = cosh G/B) SS 88) 


6.907 


4.605 


2.302 
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Fig. 20.2. The functions f, and fea of y = b/a. 


The functions f, and f,. are shown as functions of y in Fig. 20.2 in the 
special case where all wires are of the same size, so that a, = a and 
y. = y. It is seen that 


fe = 0.95 y=-25 (34) 
whereas fa i8 considerably smaller and much less constant when y = 5. 
Evidently the theoretical, equivalent reactive length k, of a straight con- 
ducting bridge made of wire of equal radius as the line is 


ke = 0.A75b = 4 (35) 
However, since the inductance per unit length of the line is not constant 
near the terminating bridge, the apparent equivalent reactive length ka, 
as determined under the assumption that / is constant, is appreciably 
smaller than ky. 
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If the bridge is not only equal in radius to the wires of the line but 
also made of the same material, it follows that 


jn 2h. ae; (36) 
so that, with (22), 
Sabi ghd. i) ali fz) 
ps = ad ( 5 Psa = ab [1 5 (37) 
If (35) is a good approximation, 
Ps = Zab (38) 


By choosing the radius a, of the bridge somewhat smaller than the 
radius a of the line wires, f, or fz may be made equal to unity for any 
particular value of b/a. The required value of a, is obtained by setting 
(32) or (33) equal to unity and solving for y, = b/a,. For simplicity 
let y, be quite large, so that the radical in (82) or (83) may be set equal 
to unity and y;! neglected compared with 1. Specifically let 


Y. >> 1 (39) 
. sinh ty, — 1 _ . sinh! y, — 2 
Phen Fe cosh (g/3) 1 Se * “Cosh=* (7B) ” 


For large arguments the inverse hyperbolic functions approach natural 
logarithms of twice the argument, so that (40) becomes 


In 2y, =1+Iny In 2y, =2+Iny (41) 
or In 2Y* = 1 In 4 = 9 (42) 
y y 
The results are 
Ys = 1.359y Ys = 7.389y (43) 
Hence a, = 0.736a for f. = 1 


a0 18ba: “Horie (44) 
If the radius of the termination is chosen to have one of these values 
and b/a is large, so that b/a = 5, 


ty = | k, = 
(45) 
or faa = 1 Kea = 


If the terminating wire differs from the two-wire line in both diameter 
and material, the following formula is true, subject to the indicated 
condition: 

WO's b w 


a;./— = 10 R, 


Vs 2Qrdas \ 2asv5 


(46) 
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where o, and », pertain to the material of the terminating wire. Simi- 
larly the comparable condition and the resistance per unit length of the 
line are 


1 w 


r 
pete - = pr ——_ —_—— 
Cag ae | a ah peas oe) 
Accordingly > = oes = “. a (48) 


The value of a, to make f, = 1 has been shown to be a, = 0.736a : 
the value to make f,, = 1 is a, = 0.139a. With these values 


Ms -_ ov Ms = ov 
ot 1.36 Fr or } 74 4! (49) 


Thus, if the materials can be so chosen that 


7 =054 or — = 0.183 (50) 
TVs OsVs 
it follows that 
Ms _ 
ae 1 (51) 
and ps = ¢ab Or — peg = Fad (52) 


It is to be noted that it is not possible for physical reasons to make 
Ps = zab OF pra = Zab if the two-wire line is copper, since a material with 
1.85 or 5.45 times the conductivity of copper would be required for the 
terminating bridge. No such material is available. 

By making use of the theory developed in this section, the apparent 
terminal functions of a conducting wire bridge may be determined. Note 
that the accuracy of these determinations involves errors of the order of 
magnitude of the radius of the wire in the measurement of lengths on the 
two-wire line. 

In actual use a conducting bridge often must be movable along an 
extended section of two-wire line. As shown in Chap. VI, a conducting 
bridge may serve as an inductance common to the sections of line con- 
tinuing in each direction whenever the bridge is not exactly at the end. 
In order to avoid the coupled-circuit effects and preserve the impedance 
of the bridge as a constant independent of its location along the line, it is 
often advantageous to use two bridges separated a distance \/4 — kea 
and connected so as to move together in tandem. This arrangement is 
illustrated in Fig. 20.3. As shown in Chap. III, Sec. 6, a section of line 
of this length which is terminated in a conducting bridge behaves essen- 
tially like an insulator of several hundred thousand ohms. Evidently 
the presence of such a high impedance that moves along and is always in 
parallel with the very low impedance bridge terminating the line has no 
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significant effect on the properties of this bridge, and these remain essen- 
tially unchanged as it is moved. 

Resistive Bridge. If it is desired to terminate a two-wire line in its 
characteristic impedance in order to have a matched line that may be 
used, for example, for phase comparisons (Chap. IV, Sec. 13), a bridge 
consisting of a straight conductor made of resistance wire or a straight 
conductor with a small carbon resistor at its center may be used. Such 
a bridge has an inductive reactance that is essentially the same as if it 
were highly conducting. Since this is very small compared with the 
resistance, the condition of match is approximated closely when the 
resistance of the bridge is R, = R.. 


Terminating Tandem 
bridge bridge 
Active part of line Inactive part of tine 


~—To generator x ja k 
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Fig. 20.3. Tandem-bridge section of line to form movable insulating support con- 
tinuously in parallel with movable bridge. 


21. Conducting Pistons and Disks as Terminations. A perfectly con- 
ducting piston in a coaxial line or a shielded-pair line and a perfectly 
conducting disk of infinite extent on an open-wire line are terminations 
that may be analyzed together using the theorem of images. In each 
case the electromagnetic field and the distributions of current and charge 
on the transmission line are unchanged if the conducting piston or disk 
at a point P along the line is removed and the line continued as a geo- 
metric image, including the generator with its polarity reversed. Since 
the potential difference across the line at P due to the image generator 
and line must always be equal and opposite to that maintained by the 
actual generator and line, it follows that the potential difference across the 
line at P is always zero. Hence the terminal function of the image line 
and of the equivalent conducting piston or infinite disk is 6, = 0 + jm/2. 
Accordingly a highly conducting piston for a coaxial line or shielded-pair 
line and an infinite disk for an open-wire line may be assumed to be 
represented by p, = 0 and ®, = 7/2. These are convenient for use as 
standard terminations. 

In practice, a conducting disk of infinite extent is unavailable, and the 
question arises: How large must a disk be in order to approximate an 
infinite one as a termination? A suitable criterion may be obtained by 
investigating the rate of decrease of the magnetic field along, or of the 
surface current in, an infinite disk due to a pair of conductors separated 
a distance b and with equal and opposite currents. For simplicity, the 
conductors may be assumed infinitely long, since the contributions from 
sections of the line which are far from the disk compared with the spacing 
of the wires are negligible. In the plane that is equidistant from the two 
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conductors, the resultant magnetic field is radial and given approximately 
by 
I b 


Bee) = eve + OYA (1a) 


In the plane containing the two conductors the field is approximately 


ey ee a ee ee 
Ba) 219 (; — 6/2 — =F)  Qrve r® — 7/4 oe 


In is the maximum of the sinusoidally distributed current along the 
transmission line and therefore the current entering and leaving the 
plane from the wires. 

A suitable criterion of comparison is the magnetic field on the disk 
midway between its junction with the two conductors. This is given by 
(la) withr = 0. Itis 
21m 


B, (r = 0) = =" (2) 
The ratio of the field at two locations at radius r to that at r = 0 is 
B(r) S b?/4 (3) 
B(r = 0) ~ r? + 67/4 


Let it be assumed that the magnetic field and the surface-current density 
at r are negligible compared with the field and surface-current density 
at r = 0 when the ratio in (3) is no greater than 0.01. Thus 


b?/4 


Pt P/4 < 0.01 (4) 


This can be satisfied only when 6?/4 is small compared with r?, so that 
(4) reduces to 


~ £02 (5) 


It follows that the maximum density of surface current on the infinite 
disk at a radial distance r from the center of the line is less than 1 per cent 
of the density halfway between the two conductors of the line if 


r 2 5b (6) 


It may be assumed that, if the current density on an infinite disk at 
r = 5b is only 1 per cent of that at its center, the effect of the part. of 
the disk beyond r = 5b is of no great significance and may be omitted. 
That is, (6) is a satisfactory criterion for determining the radius of a disk 
to terminate an open two-wire line with p = 0 and @ = 7/2. 

22. Terminations with Negative Attenuation Function or Reflection 
Coefficient Greater than Unity. An interesting special termination is that 
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for which the terminal attenuation function p, becomes negative. Since 
the magnitude of the coefficient of reflection is T, = e~*e, it follows that 
negative values of p, correspond to values of I, greater than unity. T 

The general formula for p, is 


Wr 1s 
= 1 tanh-! —~_ 


For p, to be negative, r:, must be negative. That is, 


Reed, 
«RL + 2) 


Evidently this is possible only when X, is positive and ¢- ~ 0, that is, 
X,>0 RB. < oX, (3) 


(Note that 71, = 0 means that R, = $.X,, not that R, = 0.) The second 
condition in (3) is equivalent to 

R, cae 

Xe < Pe ace R. (4) 
For example, on a low-loss line with negligible leakage conductance, 
¢- = a/B = r/2wl, so that, since X is inductive, 


Tis 


<0 (2) 


R, r 
ol, ~ Bal ©) 
or k= > one (~ af for a two-wire line) (6) 


{ The possibility of coefficients of reflection that exceed unity even slightly may 
appear paradoxical to those accustomed to treat the characteristic impedance as a 
pure resistance. When Z, = R., so that it is a pure resistance, as for the distortion- 
less or lossless line, for which ¢, = 0, the coefficient of reflection can never exceed 
unity in magnitude, and it is possible to separate not only incident and reflected volt- 
ages and currents but also incident and reflected powers. When Z, is complex, as in 
the lossy line, the current and voltage along an infinitely long or perfectly matched line 
are not exactly in phase. Although it is still possible to identify traveling waves of 
incident and reflected voltages and currents, a separation into incident and reflected 
powers is no longer possible owing to the appearance of cross-product terms. A 
termination with a reflection coefficient of unity reflects incident waves of current and 
voltage with the same phase difference. If the phase difference of the reflected cur- 
rent and voltage is less than for the incident waves, the reflection coefficient must 
exceed unity. The power factor for dissipation in the line has been improved. In the 
case of the usual low-loss lines, ¢, in Z, = R.(1 — J¢-) is very small, so that the inci- 
dent voltage and current differ by the very small angle tan-! ¢. = cos7! (1/ V1 + ¢%). 
It is readily verified from Sec. 5, Eq. (7), that, for a termination with R, = 0 and 
X, = —X,./2 = ¢-R./2, Te, = V1 + ¢¢, which exceeds unity slightly. Note that 
a change in power factor from cos tan-! ¢- to unity corresponds to an increase in 
magnitude by a factor a/ 1 + ¢2. The contribution to the power by terms involving 
¢- is referred to in Chap. IV, Sec. 6. 
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For a termination on an open-wire line consisting of a conducting wire 
bridge of the same radius as the wires of the line, Sec. 20, Eq. (22), gives 


Ps = a(m, = ke) (7) 
where k= > ==> n=—-—=—> 
Note that ri is the internal resistance per unit length of the bridge, and 


ri is the internal resistance per unit length of each of the conductors of 
the line. Hence the requirement for negative p,, namely, 


m. <ks (8) 
ry ote 
reduces to ai < 5} (9) 


since f, is slightly less than unity. That is, the resistance per unit length 
of each conductor of the two-wire line r* must be at least double the 
resistance per unit length of the terminating bridge. Using 


: 1 w 
m= 2a Nie (10) 
the condition becomes 
ri_ [ov Ufc 
ee Vz < 9 = 0.5 (11a) 
ov te Z 
or oe < i= 0.25 (11b) 


Clearly, if the line is of copper immersed in air, no bridge with negative 
ps is available. However, with a brass line and a copper termination, 


i\? 1.2 
m? = (2) = Pe = gap = 0.21 < 0.25 (12) 
so that m, = 0.466 (13) 
and, with f, = 0.96, 
p, = ab(0.46 — 0.48) += —0.02ab (14) 


Evidently the higher the resistance of the line wires compared with the 
resistance of the conducting bridge, the more negative p, may be. Note 
that, since f.. is smaller than f., psa is always less negative than p, for a 
given value of ri/r’. In particular, p, may be negative, and p.a, positive. 


PROBLEMS 


1. A section of transmission line is two wavelengths long and terminated in a load 
at z = sequal to Z,./2._ The generator at z = 0 has an emf of 10 volts and an imped- 
ance equal to 2Z,.. The losses in the relatively short line are negligible. Write out 
the first four terms in the infinite series for the voltage at a distance of one-quarter 
wavelength from the generator. Express the reflection coefficients numerically. 
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2. Express the voltage at the same point in the line described in the preceding 
problem as the sum of an incident and a reflected wave. Give numerical values. 

3. Express the voltage on the line described in Prob. 1 in terms of a single wave 
traveling toward the load with variable phase velocity. Plot the amplitude of the 
voltage wave along the line; also plot the phase velocity. 

4. Calculate the line constants r, 1, and c (g is negligible) for a coaxial line con- 
sisting of a silver inner conductor of No. 20 wire and a tin outer conductor of inner 
radius 0.254 em at a frequency of 3,000 Mc/sec. The dielectric is polystyrene 
(6 = 2.6; we = 1). Use the following conductivities: o (silver) = 6.14 X 10’ mhos/m; 
o (tin) = 0.87 X 10’ mhos/m. 

5. Determine the attenuation constant a, the phase constant 8, the characteristic 
resistance F., the distortion factor ¢,, and the wavelength for the line in Prob. 4. 

6. Calculate the line constants r, J, and ¢ (g is negligible) for a two-conductor line 
made of brass with a conductivity of 1.22 X 107 mhos/m. The two conductors are 
identical and of radius 0.04 in. spaced 1 cm between centers in air. The frequency 
is 750 Mc/sec. 

7. Calculate the attenuation constant, the phase constant, the characteristic resist- 
ance, and the distortion factor for the line in the preceding problem. 

& Determine the phase velocity and the group velocity for the line described in 
Prob. 6, using the more accurate formulas given in Sec. 13. 


9. Calculate a few points and plot curves of R, = V ly/c for the following trans- 
mission lines for the indicated ranges of b/a. Use semilog paper. (For open-wire 
lines 6 is the distance between centers of adjacent wires, and a is the radius of each 
wire; for coaxial lines b is the inner radius of the outer conductor, and a the radius of 
the inner conductor.) 

(a) Coaxial line with air as dielectric. Range, 1 S$ b/a S 600. 

(6) Coaxial line with polystyrene («, = 2.6) as dielectric. Range as in (a). 

(c) Two-wire line with air as dielectric. Range as in (a). Note that the loga- 
rithmic formula is satisfactory only when b? > a?, 

(d) Four-wire line with diagonal conductors in parallel and with air as dielectric. 
Range, 5 < b/a S 600. 

10. Derive a formula for the minimum value of the attenuation constant @ for a 
coaxial line with an outer conductor of fixed radius as the radius of the inner conductor 
is varied. Plot a curve of a as a function of the ratio of the radius of the outer to 
that of the inner conductor near the minimum to determine whether this is sharp 
or flat. 

11. Determine the complex reflection coefficient I, in polar form and the terminal 
functions p, and &, for the following impedances Z, (ohms) terminating a low-loss 
line with Z. = R, = 300 ohms: (a) Z, = 3,000 + 30; (6) Z, = 0+ 3,000; (c) 
Z, = 3,000(1 + J); (@) Z, = 0 + j300; (e) Z, = 200 + 7100; (f) Z, = 0; (g) Z, = @. 

12. An apparent impedance Z,, = 75 + j200 ohms terminates a low-loss coaxial 
line of characteristic impedance Z. = R, = 50 ohms. What are the corresponding 
values of the apparent reflection coefficient Fea; the apparent terminal functions psa, 
%,., and &,,; and the apparent admittance Y,,? 

13. In an experimental determination of the impedance of an antenna, the following 


typical data were observed on a line for which Z, = « = 50 ohms: 
Electrical length of antenna, radians.... . 0.22 1.45 2.00 2.28 
Measured p, nepers.................... 0.001 0.870 0.230 0.147 


Measured 4, radians................... 0.17 1.57 3.00 3.14 
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Calculate R and X for the antenna at each length, and check with the circle diagram. 

14, The capacitance of a capacitor is 15 wuf. It is connected as the terminal 
impedance of a line of characteristic impedance Z, = R, = 400 ohms. What are 
the terminal functions p and & at 150 Mc/sec? Assume the capacitor to be without 
loss. 

15. A two-wire line is made of brass % in. in diameter, with 2 cm between centers. 
A copper rod of the same diameter is used as a short-circuiting bar at the load end. 
Determine r;, 21, and & for this bar at 300 Mc/sec. (Useo = 1.5 X 10’ mhos/m for 
brass and « = 5.65 X 10’ mhos/m for copper.) 


CHAPTER III 


IMPEDANCE AND ADMITTANCE 


1. Normalized Input Impedance and Admittance of a Terminated 
Section of Line. A transmission line extends from z = 0 toz = s + 8, 
where s? > b. The impedance terminating the line at z = sis Z, = 1 /Y;. 
What is the impedance Z, or admittance Y, terminating the line at z < s? 
Alternatively, what is the impedance Z,, = Z, or admittance oom — ae 
looking into the section of line to the right (Fig. 1.1) of the point z, 


A 
ee mee aa 
2z=0 2,B z=s z=sts, 


Fig. 1.1. Terminated transmission line. 


expressed in terms of Z, or Y, and the length s — z = w of the section? 
Note that this is not the same as the impedance Z;, of the isolated sec- 
tion of line of length w terminated in Z, shown in Fig. 1.2. The absence 
of the line to the left of the points AB in Fig. 1.2 as compared with 


Fig. 1.1 involves an end effect and cou- Z 


pling effect in a terminal zone near AB. 
. * e ° . Zin so 
If a potential difference is maintained (aa = eee 
. : <—_——— 14) —___—__»} 
across AB in Fig. 1.1, equal and oppo- , 
site currents are in the two conductors Fig, 1.2. Isolated section of trans- 
mission line. The impedance Z,», is 
at z. Let phase be referred tothe cur- jot the same as Z, in Fig. 1.1, owing 
rent in conductor 1 as heretofore. The to the end effect. 
input impedance or admittance of the 
line to the right of AB (which is equal to the load impedance or admit~- 
tance terminating the line to the left of AB) is defined to be 


V, 
L 


L, 
V; (1) 


Il 


Zin = Rin + jXxn = Yin = Gin + jBin 
Note that, since AB is by definition far from both ends compared with 
the wavelength, the y component of the vector potential is zero or practi- 
cally zero (A, + 0) near AB, so that E, = —00/dy — jwA, = —dd/dy. 
Hence 


V. = oO), = Oo, a 20), = i E, dy (2) 
133 
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A number of formulas may be obtained for Z;, and Y;, corresponding 
to the several different representations of current and voltage along a 
transmission line. Each has certain advantages in special cases. Thus, 
for example, the exponential solutions [Chap. II, Sec. 5, Eqs. (10) and 
(11)] lead to the following formulas for the normalized input impedance 
and admittance: 


Z: = 1 + T,e72t" = Yin aes 1 + Ve? 
Zire: TPO teres 


Zin = 


For a lossless line (a; = 0) these reduce to 


Z. VAs T',e7¥— 26) Yin 1+ Tei 280) 
Zin = R. = 1 — V,ei¥ 20) Yiin = G: = es T ,e7(/s— 28w) (4) 


Note that 


—J pied RS SD oe, a YY — — |! 
T, Te? Bi ae 1 Vis aes Ye? Yr, (5) 
where 21, = Z,/Z., Yis = Y;/Y-, and 
Z. = R.(1 — jee) Y. = G-(1 + jd) (6) 


The complex hyperbolic forms of the input impedance are obtained 
from Chap. II, Sec. 8, Eqs. (2) and (8). They are 


Zin _ 2, cosh yw + Z, sinh yw 
~ Z, sinh yw + Z,. cosh yw 
_ Yin _ Y, cosh yw + Y- sinh yw 7h 
Yin = yp ~ Yo sinh yw + Y. cosh yw Av) 

: Z1, coth yw + 1 Zie + tanh yw 
Alternatively Zin = Zo cot ee = Rare ere | al (8a) 
_yi.cothyw+1 yi, + tanh yw (8b) 


ne Yie + coth yw ~ yy. tanh yw + 1 


(7a) 


For the lossless line (a2, = 0) 


a Zin 1 — jZi,cotBw  Z1. +7 tan bw (9a) 
in "Re Zs ~ J cotBwo 1 + jz, tan Bw 
Y; = 1 —jyi,cot Bw yis +7 tan Bw 


Yiin = G. Yis — jcot Bw - 1 + JY is tan Bw 


(9b) 


For many purposes involving dissipative loads on low-loss lines, (94,8) 
are adequate. 

The completely hyperbolic form is simple and especially convenient for 
deriving explicit formulas for R;, and Xin, Gin and By. T he desired for- 
mulas are obtained from Chap. II, Sec. 8, Eqs. (15) and (16). They are 


Zin = coth (yw + 0,) = coth [(aw + p:) + j(Bw + ,)] (10a) 
Yin = coth (yw + 8) = coth [(aw + ps) + (Bw + #;)] (106) 


Sec. 1] IMPEDANCE AND ADMITTANCE 135 


For convenience, let the following notation be introduced: 


Aw = aw + pz (11a) 
F, = Bw + 4, FY, = bw + ®, (116) 
y— 69, — 77% ‘=o, — 7 
%=%-j5 =a -F (12) 


Note that, with (11a,b), (10a) becomes 
Zun = coth (Aw + 7F w) Yun = coth (Aw + jF',) (13) 


These formulas are like the expressions previously derived for the 
normalized terminal impedance 2;, and admittance y1,, namely, 


Zi, = coth (op, + j®) yi. = coth (p, + j&)) (14) 
Obviously (11) must reduce to (12) whenever w = 0. 
Since Zin = Tun + jlin Yiin = Gtin + din (15) 


it follows that the normalized input resistance and reactance, conductance 
and susceptance are 


sinh 2A, _ sinh A, cosh Ay 


Tin ~ Cosh 2A. — cos 2F, sinh? A,, + sin? Fy (16a) 
sinh 2A, _ sinh A, cosh A, (16b) 
Juin ~ Cosh 2A, — cos 2F, sinh? A, + sin? Fi, 
ne. = — sin 2F,, _ — sin F, cos Fy (17a) 
*n cosh 2A, — cos 2F,, sinh? A,, + sin? Fy q 
— sin 2F%, - — sin F!, cos F!, 
brin = cosh 2A, — cos 2F’, sinh? A,, + sin? F/, (176) 
Inverse relations are 
2r iin 291in 
= 1 71 ee 1 —1 
Ae = gtanh™ aan, bi tO a, 1 | 8) 
— 291; —2Diin 
— 1 1 an i 1 -1 4 
Fv 2 tan Tiin + Liin ~~ 1 B 2 tan Jin + Din _ 1 (19) 


These formulas have the same form and obey the same sign conventions 
as those derived previously for Z, and Y,. They differ only in the 
appearance of A,, instead of p, and F,, or F/, instead of ®, or ®!. When 
w=0, Aw = ps, Fy = ©, and F, = /. 

The normalized input resistance and reactance are expressed numeri- 
cally in Tables 1.1 and 1.2 as functions of A, and F,. The input phase 
function F,, is represented as a function of the input attenuation func- 
tion A, in Fig. 1.3 with r,,, as parameter and in Fig. 1.4 with 2,,, as 
parameter. With the substitution of the symbol ©, for F., p, for Aw, 
11¢ for Pim, AN 11 for X1;n, these tables and curves apply to the normalized 
terminal impedance 21, = Tie + J210- 
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The analogous significance of A, and F, for the input impedance and 
p, and ®, for the terminal impedance reveals the simple and fundamental 
parts played by the terminal functions. The attenuation function p, 
plays the same role for the termination as does as for the line. Indeed 
p./a is an equivalent length of line for the termination from the point of 
view of attenuation. Similarly the phase functions %, and & play the 


90° 
80° 


70° 


0 0.2 0.4 0.6 0.8 1.0 1.2 14 
A,=awtp, 


Fia. 1.3. Contours of constant rin With Fy» = Bw + ®,and A, = aw + p, as variables. 


same part in describing the effect of the termination as does 8s for the 
line. The ratio ®,/8 or &,/8 is an equivalent length of line for the termi- 
nation insofar as phase shift is concerned. The equivalent lengths for 
attenuation and for phase shift are not alike unless Z, or Y, is itself a sec- 
tion of transmission line or a for the section is modified so that p,/a = ®,/8 
or p,/a = £/8. In this special case it is possible to replace Z, or Y, by a 
section of transmission line which is its equivalent both in phase shift 
and in attenuation. 

It is readily verified that, just as for p, and ®, or ® in terms of r:, and 
Lis OF Jis and b,,, the contours of constant A, and the contours of constant 
F., or F/, are families of orthogonal circles. The intercepts, centers, and 
radii are as follows: 
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(xin Negative when 0 <F, < 90°, positive when 90° < F, < 180°) 


}xtin |=0 


0 0.2 0.4 0.6 0.8 1.0 
A w=hw + Ps 


Fie. 1.4. Contours of constant xin with F,, = Bw + @,and Ay = aw + p; as variables. 


For circles of constant A,: 


Intercepts are at rin = tanh A,, coth A, | as 7 . 
lin — 
Lin = 0 
Centers are at rin = coth 2A,, | a 
lin — 
Radii have magnitudes equal to esch 2A, 


For circles of constant F,, and F/,: 


7 Lin = — cot F, (or tan F,) 

Intercepts are at rin = 0 | bin = — cot F’, (or tan F%) 
_ Lun = - cot 2K. 
Centers are at rin = 0 | bin = — cot 2F%, 
? lese 2F,,| 
Radii have magnitudes equal to | lese 2F’%,| 


The same circle diagrams previously constructed for p, and ®, in terms of 
ri, and X1., p, and ® in terms of g:, and bi, may be used for Ay = aw + p, 
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TaBeE 1.1 
sinh 2A 


Tin = Cosh 2A, — cos 2F'y 


[Chap. III 


0:0. Lskwswss 
0.003 |........ 
0.004 |........ 
Q 005 oie sa cgre 
0.01 100.0 
0.02 50.01 
0.03 33.36 
0.04 25.03 
0.05 20.03 
0.06 16.68 
0.07 14.30 
0.08 12.52 
0.09 11.14 
0.10 10.03 
0.11 9.127 
0.12 8.373 
0.13 7.736 
0.14 7.189 
0.15 6.716 
0.16 6.303 
0.17 5.939 
0.18 5.616 
0.19 5.327 
0.20 5.067 
0.22 4.619 
0.24 4.246 
0.26 3.933 
0.28 3.664 
0.30 3.433 
0.32 3.231 
0.34 3.054 
0.36 2.897 
0.38 2.757 
0.40 2.632 
0.45 2.3702 
0.50 2.1640 
0.55 1.9979 
0.60 1.8620 
0.65 1.7493 
0.70 1.6546 
0.75 1.5744 
0.90 

1.0 1.3130 
1.2 

1.5 1.1048 
2.0 1.0373 


eed yedostage 0.000 0.000 0.000 
Sout ale 9.524 2.441 1.091 
see fhe 12.50 3.236 1.451 
neredeert's 15.15 4.016 1.808 
57.14 24.69 7.576 3.521 
42.12 28.38 12.35 6.371 
30.79 24.91 14.16 8.247 
23.91 21.02 14.20 9.227 
19.45 17.86 13.46 9.558 
16.34 15.38 12.47 9.479 
14.09 13.47 11.46 9.180 
12.38 11.96 10.52 8.776 
11.04 10.74 9.688 8.332 
9.957 9.736 8.944 7.880 
9.071 8.903 8.294 7.447 
8.330 8.200 7.722 7.040 
7.702 7.599 7.218 6.662 
7.162 7.079 6.770 6.312 
6.694 6.627 6.373 5.992 
6.285 6.229 6.019 5.698 
5.924 5.877 5.700 5.429 
5.603 5.564 5.414 5.182 
5.316 5.282 5.154 4.955 
5.057 5.029 4.919 4.746 
4.612 4.590 4.5069 | 4.3750 
4.241 4.224 4.1599 | 4.0570 
3.928 3.915 3.8643 | 3.7826 
3.661 3.650 3.6096 | 3.5436 
3.430 3.421 3.3881 | 3.3341 
3.2286 | 3.222 3.1941 | 3.1494 
3.0517 | 3.046 3.0229 | 2.9855 
2.8952 | 2.890 2.8709 | 2.8393 
2.7557 | 2.751 2.7350 | 2.7081 
2.6308 | 2.627 2.6131 | 2.5899 
2.3694 | 2.3669 | 2.3569 | 2.3406 
2.1634 | 2.1615 | 2.1543 | 2.1423 
1.9975 | 1.9960 | 1.9907 | 1.9817 
1.8617 | 1.8606 1.8564 | 1.8495 
1.7490 | 1.7482 | 1.7449 | 1.7394 
1.6544 | 1.6537.| 1.6511 | 1.6468 
1.5743 1.5737 1.5716 | 1.5681 
1.3130 | 1.3127 1.3119 | 1.3104 
1.1048 | 1.1047 | 1.1045 | 1.1041 
1.0373 1.0373 1.0372 | 1.0371 
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TaBLe 1.1 (Continued) 
sinh 2A, 


Ph aah 2A» — cos 2F,, 


0.0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.003 
0.004 
0.005 | 0.4566 | 0.2578 | 0.1657 | 0.07462 | 0.04273 | 0.02799 | 0.02000 
0.01 0.9070 | 0.5136 | 0.3305 | 0.1491 | 0.08541 | 0.05596 | 0.03998 
0.02 1.766 1.012 0.6547 | 0.2969 | 0.1704 | 0.1118 | 0.07989 
0.03 2.539 1.481 0.9667 | 0.4422 | 0.2547 | 0.1672 | 0.1196 
0.04 3.197 1.910 1.261 0.5839 | 0.3377 | 0.2222 | 0.1592 
0.05 3.731 2.290 1.534 0.72080 | 0.41919 | 0.27655 | 0.19836 
0.06 4.139 2.618 1.782 0.85203 | 0.49878 | 0.33009 | 0.23716 
0.07 4.435 2.893 2.003 0.97684 | 0.57618 | 0.38269 | 0.27551 
0.08 4.633 3.116 2.197 1.0946 | 0.65108 | 0.43422 | 0.31332 
0.09 4.751 3.292 2.364 1.2048 | 0.72330 | 0.48459 | 0.35055 
0.10 4.803 3.424 2.505 1.3071 | 0.79258 | 0.53366 | 0.38714 
0.11 4.806 3.518 2.621 1.4013 | 0.85875 | 0.58132 | 0.42300 
0.12 4.771 3.580 2.715 1.4874 | 0.92168 | 0.62750 | 0.45810 
0.13 4.709 3.615 2.788 1.5655 | 0.98130 | 0.67214 | 0.49241 
0.14 4.627 3.627 2.843 1.6356 1.0375 | 0.71513 | 0.52583 
0.15 4.532 3.622 2.8823 | 1.6983 1.0903 | 0.75648 | 0.55840 
0.16 4.429 3.601 2.9075 | 1.7536 | 1.1397 | 0.79611 | 0.59004 
0.17 4.321 3.569 2.9206 | 1.8021 1.1857 | 0.83401 | 0.62073 
0.18 4.211 3.5287 | 2.9237 | 1.8440 | 1.2283 | 0.87017 | 0.65045 
0.19 4.100 3.4810 | 2.9181 | 1.8799 | 1.2677 | 0.90455 | 0.67917 
0.20 3.9910 | 3.4283 | 2.9053 | 1.9101 1.3038 | 0.93719 | 0.70689 
0.22 3.7792 | 3.3137 | 2.8632 | 1.9555 | 1.3671 | 0.99728 | O. 75930 
0.24 3.5802 | 3.1930 | 2.8055 | 1.9835 | 1.4191 1.0506 | 0.80762 
0.26 3.3959 | 3.0719 | 2.7382 | 1.9973 1.4608 1.0974 | 0.85191 
0.28 3.2263 | 2.9534 | 2.6654 | 1.9997 | 1.4934 | 1.1381 | 0.89296 
0.30 3.0709 | 2.8395 | 2.5903 | 1.9930 | 1.5179 1.1732 | 0.92878 
0.32 2.9289 | 2.7315 | 2.5150 | 1.9794 | 1.5355 1.2029 | 0.96165 
0.34 2.7990 | 2.6296 | 2.4409 | 1.9604 | 1.5471 1.2279 | 0.99106 
0.36 2.6803 | 2.5340 | 2.3688 | 1.9375 | 1.5535 1.2486 1.0172 
0.38 2.5716 | 2.4445 | 2.2993 | 1.9117 | 1.5557 1.2653 1.0403 
0.40 2.4719 | 2.3609 | 2.2329 | 1.8840 | 1.5543 1.2785 1.0605 
0.45 2.2564 | 2.1756 | 2.0805 | 1.8102 | 1.5389 1.2989 1.1001 
0.50 2.0803 | 2.0199 1.9477 | 1.7358 | 1.5124 1.3054 1.1267 
0.55 1.9347 | 1.8885 1.8326 | 1.6644 | 1.4800 1.3021 1.1430 
0.60 1.8131 1.7771 1.7331 | 1.5979 1.4450 | 1.2925 1.1517 
0.65 1.7108 | 1.6821 1.6470 | 1.53872 | 1.4096 1.2788 | 1.1546 
0.70 1.6238 | 1.6007 1.5722 | 1.4821 1.3751 1.2627 1.1535 
0.75 1.5494 | 1.5306 1.5072 | 1.4325 | 1.3422 1.2455 1.1495 
0.90 
1.0 1.3027 | 1.2949 1.2850 | 1.2523 1.2105 1.1627 1.1118 
1.2 
1.5 1.1021 1.1001 1.0975 | 1.0887 | 1.0770 1.0629 1.0471 
2.0 1.0365 | 1.0357 1.0349 | 1.0321 1.0282 | 1.0234 1.0180 
re 
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TaBLE 1.1 (Continued) 
= Binh 2A. 
hn" cosh 2Aw — cos 2F', 


Vike ae 35° 40° 45° 50° 55° 60° 
Aw ~_| 148° 140° 135° 130° 125° 120° 

0.0 0.000 0.000 | 0.000 0.000 0.000 0.000 
0.003 
0.004 
0.005 | 0.01520 
0.01 0.03039 | 0.02420 | 0.02000 | 0.01704 | 0.01490 | 0.01333 
0.02 0.06073 | 0.04837 | 0.03998 | 0.03407 | 0.02980 | 0.02666 
0.03 0.09100 | 0.07250 | 0.05994 | 0.05108 | 0.04468 | 0.03998 
0.04 0.12115 | 0.09655 | 0.07983 | 0.06805 | 0.05954 | 0.05328 
0.05 0.15109 | 0.12049 | 0.099672 | 0.084987 | 0.074364 | 0.066558 
0.06 0.18084 | 0.14431 | 0.11943 | 0.10187 | 0.089155 | 0.079810 
0.07 0.21033 | 0.16798 | 0.13909 | 0.11868 | 0.10390 | 0.093031 
0.08 0.23953 | 0.19147 | 0.15864 | 0.13543 | 0.11860 | 0.10621 
0.09 0.26841 | 0.21478 | 0.17808 | 0.15209 | 0.13324 | 0.11935 
0.10 0.29694 | 0.23787 | 0.19738 | 0.16867 | 0.14782 | 0.13245 
0.11 0.32506 | 0.26072 | 0.21652 | 0.18513 | 0.16232 | 0.14550 
0.12 0.35275 | 0.28331 | 0.23549 | 0.20149 | 0.17674 | 0.15848 
0.13 0.37999 | 0.30562 | 0.25430 | 0.21773 | 0.19109 | 0.17141 
0.14 0.40673 | 0.32764 | 0.27290 | 0.23384 | 0.20534 | 0.18427 
0.15 0.43298 | 0.34934 | 0.29131 | 0.24981 | 0.21950 | 0.19706 
0.16 0.45868 | 0.37072 | 0.30951 | 0.26564 | 0.23355 | 0.20977 
0.17 0.48383 | 0.39176 | 0.32748 | 0.28132 | 0.24750 | 0.22241 
0.18 0.50842 | 0.41243 | 0.34522 | 0.29684 | 0.26133 | 0.23496 
0.19 0.53240 | 0.43273 | 0.36271 | 0.31219 | 0.27504 | 0.24742 
0.20 0.55578 | 0.45266 | 0.37995 | 0.32736 | 0.28863 | 0.25979 
0.22 0.60070 | 0.49133 | 0.41365 | 0.35718 | 0.31543 | 0.28425 
0.24 0.64308 | 0.52835 | 0.44625 | 0.38623 | 0.34167 | 0.30830 
0.26 0.68289 | 0.56369 | 0.47770 | 0.41447 | 0.36733 | 0.33190 
0.28 0.72013 | 0.59732 | 0.50798 | 0.44188 | 0.39238 | 0.35506 
0.30 0.75482 | 0.62921 | 0.53704 | 0.46843 | 0.41679 | 0.37773 
0.32 0.78700 | 0.65938 | 0.56489 | 0.49410 | 0.44056 | 0.39990 
0.34 0.81675 | 0.68782 | 0.59152 | 0.51887 | 0.46366 | 0.42157 
0.36 0.84414 | 0.71457 | 0.61691 | 0.54274 | 0.48607 | 0.44270 
0.38 0.86924 | 0.73965 | 0.64107 | 0.56568 | 0.50778 | 0.46329 
0.40 0.89221 | 0.76313 | 0.66404 | 0.58773 | 0.52881 | 0.48334 
0.45 0.94084 | 0.81506 | 0.71630 | 0.63888 | 0.57829 | 0.53103 
0.50 0.97847 | 0.85817 | 0.76159 | 0.68456 | 0.62342 | 0.57521 
0.55 1.0069 | 0.89349 | 0.80050 | 0.72504 | 0.66432 | 0.61593 
0.60 1.0278 | 0.92208 | 0.83365 | 0.76070 | 0.70120 | 0.65326 
0.65 1.0427 | 0.94498 | 0.86172 | 0.79195 | 0.73430 | 0.68735 
0.70 1.0528 | 0.96311 | 0.88535 | 0.81921 | 0.76388 | 0.71836 
0.75 1.0591 | 0.97729 | 0.90515 | 0.84293 | 0.79025 | 0.74648 
O00) i) esees 1.0028 | 0.94681 | 0.89670 | 0.85293 | 0.81558 
1.0 1.0604 | 1.0107 | 0.96403 | 0.92149 | 0.88369 | 0.85094 
1.2 ° beats 1.0154 | 0.98368 | 0.95387 | 0.92664 | 0.90247 
1.5 1.0300 | 1.0125 | 0.99505 | 0.97818 | 0.96236 | 0.94797 
2.0 1.0120 | 1.0057 | 0.99933 | 0.99302 | 0.98697 | 0.98136 
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TABLE 1.1 (Continued) 
sinh 2A,, 


Tin = cosh 2Ay — cos 2F,, 


Fy 65° 70° 75° 80° 85° 90° 
Aw 115° 110° 105° 100° 95° 


0.000 0.000 0.000 0.000 0.000 0.000 


oocoo 
ooo 
S55° 
Cur 


0.01 0.01217 | 0.01132 | 0.01072 | 0.01031 | 0.01008 | 0.009999 
0.02 0.02434 | 0.02264 | 0.02143 | 0.02062 | 0.02015 | 0.02000 
0.03 0.03651 | 0.03396 | 0.03214 | 0.03092 | 0.03022 | 0.02999 
0.04 0.04866 | 0.04527 | 0.04285 | 0.04122 | 0.04029 | 0.03998 
0.05 0.060791 | 0.056560 | 0.053537 | 0.051509 | 0.050341 | 0.049960 
0.06 0.072903 | 0.067836 | 0.064215 | 0.061785 | 0.060386 | 0.059929 
0.07 0.084993 | 0.079094 | 0.074878 | 0.072049 | 0.070419 | 0.069887 
0.08 0.097051 | 0.090327 | 0.085520 | 0.082294 | 0.080435 | 0.079828 
0.09 0.10908 | 0.10154 | 0.096145 | 0.092524 | 0.090438 | 0.089756 
0.10 0.12108 | 0.11273 | 0.10675 | 0.10274 | 0.10042 | 0.099670 
0.11 0.13303 | 0.12388 | 0.11732 | 0.11292 | 0.11039 | 0.10956 
0.12 0.14495 | 0.13499 | 0.12787 | 0.12309 | 0.12033 | 0.11943 
0.13 0.15681 | 0.14608 | 0.13839 | 0.13322 | 0.13025 | 0.12927 
0.14 0.16863 | 0.15711 | 0.14887 | 0.14333 | 0.14013 | 0.13909 
0.15 0.18039 | 0.16811 | 0.15932 | 0.15341 | 0.15000 | 0.14888 
0.16 0.19209 | 0.17907 | 0.16973 | 0.16345 | 0.15983 | 0.15865 
0.17 0.20374 | 0.18997 | 0.18010 | 0.17346 | 0.16963 | 0.16838 
0.18 0.21532 | 0.20083 | 0.19043 | 0.18344 | 0.17940 | 0.17808 
0.19 0.22683 | 0.21163 | 0.20072 | 0.19337 | 0.18913 | 0.18775 
0.20 0.23827 | 0.22237 | 0.21095 | 0.20327 | 0.19883 | 0.19737 
0.22 0.26094 | 0.24369 | 0.23129 | 0.22293 | 0.21810 | 0.21652 
0.24 0.28329 | 0.26475 | 0.25140 | 0.24240 | 0.23720 | 0.23550 
0.26 0.30530 | 0.28554 | 0.27129 | 0.26167 | 0.25611 | 0.25429 
0.28 0.32695 | 0.30604 | 0.29094 | 0.28074 | 0.27484 .| 0.27290 
0.30 0.34823 | 0.32623 | 0.31033 | 0.29958 | 0.29335 *| 0.29131 
0.32 0.36911 0.34611 | 0.32946 | 0.31818 | 0.31164 | 0.30950 
0.34 0.38960 | 0.36566 | 0.34831 | 0.33654 | 0.32971 0.32748 
0.36 0.40966 | 0.38493 | 0.36686 | 0.35463 | 0.34754 | 0.34521 
0.38 0.42929 | 0.40372 | 0.38511 | 0.37246 | 0.36511 0.36271 
0.40 0.44849 | 0.42221 | 0.40305 | 0.39001 | 0.38244 | 0.37995 
0.45 0.49450 | 0.46678 | 0.44648 | 0.43262 | 0.42455 | 0.42190 
0.50 0.53763 | 0.50894 | 0.48782 | 0.47334 | 0.46489 | 0.46212 
0.55 0.57788 | 0.54862 | 0.52698 | 0.51209 | 0.50339 | 0.50052 
0.60 0.61524 | 0.58581 | 0.56393 | 0.54882 | 0.53997 | 0.53705 
0.65 0.64980 | 0.62054 | 0.59867 | 0.58352 | 0.57461 | 0.57167 
0.70 0.68164 | 0.65284 | 0.63120 | 0.61616 | 0.60729 | 0.60437 
0.75 0.71090 | 0.68280 | 0.66159 | 0.64678 | 0.63804 | 0.63515 
0.90 0.78453 | 0.75956 | 0.74045 | 0.72697 | 0.71895 | 0.71630 
1.0 0.82335 | 0.80094 | 0.78364 | 0.77136 | 0.76403 | 0.76159 
1.2 0.88169 | 0.86450 | 0.85104 | 0.84140 | 0.83559 | 0.83366 
1.5 0.93534 | 0.92469 | 0.91624 | 0.91011 0.90639 | 0.90515 
2.0 0.97635 | 0.97206 | 0.96861 | 0.96609 | 0.96455 | 0.96403 
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TaBLe 1.2 
ee! — sin 2F y 
tin cosh 2Ay — cos 2F , 


Fy 
Aw 

0.0 
0.003 
0.004 
0.005 
0.01 0 —49.86 — 43.09 — 26.42 —18.40 
0.02 0 —18.37 —24.75 —21.53 —16.64 
0.03 0 ~—8.95 —14.48 —16.45 — 14.36 
0.04 0 —5.21 —9.160 — 12.37 —12.04 
0.05 0 —3.39 —6.221 —9.376 —9.974 
0.06 0 —2.371 —4.463 —7.229 —8.237 
0.07 0 —1.750 —3.346 —5.690 —6.832 
0.08 0 —1.344 —2.597 —4.568 —5.709 
0.09 0 —1.065 —2.071 —3.734 —4.813 
0.10 0 —0.8630 —1.688 —3.099 —4.091 
0.11 0 —0.7137 —1.401 —2.609 —3.510 
0.12 0 —0.5999 —1.181 —2.223 —3.037 
0.13 0 —0.5111 —1.009 —1.915 —2.648 
0.14 0 —0.4405 —0.8710 ~—1.665 —2.326 
0.15 0 — 0.3836 —0.7595 —1.460 —2.057 
0.16 0 —0.3369 —0.6679 —1.290 — 1.830 
0.17 0 —0.2982 —0.5918 —1.147 —1.637 
0.18 0 —0.2658 —0.5279 —1.027 —1.473 
0.19 0 —0.2383 —0.4737 ~—0.9239 —1.331 
0.20 0 —0.2148 —0.4273 —0.8353 —1.208 
0.22 0 —0.1771 —0.3526 —0.69199 —1.0065 
0.24 0 —0.1484 —0.2957 —0.58196 — 0.85046 
0.26 0 —0.1261 —0.2518 —0.49577 —0.72717 
0.28 0 —0.1083 —0.2160 —0.42698 —0.62811 
0.30 0 —0.09401 —0.1876 —0.37124 —0.54742 
0.32 0 —0.08230 —0.1642 —0.32548 —0.48089 
0.34 0 —0.07259 —0.1449 — 0.28744 —0.42539 
0.36 0 —0.06445 —0.1287 —0.25550 —0.37864 
0.38 0 —0.05757 —0.1150 — 0.22841 —0.33889 
0.40 0 —0.05169 —0.1032 —0.20525 —0.30483 
0.45 0 —0.04028 —0.08047 —0.16017 —0.23834 
0.50 0 —0.03212 —0.06419 —0. 12788 —0.19055 
0.55 0 —0.02612 —0.05216 —0.10397 —0.15509 
0.60 0 —0.02152 —0.04302 —0.085795 —0.12808 
0.65 0 —0.01797 —0.03592 —0.071670 —0.10706 
0.70 0 —0.01516 —0.03031 —0.060485 —0.090394 
0.75 0 —0.01290 —0.02579 —0.051489 —0.076980 
0.90 
1.0 0 —0.006317 —0.01263 —0.025233 —0.037768 
1.2 
1.5 0 —0.001924 —0.003849 | —0.0076912| —0.011521 
2.0 0 —0.0006633 | —0.001327| —0.0026514! —0.0039725 


{ zim is negative for 0° < F, < 90° and positive for 180° > F, > 90°. 
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TABLE 1.2 (Continued) 
SiN 2Fy 
Tiin ™ Cosh 2A, — cos QF. 
Fy ° °o 6° ° 10° 

Aw 176° 175° 174° 172° 170° 

. 0.0 —14.30 —11.43 —9.515 —7.115 —5.671 
0.003 —14.28 —11.42 
0.004 —14.26 —11.41 
0.005 —14.23 —11.39 —9.494 —7.106 —5.666 
0.01 —14.02 —11.28 —9.429 —7.079 —5.652 
0.02 —13.22 —10.86 —9.179 —6.971 —5.597 
0.03 —12.07 —10.22 —8.791 —6.799 ~—5.507 
0.04 —10.76 —9.443 —8.300 —6.572 —5.385 
0.05 —9.448 —8.601 —7.743 —6.302 —5.237 
0.06 —8.215 —7.752 —7.155 —5.999 —5.065 
0.07 —7.119 —6.943 —6.565 —5.676 —4.877 
0.08 —6.169 —6.197 —5.995 —5.345 —4.676 
0.09 —§.359 —5.525 —5.458 —5.013 —4,468 
0.10 —4.670 —4.925 —4.960 —4.687 —4.255 
0.11 —4.090 —4.397 —4.505 —4.372 —4.042 
0.12 —3.599 —3.935 —4.094 —4.073 —3.832 
0.13 —3.183 —3.531 —3.723 —3.790 —3.627 
0.14 —2.829 —3.177 —3.391 —3.525 —3.428 
0.15 —2.527 —2.869 —3.094 —3.278 —3.2373 
0.16 —2.268 —2.598 —2.829 —3.050 —3.0551 
0.17 —2.044 —2.361 —2.592 —2.839 —2.8821 
0.18 —1.850 —2.152 —2.380 —2.6443 —2.7185 
0.19 —1.681 —1.967 —2.190 —2.4653 —2.5643 
0.20 — 1.533 —1.804 — 2.0201 —2.3006 —2.4192 
0.22 —1.2874 —1.5291 —1.7294 —2.0104 —2.1554 
0.24 —1.0944 —1.3094 —~—1.4927 —1.7650 —1.9243 
0.26 —0.94034 —1.1316 —1.2985 —1.5572 —1.7223 
0.28 —0.81543 —0.98592 —1.1374 —1.3804 —1.5459 
0.30 —0.71296 —0.86539 —1.0028 —1.2294 —1.3916 
0.32 —0.62797 —0.76471 —0.88949 —1.0998 —1.2565 
0.34 —0.55672 —0.67981 —0.79325 —0.98799 —1.1379 
0.36 —0.49647 —0.60763 —0.71095 —0.89109 ~—1.0336 
0.38 —0.44506 —0.54579 —0.64008 —0.80665 —0.94148 
0.40 —0. 40088 —0.49246 —0.57869 —0.73275 —0.85991 
0.45 —0.31428 —0.38737 —0.45700 —0.58419 ~0.69319 
0.50 —0.25175 —0.31105 —0.36803 ~—0.47375 —0.56683 
0.55 —0.20519 —0.25398 —0.30116 ~—0.38973 ~—0. 46927 
0.60 —0.16964 —0.21027 —0. 24974 —0.32451 —0.39269 
0.65 —0.14192 —0.17610 —0.20943 —0.27301 —0.33167 
0.70 —0.11991 —0. 14892 —0.17728 —0.23170 —0. 28238 
0.75 —0.10217 —0. 12697 —0.15129 —0.19814 —0.24210 
0.90 
1.0 —0.050207 —0.062523 | —0.074679 ~0.098410 | —0.12118 
1.2 
1.5 —0.015331 —0.019118 | —0.022873 —0.030269 | —0.037469 
2.0 -—0.0052880 —0.006597 | —0.0078963 | —0.010461 | —0.012971 
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Tas_e 1.2 (Continued) 


[Chap. III 


we — sin 2F,, 
iin © cosh 2A» — cos 2Fy 
5° 20° 25° 30° 35° 

165° 160° 155° 150° 145° 
7322 —2.7474 —2.1445 —1.7321 —1.4281 

. 7308 —2.7468 —2.1439 —1.7319 — 1.4280 
. 7266 —2.7451 —2.1433 —1.7314 —1.4277 
. 7100 —2.7381 —2.1397 —1.7293 —1.4264 
.6827 —2.7265 —2.1338 —1.7258 —1.4242 
.6451 —2.7104 —2.1255 —1.7210 —1.4212 
.5979 —2.6899 —2.1149 —1.7149 —1.4174 
.5416 —2.6653 —2.1021 —1.7074 —1.4127 
.4773 —2.6368 —2.0871 —1.6987 —1.4071 
.4060 —2.6046 —2.0702 —1.6887 —1.4008 
3287 —2.5691 —2.0513 —1.6776 — 1.3937 

. 2459 —2.5304 —2.0304 —1.6652 —1.3859 

. 1592 —2.4889 —2.0079 —1.6518 —1.3773 
.0692 —2.4450 —1.9838 —1.6373 — 1.3680 
.9769 —2.3989 —1.9582 —1.6218 —1.3580 

. 8830 —2.3509 —1.9312 —1.6054 —1.3473 
. 7885 —2.3014 —1.9030 —1.5881 —1.3361 
.6938 — 2.2507 —1.8736 —1.5699 —1.3242 
.5996 —2.1989 — 1.8433 —1.5510 —1.3118 

. 5066 —2.1465 —1.8122 —1.5314 — 1.2988 
.4150 —2.0936 —1.7803 —1.5112 —1.2854 
.3251 —2.0404 —1.7478 —1.4904 —1.2715 

. 1520 —1.9342 —1.6815 —1.4473 —1.2424 

. 9889 — 1.8293 —1.6139 —1.4026 —1.2119 

. 8366 —1.7269 —1.5461 —1.3568 —1.1801 
.6954 —1.6277 —1.4784 —1.3103 —1.1475 
. 5652 —1.5325 —1.4116 —1.2634 —1.1141 
.4457 —1.4417 —1.3461 —1.2165 — 1.0803 
.3361 —1.3555 —1.2822 —1.1699 —1.0462 

. 2359 —1.2740 —1.2202 —1.1239 —1.0120 

. 1443 —1.1972 —1.1604 —1.0785 —0.97788 
.0607 —1.1250 —1.1028 —1.0342 —0.94402 
.88174 —0.96363 —0.96930 —0.92813 —0.86126 
. 73850 —0.82723 —0.85088 —0.83026 —0.78238 
. 62306 —0.71225 —0.74682 —0.74113 —0.70840 
.52931 —0.61533 —0.65593 0.66076 —0.63984 
.45254 —0.53349 —0.57679 —0.58877 —0.57689 
. 38914 —0.46416 —0.50795 —0.52458 —0.51949 
. 33639 —0.40520 —0.44808 —0.46752 —0.46742 
. 17264 —0.21454 —0.24557 —0.26547 —0.27475 
054338 | —0.069105 | —0.081278 | —0.090516 | —0.096619 
018909 | —0.024218 | —0.028728 | —0.032305 | —0.034847 
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TaBLE 1.2 (Continued) 
a — sin 2F, 
Tain = cosh 2Ay — cos 2Fy 
Fy 40° 45° 50° : 60° 
Az 140° 135° 130° 125° 120° 

0.0 —1.1918 — 1.0000 —0.83910 ~—0.70021 —0.57735 
0.003 

0.004 

0.005 

0.01 —1.1915 —0.99980 | —0.83896 | —0.70010 —0.57728 
0.02 —1.1906 —0.99920 —0.83853 | —0.69979 —0.57705 
0.03 —1.1892 —0.99820 —0.83782 | —0.69927 —0.57666 
0.04 —1.1872 —0.99681 —0.83682 | —0.69854 —0.57612 
0.05 —1.1846 —0.99502 | —0.83554 | —0.69761 —0.57544 
0.06 —1.1815 —0.99284 —0.83398 | —0.69646 —0.57459 
0.07 —1.1778 —0.99028 —0.83214 —0.69512 —0.57360 
0.08 —1.1735 —0.98733 —0.83003 | —0.69357 —0.57246 
0.09 —1.1688 —0.98402 —0.82765 —0.69183 —0.57117 
0.10 —1.1635 —0.98032 —0.82499 —0.68989 —0.56973 
0.11 —1.1577 —0.97628 —0.822¢8 —0.68775 —0.56815 
0.12 —1.1514 —0.97187 —0.81891 —0.68542 —0.56643 
0.13 —1.1447 —0.96713 —0.81548 | —0.68291 —0.56456 
0.14 —1.1374 —0.96204 —0.81181 —0.68021 —0.56255 
0.15 —1.1298 —0.95663 —0.80789 | —0.67732 —0.56041 
0.16 —1.1217 —0.95090 —0.80374 —0.67426 —0.55814 
0.17 —1.1131 —0.94486 —0.79935 —0.67103 —0.55573 
0.18 —1.1042 —0.93853 —0.79475 | —0.66762 —0.55320 
0.19 —1.0949 —0.93191 —0.78992 | —0.66405 —0.55053 
0.20 —1.0853 —0.92501 —0.78488 | —0.66032 —0.54775 
0.22 —1.0650 —0.91044 —0.77421 —0.65239 —0.54182 
0.24 —1.0435 —0.89491 —0.76278 | —0.64387 —0.53544 
0.26 —1.0209 —0.87853 —0.75066 | —0.63480 —0.52862 
0.28 —0.99749 —0.86137 —0.73791 —0.62523 —0.52141 
0.30 —0.97331 —0.84355 —0.72459 | —0.61519 —0.51382 
0.32 —0.94854 —0.82516 —0.71078 | —0.60473 —0.50589 
0.34 —0.92332 —0.80629 —0.69652 | —0.59389 —0.49765 
0.36 —0.89778 —0.78704 —0.68189 —0.58271 —0.48912 
0.38 —0.87204 —0.76748 —0.66694 | —0.57124 —0.48034 
0.40 —0.84622 ~—0.74770 —0.65173 —0.55952 —0.47133 
0.45 —0.78194 —0.69779 —0.61292 —0.52937 —0.44800 
0.50 —0.71914 —0.64805 —0.57265 —0.49848 —0.42388 
0.55 —0.65879 —0.59933 —0.53459 —0.46738 —0.39936 
0.60 —0.60159 —0.55228 —0.49630 —0.43652 —0.37480 
0.65 —0.54795 —0.50738 —0.45921 —0.40628 —0.35049 
0.70 —0.49807 —0.46492 —0.42366 | —0.37694 —0.32669 
0.75 —0.45200 —0.42510 —0.38986 | —0.34875 —0.30361 
0.90 —0.33567 —0.32180 —0.30014 | —0.27241 —0.24006 
1.0 —0.27443 —0.26580 —0.25022 | ~—0.22896 —0.20319 
1.2 —0.18294 —0.17996 —0.17185 —0.15930 —0.14298 
1.5 —0.099536 | —0.099328 | —0.096160 | —0.090270 | —0.081951 
2.0 —0.036294 | —0.036619 | —0.035835 | —0.033985 | —0.031143 
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TaBLe 1.2 (Continued) 
dacs — sin 2F, 
Tin = Cosh 2A» — C08 2F'w 


7 


65° 70° 75° 80° 85° 90° 
115° 110° 105° 100° 95° 


VA 


¢ 


—0.46631 —0.36397 —0.26795 —0.17633 | —0.087489 0 


Cur 0 


—0.46625 —0.36393 —0.26792 —0.17631 | —0.087481 
—~0. 46608 —0.36381 —0.26783 —0.17625 | —0.087454 
—0.46579 —0.36360 —0.26769 —0.17616 | —0.087410 
—0.46540 —0.36331 —0.26749 —0.17604 | —0.087349 
. 46489 —0.36294 —0.26723 —0.17587 | —0.087270 


—0.46427 —0.36249 —0.26692 —0.17567 | —0.087173 
—0.46353 —0.36196 —0.26655 —0.17544 | —0.087059 
—0.46269 —0.36135 —0.26612 —0.17517 | —0.086928 
—0.46174 —0.36066 —0. 26564 —0.17486 | —0.086779 
10 —0.46068 —0.35988 —0.26510 —0.17452 | —0.086614 


11 —0.45951 —0.35903 —0.26450 —0.17415 | —0.086431 
12 —0.45823 —0.35810 —0.26386 —0.17374 | —0.086232 
13 —0.45685 —0.35710 —0. 26316 —0.17329 | —0.086016 
14 —0.45537 —0.35602 —0.26240 —0.17281 | —0.085784 
15 —0.45378 —0.35486 —0.26159 —0.17230 | —0.085536 


16 —0.45209 —0.35363 —0.26073 —0.17175 | —0.085270 
17 0.45031 —0.35233 —0.25982 —0.17118 | —0.084990 
18 —0.44843 —0.35096 —0.25886 —0.17057 | —0.084695 
.44645 —0.34951 —0.25785 —0.16993 | —0.084383 
20 —0.44437 —0.34800 —0.25679 —0.16925 | —0.084056 


0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
22 —0.43996 —0.34477 —0.25453 —0.16782 | —0.083358 5 
0 
0 
0 
0 
0 
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24 —0.43520 —0.34128 —0.25208 —0.16626 | —0.082602 
. 26 —0.43010 —0.33754 —0.24946 ~—0.16459 | —0.081792 
28 —0.42470 —0.33357 —0. 24667 —0.16282 | —0.080927 
.30 —0.41900 —0.32938 —0.24372 —0.16094 | —0.080013 


382 —0.41303 —0.32498 —0.24063 —0.15896 | —0.079050 
34 —0.40681 —0.32039 —0.23739 —0.15689 | —0.078043 
36 —0.40036 —0.31561 —0.23401 —0.15474 | —0.076993 
.38 —0.39370 —0.31068 —0.23052 —0.15251 | —0.075903 
40 —0.38685 —0.30559 —0.22692 —0.15020 | —0.074777 


45 —0.36902 —0.29229 —0.21747 —0.14414 | —0.071819 
50 —0.35045 —0.27837 —0.20755 —0.13776 | —0.068694 
55 —0.33143 —0.26403 —0.19727 —0.13113 | —0.065446 
60 —0.31223 —0.24946 —0.18680 —0.12436 | —0.062118 
65 —0.29309 —0. 23486 —0.17625 —0.11751 | —0.058750 
70 —0.27420 —0.22036 —0.16573 —0.11066 | —0.055378 


75 —0.25576 —0.20612 —0.15535 —0.10389 | —0.052034 

90 —0.20426 —0.16594 —0.12583 —0.084508 | —0.042433 

0 —0.17390 —0.14195 —0. 10803 —0.072741 | —0.036581 
2 —0.12356 —0.10166 —0.077846 | —0.052646 | —0.026545 
5 —0.071522 | —0.059332 | —0.045730 | —0.031072 | —0.015711 
0 —0.027407 | —0.022896 | —0.017747 | —0.012108 | —0.0061376 
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and Fy = Bw + ®, in terms of rin and 21, or for Ay = aw + p, and 
Fi, = Bw + £1 in terms of giin and Dyin. 

In Chap. II, Sec. 16, several applications of the circle diagram are 
listed in terms of the functions p, $, r1, 41 and p, $’, gi, b:. Evidently 
these apply equally if A is substituted for p and F for ® and if a sub- 
script in is added to ri, a1, gi, and b;. Additional applications include 
the following: 

1. From known values of p, and ®, (or ®{) and of aw and Bu, values of 
Ay = aw + p,and F, = Bw + ©, (or Fi, = Bw + &) may be determined 
from the circle diagram, and from these rin and Xin (or gin and Din) 
may be obtained. 

2. From known values of fin and iin (OF gin and bin), Ay and Fy 
(or F’,) may be determined from the circle diagram, and from these and 
known values of aw and Bu, p, and ®, (or ®{) may be obtained. From 
these, in turn, 71, and 21, (or gi, and bi.) may be found from the circle 
diagram. 

2. Input Impedance and Admittance. The formulas relating input 
impedance and admittance to normalized input impedance and admit- 
tance are 


— Rin — eX in ee Gin + o-Bin 
ee RO +6) 9" ~ G+ @2) (1) 
Xin + dolrin Disn Bin = bcRin (2) 


Tin = Bl + 69) Ga gs) 


The inverse relations are 


Rin = R.(r iin + Pc tin) Gin = G.(Grin bron $Diin) (3) 
Xin = Retin — cl 1in) Bin = Ge(diin + beGrin) (4) 
1 
Note that RG. = ite (5) 


The formulas involving the phase and attenuation functions are 


_ sinh 2A, — ¢, sin 2F, : 
Rin = Re cosh 2A, — cos 2F, (6a) 
_ q sinh 2A, + ¢, sin 2F', 
Gin = Ge cosh 2A — cos 2F7, (66) 
sin 2F,, + ¢, sinh 2A, 
cosh 2A, — cos 2F,, 


sin 2F), — ¢. sinh 2A, 
mite cosh 2A, — cos 2F%, (7) 


Xin = —R, (7a) 


Note that 


Aw = aw+p, F, = Bw + 4, Fi, = Bw+ & (8) 
and also cosh 2A, — cos 2F,, = 2(sinh? A, + sin? F,) (9) 


The formulas (6) and (7) are general and involve no restrictions or 
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approximations other than those implied in the derivation of the differ- 
ential equations and their application to terminated sections of line. 
The impedance and admittance given by (6) and (7) are studied con- 
veniently in two forms. The criterion distinguishing them is whether 
the input reactance can be made to vanish or not by varying the phase 
function F,, = &, + Bw over a range from zero to 7. The condition of 
zero input reactance characterizes a section of line with an input imped- 
ance that is tuned to resonance or antiresonance. Any section of line 
for which the input reactance can be made to vanish by varying F, is 
potentially resonant. A section in which the input reactance cannot be 
made zero by varying F,, is nonresonant. 
An examination of (7a,b) shows that the input reactance or susceptance 
is zero when 
sin 2F, = —@, sinh 2Aw (10a) 
sin 2F/, = ¢, sinh 2A, (10b) 


Since the sine cannot exceed unity in magnitude, it is essential that the 
following condition be satisfied: 


¢@- sinh 2A, = 1 (11) 


This is the condition characterizing all potentially resonant sections of 
line. Correspondingly the condition for nonresonance is 


¢. sinh 2A, > 1 (12) 


Nonresonant Section of Line. Subject to (12), Xin ts always negative. 
Since ¢, is very small on a low-loss line, the condition (12) implies that 
Ay is quite large. Clearly, if (12) is satisfied together with $7 < 1, it 
follows that 


sinh 2A, > 1 (13) 
so that, from (6) and (7), 
R;, = R, tanh 2A, Gin = G, tanh 2A, (14) 
sin 2F, 
Xin = — R.(tanh 2Aw) («. + souk) 


(15) 
Bin 


G.(tanh 2Aw) («. carey a) 


where the large parentheses are always positive subject to (12). More- 
over for A, = 2, sinh 2A, 2 27 and 1 2 tanh 2A, 2 0.9993. Hence 


; sin 2Fy 
= (4. aia Fe) a6) 


Zin = R. E = J 
in 2F', 
Yin = Ge [1 a («. = sn 2k) | a 


Sec. 2] IMPEDANCE AND ADMITTANCE 149 


The imaginary parts of (16) and (17) are very small, so that Z,, and Y,, 
are essentially real and the line is matched for all practical purposes. The 
perfectly nonresonant or exactly matched line is defined by 


Ay =aw+ Pp = © (18) 
Zin 7 R.A — Jee) = Z, Zin = 1 (19a) 
Yin = G-(1 + je) = Y, Yin = 1 (19b) 


Resonant Section of Line. The potentially resonant sections of line 
may have zero input reactance and susceptance when one of two possible 
conditions is satisfied. The two possibilities are distinguished as input 
resonance and input antiresonance, as follows: 


Input Resonance 


Fe 3 =f (n 3 pee ¥ sin—! (¢, sinh 2A,,) 
= cos V/1 — ¢? sinh? 24, n odd (20a) 
os 
Xin = 0 — (Rin)roe = Ue (200) 


cosh 2A, + 71 — ¢2 sinh? 24, 
G.(1 + #2) sinh 2A, 
Bin = 0 Gin res — ‘ 20. 
(Grn) cosh 2A, — YW1 — ¢2 sinh? 2A, ee 


Input Antiresonance 


nm 


2 


Fi, - (6 De =a — isin“! (¢ sinh 2Aw) 


=a —scos! V1 — ¢? sinh? 2A, meven (21a) 


RA1 + ¢2) sinh 2A4,, 


Fy — 


p.m = 0 Rin akree SO OOOE—————————Ee—e 21b 
ales cosh 2A, — V1 — ¢2 sinh? 2A, 2) 

2 '. 
Bin = 0 (Gin) akties = Gel als $2) sinh 2Aw (21¢) 


cosh 2A, + +/1 — ¢? sinh? 2A, 

For a low-loss line and a termination that satisfy the following 
inequalities: 

¢ <1 ¢? sinh? 2A, <1 (22) 

(20) and (21) may be readily simplified. Since ¢, is very small on a 


good line, (22) is not a severe restriction on p,in A». Most terminations 
that are not adjusted to be matched satisfy (22). 


Input Resonance 


Pye = Pe- S20 n= 1,3,5,... (28a) 
Xin = 0 (Rin)ree = R, tanh A, (23b) 
Bin a 0 (Gin) ree = G. coth Aw (23c) 
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Input Antiresonance 


_m—1yr 


Po =F, 5 n=0,2,4,6,... (24a) 
Xin = 0 (Rn antipéi = R. coth Ars (24b) 
Bin = 0 (Gin) antires = R. tanh As (24c) 


For a low-loss line and a low-loss termination that satisfy the following 
inequalities: 
¢? <1 Az <1 (25) 


conditions of resonance and antiresonance are as follows: 


Input Resonance 


Fo — ar OTM A, 20 n= 1,3,5,... (26a) 
Xin = 0 (Rin) res = R.Aw (26d) 
Bin = 0 Gindre * 2 (260) 
Input Antiresonance 
ar — (n— 1)e 
Fy - oe tae oa anes 
=a — ¢Ay =r n=0,2,4,6,... (27a) 
Xin = 0 (Rin) antires = ue (27b) 
Bin = 9 (Gin)antires = G.Aw (27c) 


Note that in (20) to (27) 
Ay = aw + ps F, = Bw 4, Fi, = pBwt+ & (28) 


It is well to note that, subject to (22), the approximate formulas for 
input resonance and antiresonance coincide with the exact formulas for 
normalized input resonance and antiresonance, defined as follows: 


Normalized Input Resonance 


Vr 


2 


po ee Da 
F%, ao sae 


Lin = 0 (Tin) res — (Bendre = tanh Aw (29b) 


Fw =0 n=1,3,5,... (29a) 


Diin = 0 (Giin) rea = — ad coth Aw (29c) 
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Normalized Input Antiresonance 


Pe — =p, — OOD n = 0,2,4,6,... (30a) 
Liin = 0 (Tin) antires =. Bis)entire = coth Aw (30b) 
Duin = 0 (rin) antires — (Cinonie = tanh Aw (30c) 


The general formulas for input resistance and reactance are considered 
conveniently in two ranges. 
Range of Impedance Including Input Resonance. This range is defined 
by the condition 
sin? F,, > sinh? A, (31) 


so that F,, is not near nr/2, with n even. It follows that the normalized 
input resistance and reactance are 


_ sinh Aycosh A, P 
i= ae sinh 2A, csc? F,, (32a) 


Lin = — cot F,, (32b) 


If A. is small compared with unity, this is the principal range. Note 
that 3 sinh 2A, = Aw if Awissmall. The input resistance and reactance 
are 


Rin = Re(rin + $-X1in) = R.(Z sinh 2A, esc? F, — ¢, cot Fy) (33a) 
Xin = Re(Xiin — $cfiin) = —R-(cot Fu — % ¢ sinh 2A,, csc? F,) (83d) 


The terms with ¢, as a factor are usually negligible except in deter- 
mining F,, for short sections of line with terminations for which p, is very 
small. For example, if the following conditions are satisfied: 


AZ =(aw+p)?K1 Fy=6wt+% (6w)?X<1l = a (34) 
it follows that 
Rin = R, csc? Fy (aw + ps — ; sin Fy, cos Fe) (35) 
If &, = 0, sin F,, = sin Bw = Bw and cos F,, = 1, so that 
. Reps 
Rin = aug (36a) 


If the term with ¢. = a/8 as a coefficient is neglected, the result is 


te Raw + ps) (36b) 


B?w? 


This is comparable with (36a) only if aw is negligible compared with p,. 
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Similarly, if 4 = 1/2 + Bksa, pe = a(b — ka), as for a conducting bridge, 
sin fF, = 1, and cos Fy = —B(w + ksa), so that 


Rin = R. Ee ae b — Kea) + 7 B(w + ka) | = R.a(2w -+- b) (37a) 


where it is implied that 6?w?<«<1. If ¢, is neglected, p, = ab, and the 
term in a/8 is missing. That is, 


Rin = R.a(w + b) (375) 


Clearly the contribution from the conductors of the line is 50 per cent in 
error if the term in ¢, is omitted. 
Range of Impedance Including Input Antiresonance. This range is 
defined by 
sin? F,, < sinh? A, (38) 


so that the normalized input resistance and reactance are 


‘iin = coth Aw (39a) 


_ _ sin Fy cos Fw 1 op . 
Lie eg a 2F, esch? Aw (39) 


If A,, is large compared with unity, as for a line that is almost matched, 
this is the principal range. Evidently r;,, is near unity, and 2j;, is very 
small. On the other hand, if A, is small compared with unity, this range 
includes only narrow bands near F,, = nr/2, with n even. 

The input resistance and reactance are 


Rin = Re(tiin + ¢-Lin) = R-(coth Au — ¥¢- sin 2F,, esch? Aw) (40a) 
Xin = R.(tin — OPiin) = — RCs sin 2F, esch? Ay + ¢ coth Aw) (40b) 


The general formulas for the input admittance Y,, may be referred in 
a similar manner to two principal ranges. However, these ranges do not 
correspond to those of the input impedance. 
Range of Admittance Including Input Antiresonance. This range is 
defined by the condition 
sin? F’, >> sinh? A, (41) 


so that F’, is not near (n — 1)x/2, with n odd. The normalized input 
conductance and susceptance are 


Jun = x Sinh 2A, csc? Fi, (42a) 
Duin = — cot Fi, (42b) 


If A, is small compared with unity, this is the principal range. The 
input conductance and susceptance in Yin = Gin + jBin are 


Gin = Ge(G1in — cdi) = G-(y sinh 2A, esc? F!, + ¢. cot Fi,) (48a) 
Bin = Ge(Diin + OeG1in) = —G.(cot Fi, + $4. sinh 2A» esc? Fi,) (43b) 
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The terms with ¢, are usually negligible except in determining the input 
conductance of short sections of line with terminations for which p, is 
small. The situation parallels that discussed in conjunction with (34) 
to (37). 
Range of Admittance Including Input Resonance. The condition for 
this range is 
sin? FY, < sinh? Ay (44) 


The normalized admittance is given by 
gun = coth Ay bin = —¥ sin 2F%, esch? A, (45) 


If A, is large compared with unity, as for a line that is matched or nearly 
matched, this is the principal range with g;;, near unity and bi;, small. 
If A, is small compared with unity, this range is very narrow and near 
F!, = (n — 1)r/2, with n odd. 

The input conductance and susceptance are 


Gin = Ge(gun — bcdiun) = G-(coth Aw + % ¢ sin 2F%, csch? Aw) (46a) 
Bin = Ge(Diuin + cGuin) = —G.(% sin 2F%, esch? Ay — ¢.coth Aw) (460) 


3. Extreme Values of the Input Resistance and Conductance. Sec- 
tions of transmission line can be so designed that the input resistance or 
the input conductance is extremely small or extremely great. Many of 
the most useful applications of sections of line arise from these two proper- 
ties. The conditions under which R,, or Gj, may assume extreme values 
by suitably adjusting the length w of the section with a given terminal 
impedance must be determined by equating the derivative of Rin or Gin 
with respect to w to zero. Differentiation of Sec. 2, Eq. (6a), leads to 
the following equation: 


(cosh 2A, — cos 2F,,)(a@ cosh 2A, — ¢.8 cos 2F.,) 
— (sinh 2A, — ¢. sin 2F,,)(@ sinh 2A, -+ 8 sin? 2F,,) = 0 (la) 


Similarly differentiation of (6b) gives the following equation: 


(cosh 2A — cos 2F!,)(@ cosh 2A, + ¢.8 cos 2F%,) 
— (sinh 2A, + ¢. sin 2F/,)(a sinh 2A, + 6 sin? 2F,) =0 (1d) 


This second equation, (1b), differs from (1a) only in having F’, in place of 
F,, and —¢, in place of ¢.. By suitable rearrangement these equations 
may be expressed as follows: 


sinh 2Aw sin 2F , _ @ + o.8 = a(l + -8/a) = 26 (2a) 
1 — cosh 2A, cos2F, B— ¢a B(1l — ¢.a/8) 
sinh 2A, sin 2F%, a— ¢8 _ a(l — ¢8/a) _ 28! 


1 — cosh 2A, cos 2Fi, B+ ¢.a B(1 + ¢.a/8) 


where 6 and 38’ are as defined in (2a) and (2b) for temporary use. Fora 


(2b) 
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low-loss line with negligible leakage conductance, for which 


a 


it follows that 
6= ¢ =- 6’ = 0 (4) 


Thus the behavior of resistance and conductance near their extreme values 
differs unless, as in a dissipationless line, ¢. = 0. 

Since (2a) and (2b) are formally alike, the analysis may be continued 
using (2a). The parallel result for (2b) is obtained by adding primes on 
F, and 6. The following rearrangement of (2a) is convenient: 


sinh 2A, sin 2F,, + 26 cosh 2A, cos 2F,, = 26 (5) 
Let D = Vsinh? 2A, + 46? cosh? 24, (6) 


Then (5) can be expressed as follows: 


sinh 2Ay . 26 cosh 2Ay _ 26 
—zy “Sin 2Fy, + ——p «£08 2Fy = D (7) 
Now let 
sinh 2A = cos 2y 26 cosh 24e = sin 2y 265 coth 2A, = tan 2y 
(8) 
so that (7) becomes 
sin (Fe + v) = (9) 


Since the right side in (9) is essentially positive, the argument of the 
sine must be in the first or second quadrants. That is, 


_ 1. _, 26 _ 

Po = > ¥ +5 sn D n = QO, 2, 4, 6, see (10) 
_ 1. _, 26 _ 

Py = ¥ — 5 sin D n=1,3,5,... (11) 


These formulas may be put into more convenient forms. Note that, 
with (6), 
. _, 26 26 
sin-! — = tan-? ————__——______- 12 
D V1 + 46 sinh 2A,, (12) 


The substitution of (12) in (10) and (11), using (8), yields 


FP, = as _ 1 tan! 26 — tan! 6 n even 
“2 2 tanh 2A, /1 + 48 sinh 2A, 
(18) 
_m 1/f/, _, 26 - 26 
w= a3 (tan tanh 24, 7 8" 7p a6? sinh oa.) m oad 


(14) 
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The formula tan—! % + tan-! y = tan“! Zev (15) 
F xy 
permits the expression of (13) and (14) in the following forms: 
pw OE Lot 95 V/1 + 48 sinh 2A, — tanh 2A, h even 
° 2 2 462 + 4/1 + 46 sinh 2A,, tanh 2A, 
(16) 
FP tm 198 1/1 + 48 sinh 2A4,, + tanh 24, n odd 
v2 2 V1 + 46 sinh 2A, tanh 24, — 48? 
(17) 


These are the general formulas giving extremizing values of Fy. 
Restriction to Low-loss Lines. The low-loss line with low over-all 
attenuation is defined by 


4e°<«K1 442<1 (18) 
Subject to (18), the hyperbolic functions may be expanded in series to 
obtain 


_ te 1s. op @Ae)E+4) ne ABS 
Bo =x — g tan) 20 “Tee as) a + Az 


neven (19) 


Similarly (17) becomes 


_ mm 1, 2Awd 
Bo =o — 9 an aa i 


n odd (20) 


The argument in (19) is sufficiently small so that it may replace the 
inverse trigonometric function. This is not necessarily the case in (20), 
since the difference in the denominator may be small. For simplicity in 
interpreting (19) and (20), let the line be required to have negligible 
leakage conductance, so that 


Get =f _ 
we Sat 80% = 38 (21) 
With (21), (19) becomes 
_ (a/B) (aw + ps)? _ tr a*’wBw, 
Py = 2 a?/B? + (aw +p)? 2 1 + Bw! meven (22) 
where w, = wt e: (23) 


Since Fy = Bw + 8 = Bw, — Bp,/a + ®,, (22) may be solved for Bu,. 
Thus 


Ww? Nv B 8 
Bw, (1 + i ant) = oT ©, + ~ n even (24) 
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Since it has been assumed that 


2 
Az = (aw + p,)? = (aw,)? <1 (2) <1 (25) 
it follows that (24) reduces to 
F, = Bw+ % = a nm even (26) 


2. 
The value of Bw defined by (26) locates the maximum value of Rin, as is 


shown later. 
Subject to (21), (20) becomes 


nr 


- ; 2(a/B)(aw + ps) n odd (27a) 


(aw + ps)? — 0/8? 


= tan! 


With (23), this is equivalent to 


unas 0% = dane 2/8, 


} 5} i_ (1/Bw,)? n odd (27b) 


The use of the trigonometric identity tan—! x = 3 tan [2a/(1 — x?)] in 
(27b) reduces this to 


Fy = > — tan! ia = oS Ue + tan! Bw, nodd (28) 
Hence tan F,, = tan (@Bw + ®,) = B (w + er (29) 


This relation gives the values of Bw which locate the minimum values of 
input resistance. 

Formulas corresponding to (26) and (28) for the extreme values of the 
input conductance are obtained directly from (19) and (20) by adding a 
prime on F,, and on 6 and noting that 6’ = 0. Thus (19) gives 


Fi, = Bw+ = > nm even (30) 
Similarly (20) gives 
F, = Bwt & = > n odd (31) 


It will be shown that (30) locates the maxima of G, and (31) locates the 
minima, of Gin. 
Substitution of (26) in Sec. 2, Eq. (6a), using (21) and (25) gives 


R. =e = nT 
aw + ps 


Rin = (Rin) max = 
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In order to substitute (27b) in Sec. 2, Eq. (6a), note that, with n odd, 


. . 2Bw ; _, 28w 2Bw 
sin 2Fy = sin (nz — tan7! pone) = sin tan7! ——*—_ = ——_—?__ 
Bw, — 1 Bwe—1 pws t+ 1 
(83a) 
2Bw 
= — -1 ae 
cos 2F, = cos (nz tan Pw? — :) 
2Bw 22 — J 
= — cos tan~ Fas eos ur (330) 
Qayy2 _ 
Hence Rin = R. Zaw,(B*w, + 1) — 2a, _ R.aw, (84) 


Bw? + 1+ Bw? — 1 
so that finally 


Rin = (Rin) min = R.(aw + ps) tan (Bw + ®,) = B (u + es) (35) 


Substitution of, (30) and (31) in Sec. 2, Eq. (6b), leads directly to 


G. 
aw + Ps 


Gin = (Gin) max = Bw + Hf 


neven (86) 


Gin = (Gin)min =G(aow+p) Bwts 


wo] § wl § 


nodd (87) 


Note that (Rin)max and (Gin) min occur at the same values of Bw, but that 
(Rin) min ANd (Gin) max dO not. 

4, Extreme Values of the Input Reactance and Susceptance. Extreme 
values of X;, and B;, are obtained by differentiating Sec. 2, Eqs. (7a,b), 
with respect to w and equating the derivatives to zero. The resulting 
equation for dX;n/dw = 0 is 


(cosh 2A, — cos 2F.,)(8 cos 2F., + ad, cosh 2A~) 
— (sin 2F, + ¢, sinh 2A.,,)(a sinh 2A, + 8 sin 2F,) =O (1) 


Collecting terms and rearranging give 


cosh 2A, cos 2F,, — 25 sinh 2A, sin 2F, = 1 (2) 

Boe +a 
wh 26 = — 3 
ere 8 — abs (3) 


Aside from constant factors the expression [Sec. 2, Eq. (7b)] for B,, differs 
from Sec. 2, Eq. (7a), for Xi, only in having F%, appear in place of F., 
and —¢, in place of ¢.. Hence the equation corresponding to (2) is 


cosh 2A, cos 2F%, — 28’ sinh 2A, sin 2F%, = 1 (4) 
where 25 = ars (5) 


Note that, for the line with negligible leakage conductance, for which 


158 TRANSMISSION-LINE THEORY [Chap. III 


¢? = a?/B? <1, it follows that 


a 
6=- 6’ = 0 6 
5 | (6) 
The solution of (2) is readily carried out by dividing through by 
= —V/cosh? 2A, + 46? sinh 2A, - (7) 
and setting 
cosh Ae Sean oy! 26 sim 2a =sin2y’  26tanh2A, = tan 2y/ 
(8) 
The result is 
_ ne oy —1 i 
F, = 5 + cos Di nm even (9) 
However, with (7), 
cos7! — = tan“! +»/D? — 1 = tan— (+/1 + 46? sinh 2A.) (10) 


4 
so that, with (8) and (10), (9) becomes 


SE Mac 
Fy = 7 3 tan-! (26 tan 2A) 


mn 5 tan (4/1 + 4e sinh 24.) neven (11) 
The arctangents may be combined into 


‘aoe 2a 
Py = me lig 1 25 tanh 240 F-V1 + 48? sinh24y (12) 


2 2 1 — 25+/1 + 46? tanh 2A,, sinh 2A, 


This is the general formula. 
Restriction to Low-loss Line. Subject to the conditions 


(2Aw)? <1 (26)? <1 (13) 
(12) reduces to 
Fy= > + Aw(26 F 1) nm even (14) 
With (6) and the notation w, = w + p/a, (14) becomes 
Bw, — Pes +46, = > F aw, nm even (15) 


where the term 265A, has been neglected compared with unity as a result 
of (13). The solution of (15) for Bw, gives 


_ nn/2 — & + Bp./a 
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Hence Bw = (= — 6+ bo.) ¢ + =) _ Bee n even (17) 


2 B 
Finally Bw = (¥ — &.) (1 + 2) F Ps nm even (18) 
This is the final formula for the length w giving extreme values of Xin. 
The corresponding formula for extreme values of B;, is obtained from 


(14), with Ff, written for F,, and 6’ = 0 for 6. Since the term in 6 was 
neglected, the same formula is obtained, viz., 


Bw = (" - a) (1 7) F Ps n even (19) 
The extreme values of X;, and B;, are obtained by substituting the 
equivalent of (18) and (19) in Sec. 2, Eqs. (7a,b), using (6) and (13). 


That is, 
F, = (" + Aw) nm even 
(20) 
Fi, = ("= Aw) nm even 
are substituted in 
oe sin 2F,, + 2Awa/B sin 2F%, — 2Awa/B 
Xin = — Re 1 + 2A2 — cos 2F,, Bin = —Ge 1 + 2A2 — cos 2F7 
(21) 
Since sin (nr $ 2Ay) = F2A, nm even 99 
cos (nw F 2A.) = cos 2A, = 1 — 2A2 nm even (22) 
it follows that 
a F2A, + 2A,a/B 
oe F2Ay, — 2Ana/B 
R. _ a@ 
Xin = + A. (1 + “) (24a) 
G. a 
Ba = + oA. ( + 2) (246) 


where the upper signs go together and the lower signs go together in 
(23) and (24). Specifically 


R. a a 
man = a4: (1-§) ow (FF 8)(1~§) 0 


meven (25a) 


(Xin)mia = — 94- (1 + 2) Bw = ( s.) (1 + a) + ps 
meven (25b) 
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Pada = aac(i+§) oem (Fa) (1-5) a 


meven (26a) 
Ge 7 Py Lene 2 
(Bin) min eatery 9A. ( a 2) Bw = (" x) (1 2 ) “++ Ps 
nmeven (260) 


5. Summary of Critical Values of Input Impedance and Admittance for 
a Section of Low-loss Line. 


Conditions Assumed 


2 
¢? = (:) <1 (1a) 
Az = (aw + ps)? <1 (1b) 
Input Resonance, n Odd 
pu =F & Xin = 0 Rin = (Rin)ror = Re(orw + p.) (2a) 
one Te - , a eee ce : = “el = Ge 
Bw — an q, Bin ars 0 Gin (Gin) res (Gin) max Ow He Ds 
(2b) 
Input Antiresonance, n Even 
Bw = > i. , Xin = 0 Rin > (Hin) aacies 
R. 
ad (Week Vise = aw ae De (3a) 
Bw = (nv — De p= oe Be = 0 Gin = (Gin) antires 


= (Gin) min — G.(aw + Ps) (3b) 
Minimum Input Resistance 
tan (Bw + ®,) = B (u P ms Rin = (Rin) min = Re(aw + ps) (4) 


Bw = 0 4.49 7.72 10.90 for (Rin) min 
Bw=1.57 4.71 7.85 10.99 for (Rin)res 
Extreme Values of Input Reactance and Susceptance, n Even 


(Zin = Rin + jX in Yin = Gin + 7Bin) 


me = (F 2) (1-§) a 


For #, = Oand p, = 0, | 


(5a) 
_ R. 1 a/B 21 ~ a 
Xs “= (Xe) mex - aw as De = 3( Rin) max (1 =) 
nT a 
Bw = (™ — «,) ¢ = 7) + ps (5b) 
R.1 . 
Xin = (X sn) mia oS Dy are av — $( Rin) max (1 + 7 
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m(5-9)(-)-0 


(5c) 
cl aa | 
Bin = (Bin ass = & wt we = = (Gin) max (1 + 4) 
nt a 
Bw hans (  * x) (1 i ) + Ps (5d) 


Bin = (Bin) min = Ge ee = — (Gin) max ( = 4) 
Relations between Extreme Values 


(Rin) res = 4| (Xin) max (Xin) sail (Rin) max — (Xin) max ~— (Xin) min (6a) 
(Gin) Aes = 4| (Bin) na Dea) ‘stil (Gin) max ~~ (Bin) max — (Bin) min (6b) 


It is interesting to study graphically the general behavior of. the 
input impedance Z;, and input admittance Y,, of a low-loss section of 


0 T/2 a 3177/2 27 Bw 
ec SA ee Caer [caer OOM) ees 
% m2 TT 30r/2 air 57r/2 


Fig. 5.1. Schematic diagram of Rin and Xi, for section of line of electrical length Bw. 


transmission line of length s, line spacing 6, characteristic impedance 
Z. = R-(1 — j¢.), and propagation constant ~ = a + j@ when termi- 
nated in an arbitrary impedance Z, = R, + jX. with complex terminal 
function 0, = p, + 7@,. It is assumed that this termination consists of 
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a section of line of length s, (s? > b?) with an arbitrary impedance at its 
end, so that end effects do not exist at the location of Z,. 

A schematic diagram of the input resistance and reactance of a line 
with low over-all attenuation is shown in Fig. 5.1. Actually the peaks 
should be very many times higher and narrower in order to represent 
correctly a low-loss line. For the present the distorted curves in Fig. 5.1 
are convenient to describe the salient properties of the impedance. 

The curves shown in Fig. 5.1 apply to a section of line of electrical 
length Bw terminated in an impedance Z, that includes a rather low 


7/2 rg 2m/2 an fw 


®, a2 1 37/2 2m 5ir/2 
F, 


Fia. 5.2. Schematic diagram of Gi, and Bin for section of line of electrical length Bw. 


resistance R, and a somewhat greater capacitive reactance X,. The 
appropriate values are indicated at Bw = 0 or F, = Bw+%, =, As 
the length @w is increased from zero, the input reactance X;, rises from 
X, to zero at F., = 7/2, which defines input resonance as given in (2a). 
At this length the resonant input resistance is quite small, namely, 
(Rin)ree = R-(aw + ps). As Sw is increased further, the input resistance 
rises first slowly, then very rapidly to a maximum value of 


R. 
(aw + ps) 


at F, = 7. This is the antiresonant value. Beyond gw = 7 — , the 


(Rin) max ~~ 
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resistance drops first rapidly, then slowly until it reaches a minimum 


(Rin)min = R.(aw + ps) at a value of Bw defined by (4). 


Correspond- 


ingly the input reactance rises to a maximum (Xin)max at a value of Bw 


[specified accurately in (5a)] which lies 
very slightly to the left of F, = 7. It 
drops abruptly through antiresonance 
with X,, = 0 at Ff, = a and then de- 
creases to a negative extreme value 
(Xin)min} it then rises to pass through 
zero again at resonance. The entire 
cycle is then repeated. The maximum 
values of resistance are on the curve 
R./(aw + pe) at Fy = nr. The ex- 
treme positive values of the reactance 


R. a\. 
are on the curve Sat a) (1 a} 


the negative values are on the curve 
ors 1+ *). Note that in mag- 
nitude a negative extreme is always 
greater than the associated positive ex- 
treme. Corresponding curves for in- 
put susceptance and conductance are 
shown in Fig. 5.2. 

If the impedance Z, of the termina- 
tion at w = 0 is changed, the general 
shape of the curves is unaffected, but 
they are moved bodily toward shorter 
or longer lengths depending on the na- 
ture of the impedance. Let a few spe- 
cial cases be considered: 

1. R, = 0, X,= —o. These con- 
ditions correspond to an ideal open end 
with p, = 0, ®, = 0. The impedance 
curve has the shape illustrated in Fig. 
5.3. 

2. R, =0, X,;=0. These condi- 
tions define a perfect short circuit such 
as given by an infinite perfectly con- 
ducting disk on an open-wire line or a 
perfectly conducting piston in a coaxial 


T (Pwt %,) 


(c) 
Fig. 5.3. Schematic diagram of Rin 
and X;, for a transmission line of 
electrical length Bw with different 
terminations. (a) Ideal open end, 
@, = 0,9, = 0, R, = 0, X, = —~, 
(b) Ideal short circuit, 4, = 7/2, 
p» = 0, R, = 0, X,; = 0. (ec) Par- 
allel resonant circuit, @, = 0, p, 
small, R, large, X, = 0. 


line. The corresponding terminal functions are p, = 0,@, = 7/2. The 
behavior of R;, and Xi, for such a termination is shown in Fig. 5.30. 
3. R, very large, X, = 0. These conditions apply to a tuned parallel 
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resonant current. The corresponding terminal functions are p, very 
small, 6, = 0. The impedance curves behave as shown in Fig. 5.3c. 
Complete sets of curves of the input impedance of a particular section 
of two-wire line terminated in an ideal open end with R, = 0, X, = —© 
and in a perfect short circuit with R, = 0, X, = 0 are shown in Fig. 5.4 
as functions of the length w of the section. Similar curves for a particu- 
lar coaxial line are given in Fig. 5.5. Note that in both sets of curves 
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Fig. 5.4. Zin for two-wire line. R, = 439.8 ohms, ¢ = 7.183 X 1074, a = 2.258 K 1073 
neper/m, 8 = 3.144 radians/m, a = 5.118 X 107+ m, b = 0.02 m, Aur = 2M, Mine = 
1.992 m. Z;, = Ri, + jX;, for an ideal short circuit. Z;, = Ry, +jX;, for ideal 
open end. 


antiresonances occur at Bw = na/2, where n is odd for the short-circuited 
end and even for the ideal open iia: Corresponding curves of the input 
admittance are shown in Figs. 5.6 and 5.7. 

The input impedances and admittances of the same sections of line 
terminated in pure resistance of R, = 60 and 2,500 ohms are shown in 
Figs. 5.8 to 5.11. 

6. Section of Transmission Line as an Insulator.” *!°° One of the 
most interesting practical applications of terminated sections of trans- 
mission line makes use of the very high values of resistance which can be 
obtained at antiresonance. The formula for maximum input resistance 
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Fia. 5.5. Zin for coaxial line. 
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of a section of low-loss line for which 


(1) 


r 


c 


R 


a= 5 


(2) 


_R 
ar(s + Psa/O) 


n=0, 1, 2, . 


_ f 
-¢ 


(Rin) max 


is 


(3) 


8 


_ WA _ & 
= 3-3 


8 


at 


For a two-wire line terminated in a bridge of length b and made of 


the same wire as the line, the apparent terminal functions are 


(4) 


where k., and m, are as defined and evaluated in Chap. II, Sec. 20. For 
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Constants of the line are the same as in Fig. 5.4. 
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Fia. 5.6. Yin for two-wire line. 
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the coaxial line 


(5) 


The appropriate conditions for antiresonance with n integral are 
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and the corresponding antiresonant resistances are 


for the two-wire line 


Ro _ R. _ —-2R? 
as+ pa  a(s+b/2) r(s + 6/2) 


(Rin) max 


(7a) 


(7b) 


for the coaxial line 


and 


For convenience let 


(8) 


for the two-wire line 


(9) 


for the coaxial line 
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Constants of the line are the same as in Fig. 5.5. 
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for ideal short circuit. 


so that s’ 
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For a line with low attenuation per unit length when operated at suf- 


ficiently high frequencies, the following simple formulas are good approxi- 


The shortest possible lengths and the greatest resistance are obtained 
mations: 


Fig. 5.7. Yi, for coaxial line. 
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For the coaxial line 


% 


Y, 


168 TRANSMISSION-LINE THEORY [Chap. III 


104 ————— pt 
Hf Soi ee eel Ge al oa ee 
RPS EES een CRS) 
4 
ae a 
Pie RS ae (as 
aa Barge a 
10° Bae. 274) TTT Toit AN >A 
2 Ar SA AS a a a 
un eas Ce, GERD SUSE || ES SE ERS | ER NE, SNES A | 7 
E 4 [\ TS tA ere ee A || mara 
E Wea 45 A AS a A KI 
S Gb. TX ATP TAKE a 
102 Pe ee a Se | 
8 > ae A 2 ee AK] 
6 ee A SS SE A 
4 eee ceoee comes 
= ee ee 
é | 4 HH }t+—|— 
Py ey es Ges et oe 
0 0.5 1.0 2.0 Meters 


Fic. 5.8. Zin for two-wire line. Constants of the line are as in Fig. 5.4. R,, and 
X;, for R. = 60 ohms, X, = 0; Ry, and X;) for R, = 2500 ohms, X, = 0. 
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Fic. 5.9. Zin for coaxial line. Constants of the line are as in Fig. 5.5. Rj, and Xj, 
for R, = 60 ohms, X, = 0; R;, and X;,, for R, = 2500 ohms, X, = 0. 
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Fic. 5.10. ¥;, for two-wire line under same conditions as in Fig. 5.8. 
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In the above 


ohms (13) 


A= ; = oats Vp = Ji- v0 4/— +3 X 108 J m/sec (14) 
rd 


the following formulas are obtained: 


For the two-wire line 


107? ‘es ee eee | aS 2 | A PS SR ES | , 
8 ee ee ie rt 4 Lt Ned = 
6} 4  f 4 Gin ee Gin es oy a Oe iene 
4+ 4 7 tf By +B’ LAtAS — + Bi C7 TN = 
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fi 
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Fig. 5.11. Yin for coaxial line under same conditions as in Fig. 5.9. 


For the coaxial line 


8R2 4b Vw £7 [In [In (b/a)]? 


Thom Qnv, me? 1+ b/a (16) 
_4 1 ° 
Let = m Inv, w (17) 
Then for the two-wire line 
_ 8R2 | 2a(_, ,b\ 
(Rin)owx = —* = 0K Va > (cosh *) (18) 
and for the coaxial line 
_ 8R?2 [In (b/a)]? 
(Rin) max —_ TA, — bK Vu 1 + (b/a) (19) 


The numerical value of K is 
K= 0.121 J OV, (20) 


Ved €rdVrd 
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For copper in air o = 5.65 X 10’, », = 1, 6a = 1, and »¢ = 1, so that 
K = 0.121 X V/56.5 X 103 = 0.91 X 10°. 

It is to be noted that (Rin)max,max Increases indefinitely with fre- 
quency and with b. However, for a given value of b the functions 
(2a/b)[cosh—! (b/2a)]? and [In (b/a)]?/(1 + b/a) can be maximized 
by suitably adjusting a. Let y = b/2a. The maximum value of 
(1/y)(cosh—! y)? is obtained by differentiating and equating to zero. 


11 


1.0 
Two-wire line 
0.9 a (cosh”*5/2a)? 


0.8 


0.7 


0.6 erat 
(log b/a) 
05 1+b/a 
0.4 
0.3 


0.2 


Ot R,=60 log 2 
150 200 250 300 350 


% 100 200 300 400 500 600 700 800 
R,=120 cosh™*b/2a 


Fig. 6.1. Functions of separation determining extreme values of (Rin) maz: 


The result is y = b/2a = 3.95, so that for maximum (Rin)max, With 6 
fixed, the wire radius should be 


b 
7.90 
The function (1/y)(cosh—! y)? is plotted in Fig. 6.1. It is seen that its 
maximum value is 1.064. Similarly, with x = b/a, the function (In x)?/ 
(1 + x) may be shown to have the maximum z = b/a = 9.2, so that, 
for given b, the radius of the inner conductor of the coaxial line should be 


bs Us 
~ 9.2 
The function (In x)?/(1 + 2x) is plotted in Fig. 6.1 as a function of z. 
Its maximum value is 0.481. 


a= (21) 


a (22) 
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The characteristic resistances corresponding to these extremizing values 
of a are as follows: 


For the two-wire line R. = Za0 (23) 
WV €ra¥rd 
133.1 
For the coaxial line R, = (24) 
V €rdYrd 
The corresponding extreme values of (Rin)max are as follows: 
For the two-wire line 
246 b 
Rin max,max — >> - => 7.9 
( ) as a/ Vdr€dr a (25) 
= 0K Vw X 1.064 
For the coaxial line 
133.1 b 
Rin max,max — - = 9.2 
as WV Var€ar a (26) 
= 0K Vw X 0.481 


For copper in air K = 0.91 & 103, so that 
For the two-wire line 

(Rin) max,max = 0.970 ~/a X 108 = 2.43b +/f X 108 (27) 
For the coaxial line 

(Bin) maxzmex = 0.438) ~/w X 10% = 1.098 ~/f X 103 (28) 


In the case of the two-wire line described in Fig. 5.4, for which b = 2 cm 
and a = 5.118 X 10-? cm at f = 1.5 X 108 Mc/sec, the maximum value 
of Rin is 

Re _ 439.8 i 
(Rin) = Fe = FIER X 10-* X 0.50 ~ 397,000 ohms (29) 
If the radius of the wires is changed from 5.118 X 10-? em to the opti- 
mum value, a = b/7.9 = 2/7.9 = 0.253 cm, so that R, = 246 ohms and 
a = 0.828 X 10-* neper/m, 


(Rin) maxmax = 0.02 X 2.43 X 1.225 X 104 = 595,000 ohms (30) 


For the coaxial line described in Fig. 5.5, for which b = 3.5 em and 
a = 1 cm, the maximum value is (Rin)max = R-/as = 420,000 ohms. By 
adjusting the radius to be a = b/9.2 = 3.5/9.2 = 0.38 cm, so that 
R. = 133.1 ohms, 


(Fin) max,max = 1.098 X 0.035 X 1.225 X 104 = 471,000 ohms (31) 


Since it is not difficult to obtain resistances of the order of magnitude 
of half a megohm or more using antiresonant sections of transmission 
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line at high frequencies, such sections serve admirably as insulators for 
supporting transmission lines or circuit elements whenever these are to 
be designed for single-frequency operation. Because the shortest length 
of a section designed for this purpose is about one-quarter of a wave- 
length, such insulating stubs are useful only at ultrahigh and microwave 
frequencies. Since the maximum input resistance increases with fre- 
quency (because the length decreases more rapidly than the resistance 
increases), the insulating properties of quarter-wave stubs improve as the 
frequency becomes higher. At sufficiently high frequencies they are 
| superior to most insulators (and 
often more rugged). In Fig. 6.2 
schematic diagrams are shown of 
parallel- and coaxial-line stubs ar- 
ranged to support both wires in the 
case of the parallel line and the in- 
ner conductor of the coaxial line. 
The proper location and spacing of 
supporting insulators, whether con- 


Support 


~-Stub 


Line 


(d) 4_* 
Fig. 6.2. High-impedance stubs used as 
insulators. (a) Stub supports for two- 
wire line. (b) Closed-end supports for 
inner conductor of coaxial line. (ce) 
Stub support at right-angle bend in two- 
wireline. (d) Quarter-wave high-imped- 
ance stub in tandem with movable bridge. 


with matching networks are shown in Fig. 7.1. 


structed of stubs or of dielectric ma- 
terial, are discussed in a subsequent 
section. The question of end effects 
is also considered later. 

7. Impedance Transformation 
Using a Network of Transmission- 
line Sections—General Formula- 
tion. In order to reduce the power 
losses in transmission over long dis- 
tances to a minimum, a transmis- 
sion line must be terminated in its 
characteristic impedance Z,. Such 
a termination is shown in a later 
section to lead to minimum losses 
in the line. Schematic circuit dia- 
grams for two-wire and coaxial lines 
In Fig. 7.2 a very general 


matching network is inserted between the end of the long line and the 
load impedance Z,. In order to distinguish quantities associated with the 
long line from those used to describe the matching section, the latter are 
designated with a subscript m. Thus Z, is the characteristic impedance 
of the long line; Z.m is that of the matching section. 

The condition that must be satisfied is 


Lin = Le or Rin = R. Xin = — Re (1) 


where Z;, is the input impedance of the matching section of length s, 
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with the load Z, as its termination. In Fig. 7.2 Z;, is the impedance at 
AA. The general relations (1) for the input resistance and reactance 
of a terminated section of transmission line may be expressed in admit- 
tance form as follows: Zz 

lw 


Y, = Yu, + Ya, = Y, (2) 


where Y4 = 1/Z, is the input admittance of the entire 
matching network at AA as seen from the feeding line 
and Y,, and Y,, are, respectively, the admittance at 
AA of the part of the matching network of length z 
with its termination and of the length y with its ter- 
mination. Y, = 1/Z, is the characteristic admit- 
tance of the feeding line; Yom = 1/Zom is the charac- 
teristic admittance of the matching sections. 


Two- wire line 


Long line A B 
Zs 
A B 
Matching 
section 
Coaxial line 
Long line A B 
(=== ==H Z 
Matching 
section 
Fie. 7.1. Circuit for matching a load to a long line. Fic. 7.2. General 


matching section. 


Division of (2) by Yem gives the normalized values referred to the match- 
ing line. Thus 


Yraz + Yiay = Yie (3) 
The separation of real and imaginary parts gives 
JiAz ss Jiay = Jic Biaz + Diay — bie (4) 
Since 
pic Ye = Zon «Real — fen) _ Ran (1 ~ bands) = jl ~ $0) (gy 
"Yom = 2, = =—-RAL— jd) OR Liege 


it follows that for a low-loss line, with $? <1 and ¢cdem K iF 
a 1 Pe PemPc _ Rom 


tees ge oa 
Fae dem aa $c : 
bie = R, ere = 0 (5c) 


For a low-loss line it is correct to assume ¢? = (a/8)? <1. Since B is 
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the same and a is very small on both lines, the difference ¢om — ¢c is 
negligible compared with biaz + bia, im (4). 

Since the matching section of length y may be constructed to have an 
extremely small input conductance by making it essentially reactive, the 
following condition is easily satisfied: 


Jiaz > Jay (6) 
With (5c) and (6), (4) becomes simply 


Jiaz = Jc = — biaz + bisy = 0 (7) 


These are the fundamental conditions for matching the load with its 
matching network to the long line. The introduction of the terminal 
functions defined in Sec. 1 into (7) permits these to be expressed as 
follows: 


sinh 2A, _ Rem (8a) 
cosh 2A, — cos 2F,— sR, 
sin 2F, sin 2Fy 0 (8b) 


cosh 2A, — cos 2F 7 . 1 — cos 2F, 


where A, = at + pz, Fi, = Bx + ©, and F) = By + #. Note that pz 
and ®! are the terminal functions of Z, consisting of Z, in parallel with 
the stub of length z. Equation (8b) may be written as follows: 


sin F! cos Ff 
sinh? A, + sin? F} 


+ cot Fi = 0 (8c) 


In general, two variables are necessary to satisfy both (8a) and (8c). 
Depending on the choice of these variables, the matching network may 
be simplified in any one of several ways. In its complete form the 
following arbitrarily adjustable quantities are available: 

1. The lengths w, x, and y, with the restriction that the attenuation 
a(w + x + y) must be small compared with p.. 

2. The terminating impedances Z, and Z,, with the restriction that 
their attenuation functions p, and p, must be negligible compared with 
the attenuation function p, of the load. 

3. The characteristic impedance of the matching line 


Lk = Rem(1 =r pun) 


within somewhat narrow practical limits. The condition that ¢.m be as 
small as possible must be observed. 

8. The Series Transformer.*!:7!%! A simple form of the general 
matching network is shown in Fig. 7.1. It is derived by removing the 
sections of line of length w and y and selecting x and &, as the variables. 
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This means that F) = 1/2 and cot F} = 0. Also Z, = Z, is the entire 
impedance terminating the section of length z. The general Eqs. (8a) 
and (8c) reduce to the following: 


sinh 2A, = fen 1 

cosh 2A, — cos 2F.—sR, (1) 

sin 2F, = 0 (2) 

There are two infinite sets of solutions. From these the solution with 

the smallest physically possible value of n = 0, 1, 2, . . . should be 

chosen. The sets are 

, 1 ul _ Rem 

Fi, = (n+ 1) 5 tanh A, R. (3) 
tA Fst 

FL = 14 coth A, = R (4) 


Since tanh A, < 1 and coth A, 2 1, it follows that, with n an integer, 


R. = Remcoth A, FL = (Qn + 15 R. > Rem (5a) 
R. = Rem tanh Az Fi = 10 Re < Rem (5b) 


For a properly designed matching section, z is sufficiently short and a 
sufficiently small so that it is correct to set ar Kp,z. Hence 


Az = at t+ pz = pz (6) 


It is shown in a later section that, when the condition ar < p, is satis- 
fied, the quantity coth p, is equal to the standing-wave ratio S, on the 
matching section of line of length x. Thus 


S; = coth pz (7) 


With this notation the conditions for match are 


Re = RemSs Fe = (Qn +1)5 Ro > Rem (8) 
R, = a FL= nw Re < Rem (9) 


where n is an integer. 

Although simple in form, (8) and (9) are convenient only if R.m is 
given and R, is to be determined. Usually the reverse is true. In this 
case R.m is not directly available from (8) or (9), since it is involved in p, 
through the relation 


as 27 12m 
eee ers (10) 
Riz 2 
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An explicit formula for Rem is readily derived using 


2 tanh pz 


tanh 2px = 1 + tanh? p, (12) 
a for Fi, = nw 
together with tanh p, = Rr. (13) 
R- for F, = (Qn + 1) 5 


If (10) and (12) are equated using either of the two forms of (13) in suc- 
cession, the following relation may be derived: 


_ [R(R2 + X37) — Bike _ Tis Gig > is 
Reem = | Rea k. =a es (14) 


where riz = R,/R, and tz = X2/ Re. 


pet oral 
If R. > Rem; Fi= —3 (15) 
If Re < Rem, FL = 14 


In the special case of a purely resistive termination X, = 0, ®; = 0 for 
Rem > Rz, and ®,= 2/2 for Rom < Re. Hence 


—e eae on On +1 
Rem = V/R.-Rz Bx band — = 
ee : 
m  D 2 

Ro > Rem > Re 
for R. < R. < R. (16) 

From (1) it follows that, if Rem = R., a match is possible only if 
Az = © (17) 


Clearly it is not possible to achieve a match for all values of R, and Xz, 
since the radical in (14) must remain real. This is true subject to one of 
the following sets of conditions: 


For R: > R., R2 + X2> RR; (18) 
For R:z < Ry R2+X2 < RR; (19) 


Evidently (18) is always true, whereas in (19) the values of R, and Xz 
are limited. 
The regions in the riz, X1z plane in which a match is possible are bounded 
by the following curves: 
Te = 1 (20) 
r?, +23, —-re = 0 or (rig — 3)? +22, =F (21) 
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Evidently (20) is the equation of a straight line; on the other hand, 


(21) is the equation of a circle with center at riz = 4, tic = 0 and with 
radius 3. This circle is shown in Fig. 8.1. A match is possible only if 
of the line riz = 1 or within the circle. 1 
Matching is impossible if ri, and 2x, lie 
MI 

outside the circle. 

The complete solution for Ryn and x mie 
tion is with respect to R,, and g, is by ) 
definition the ratio Rem/R.): 


NN 
NN 
SN 
INN 


Tiz aNd Xz have values that lie to the right 
tt Y 
ZZAZZ7EE 
both to the left of the line 7, = 1 and 
can be expressed as follows (normaliza- 


SNNEEBZNN 
teas ee 
ea eeee 


Rem = geRe = R, Feet + fis = — "iz (29) 


N 
N 
N 
N 
N 


For g. < 1, 
-1 
Bx = nx — B, 5 Fie. 8.1. Loci of match for series 
= ee ee — 49 Liz 23 sections; match possible for 
a a r?, + 22, — g? (23) riz > 1 or within circle for 
x < 1. 
For g. > 1, a 
2n+1 Qn +1 — 29-12 
c= nw — Of = —~— @ — § tan”! ——_" * 24 
amar Ue Tose ta OM 


9. Matching Section with a Single Movable Stub.*! A widely used 
form of the general network described in Sec. 7 dispenses with the sec- 
tion of length w but retains the stub of length y (see Figs. 9.1 and 9.2). 
The points of connection AA’ are made movable, so that both z and y 


Fic. 9.1. Single stub on two-wire line. Fig. 9.2. Movable adjustable stub on 
coaxial line. 


may be adjusted, or, in any case, Bx and (6y + ®,) are made available. 
It is convenient to use lines of the same characteristic impedance through- 
out. That is, Z, = Zem, so that gic = Zom/Z- = 1. Accordingly Sec. 7, 
Eqs. (7), become 


Jiay K1 Jiaz = 1 biaz + diay = 0 (1) 


Note that Z, = Z,. After the terminal functions A, = ax + p, and 
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F’, = Bc + %/ are introduced, the following equations are obtained: 


. _ sinh 2A, _ 
Gia = $iaz ~~ cosh 2A, — cos QF, : (2a) 
in 2F% 
bus = bias + buy = Sona, — conor tot M, =O (2b) 


The first of these, (2a), may be solved for Fj. Thus, after combining 
terms, 


cos 2F, = (cosh A, — sinh A,)? (3) 
The second, (2b), gives 
i sin 2F, 
cot Fy = sinh 2A, (4) 


These two equations, (3) and (4), may be rearranged as follows, using 
cot uu = V(i + cos u)/(1 — cos u): 


, _ [i+cos2F, _ Rp + cosh 2A, — sinh 2A, 
Orne vi —cos2F V1 — cosh 2A, + sinh 2A, (5) 


But with 
cosh 2u + 1 = 2 cosh? u cosh 2u — 1 = 2 sinh? u (6) 


and with az < pz it is readily shown that 


cot (Bz + ®) = + Vcoth pp = + VS (7) 
or, with ®, = &, + 1/2, 
tan (8x + 2) + F Vcoth ps + F VS (8) 
Similarly, since cos u = cot u/ /1 + cot? u and sin u = 1/ J/1 + cot? u, 
tpl a —2Sin Pecos Fs _ 2 cot FY 
cot ly = ——Gnh 2A, (1 + cot? F% sinh 2A, 
ee +2 -+/coth A, (9) 
~ (i + coth A.) sinh 2A, 
, ‘ 2 coth u 
But since sinh 2u = colhe i 1 (10) 
it follows that 
, _ — Veoth A, coth? A,—1 _ | coth A, —1 
EON Herne rg +coth A, coth A, = a/coth Az a) 


Finally, setting F} = By + &, and A, = at + pz, the following formulas 
are obtained: 


cot (By + &) = F[r/coth (ax + pz) — Vtanh (ax + pz)] (12) 
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Since ax is small compared with p,, 
cot (By + 8) = F (+/coth pz — v/tanh p,) 
1 _S-1 
=3(v8-2,)-3558 aw 


VS VS 
An alternative form is obtained using 6) = ®, — 1/2. It is 
_8 —1 
tan ( ® 14 
(By + ®,) = fg 5 (14) 
It is possible to combine (7) and (12) using the relation 
ee a ee cot a cot B — 1 (15) 


cot 8 + cota 
The resulting formula is 


cot (Bx + By + @. +) = F[coth (ax + pz)}! = F(coth pz)! = FS! 
(16) 
or cot (@z + By + ®, + &,) = FS} (17) 
For a purely resistive termination Z, = R, = Rz, the following relations 
obtain: 


For fiz <1, pz = tanh“! rn, , = 5 or ©, = 7 or 0 


For giz <1, pz = tanh! gi, &, = 0orm, or & = 5 8) 
Alternatively, since r1z = 1/g1z, 

For riz < 1, pz = coth—! gi, 6, =0 

For giz < 1, pz = coth"! rj, ) = : (19) 


The following formulas follow directly: 
For giz > lorry: < 1: 


cot (6x + $1) = cot Bx = + Vou (20) 
cot (Bx + By + &, + &) = cot (Be +y) + Oi] = Fou! 


For riz > 1: 


cot (8x + &/) = — tan Br = + Vr, (21) 
cot (Bx + By + &, + &)) = — tan [(B(2 + y) +O] = Frid 


The following specifications are usually convenient: 
a. Choose an open stub (®) = 2/2) for riz < 1 so that 


tan Bx = + Vriz with + sign for shortest length (22) 
— cot Ec tear 4 = tan [8(z + y)] = giz! (23) 
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The final formulas for the circuit in Fig. 9.1 are 


I 


Bx = tan—! Ks = tan! ry, 
: 24) 
R.\ 1\ ( 
at ae (eat my eae 
B(a + y) = tan ( Fe) tan (+) 
b. Choose a closed stub (®) = Bk,) for riz > 1 so that 


tan Be = £Vriz with + sign for shortest length 
tan B(a +y + ky) = —1riz! 
tan [x — Biz + y + ky)] = rie! 


Bia + y + ky) 


ge — tan7! 71,2 = 5 + tan-! gi? 


since tan-! 2 = 7/2 — tan-! (1/z). The final formulas for the circuit of 
Fig. 9.2 are 
Bx = tan7! Re = 
R. 
— (25) 
B(x + y + ky) = m7 — tan (%) = 5 + tan! Tint 
where k, is the equivalent length of the terminating bridge. If this is a 


piston in a coaxial line, k, = 0; if it is a conducting bridge on an open- 
wire line, ky = kea, with k,, as defined in Chap. II, Sec. 20. 


Ry<Rco~+>R,y>Re 


0 
0.01 0.1 1.0 10 100 
nx=Rx/Re 
Fig. 9.3. Stub matching with pure resistance termination. 


Cases a and b for a purely resistive termination are illustrated in Fig. 
9.3. Numerical and graphical solutions are described below for a par- 
ticular problem. 


Mlustrative Example 1 for Single-stub Matching 


Given. A load impedance Z, = Zz = 1,600 + j800 ohms to be matched to a line 
with characteristic resistance R, = 400 ohms. 
Problem. ‘To determine the lengths z and y as fractions of a wavelength for a stub 


with an ideal closed end. 
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Analytical Solution 


1. Determination of normalized resistance and reactance: 
R Xz 


z 
Tz =p =4 Mi =p = 


Re 


2. Determination of terminal functions: 


2riz 
1 = 
2 = x tanh! --——_.__ = 0.2 
Ty Fahy #1 
1 _ — 2212 ° , ° 
&, = x tan“! = 174.1 &, = $4.1 


2 2 
Tis + 21, =I 


3. Determination of the length 2 using (8): 


tan (8x +.) = + Vcoth p, = +£2.26 
Bx = 180° + tan~! 2.26 — 174.1° = 72° 
xz = 0.200 


4. Determination of the length y using (14): 


tan (6y + @,) = #(/coth p, — Vtanh pz) = £1.814 
By + & = 180 F 61.2° = 118.8° (or 241.2°) 


For the shortest length y choose an ideal closed end with 4, = 90°. Then 


By = 28.8° 
y = 0.080A 
z+y = 0.2800 


Graphical Solution on the Circle Diagram (Fig. 9.4). To change to normalized 
admittance, 


1. Compute riz = 4; tz = 2. 

2. Locate riz = 4 and x1, = 2 on the chart, and note that this is at p. = 0.2 and 
&, = 174°, 

3. Move on circle of constant pz through 90° to locate @, = 84° for use with Jiz 
and diz. 


To obtain match, 


4, First condition for match: gi: = 1. Move along circle of constant p, = 0.2 to 
pe +, = 156° atgiz =1. (Note thatbi, = +1.8.) Then Sx = 72° and z = 0.201). 
5. Second condition for match: bi: = —biy. Locate 


biy = —bisz = —1.8 


on the axis of 6b. Read off By + # = 29°. For the shortest length y choose an ideal 
short circuit with &, = 0 (6, = x/2) so that By = 29° and y = 0.080\;z + y = 0.282. 


Mlustrative Example 2 for Single-stub Matching 


Given. A load impedance Z, = Z, = 3,200 + 71,600 ohms to be matched to a 
two-wire line with characteristic resistance R. = 400 ohms. 

Problem. To determine the lengths z and y as fractions of a wavelength for a stub 
with an ideal open end or closed end. 
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Fia. 9.4. Graphical solution of single-stub matching (Example 1). 


Analytical Solution 
1. Determination of normalized resistance and reactance: 


E X, 


2. Determination of terminal functions: 


2r 
1 lz 
2 = x tanh~! ——_,.——- = 0.1 
cia A, tai, +1 
2212 
&, = dten-t-————*—- = 177.12, = 87.1° 


Te + tis -1 
3. Determination of the length z using (8): 


tan (Bz + #,) + Veoth p, = +£3.16 
Bx = 180° + tan~! 3.16 — 177.1° = 75.4° 
xz = 021d 


4. Determination of the length y using (14): 


tan (6y + 4,) = #(Vcoth p: — Vtanh pz) = F 2.844 
By + %, 180° — 70.6° = 109.4° (or 250.6°) 
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For the shortest length y choose an ideal closed end with @, = 90°. Then 


By = 19.4° 
y = 0.054r 
z-+y = 0.264r 
87.1° 90° 


60° 120° 


30° 


0° 177.1° 
(2) 


Fic. 9.5. Graphical solution of single-stub matching (Example 2). 


Graphical Solution on the Circle Diagram (Fig. 9.5). To change to normalized 
admittance, 


1, As before, riz = 8; 212 = 4. 

2. Locate riz = 8 and z1, = 40n the chart. Note that this occurs at p. = 0.1 and 
®, = 177.1°. 

3. Move on circle of constant pz through 90° to locate @,, = 87.1° for use with giz 
and biz. 


To obtain match, 


4, First condition for match: g:: = 1. Move from pz = 0.1, 4, = 87.1° top: = 0.1, 
Br +, = 162° atgiz = 1. (Note that bic = +2.85.) Then Br = 75° and z = 0.21). 
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5. Second condition for match: bi, = —bi,. Hence locate 
by = —biz = —2.85 (Giz = 0) 


on the axis of 6b. Read off By + @, = 19.5°. Choose oe = 0 (4, = 7/2) so that 
By = 19.5° and y = 0.054; z + y = 0.264d. 


10. Matching Section Consisting of a Double-stub Tuner.}° For 
the double-stub tuner the lengths w and y are adjustable, whereas z, ®,,, 
and ®, are fixed but arbitrary. All sections have the same characteristic 
impedance Z, as the long line. The lengths w and y may be so chosen that 


Jicw K 1 bicw = — cot (Bw + &,) (1) 
Gray K 1 biay = — cot (By + ®) (2) 


where the notation is that of Sec. 7. Circuits for open and coaxial lines 
are shown in Figs. 10.1 and 10.2. The conditions for match are 
gia = QGiaz = 1 (3) 
bia = Diaz + bOisy = O (4) 


Because the termination of the section of length x consists of the load 
Z, = R, + jX; or Y, = G, + jB, in parallel with the section of length w, 
it is not convenient to represent their combined impedance by terminal 


Fia. 10.1. Double-stub matching network Fic. 10.2. Double-stub matching network 
for two-wire line. for coaxial line. 


functions. If Z, = R, + 7X, applies to Z, in parallel with the stub of 
length w, the hyperbolic form of the admittance Y4, looking into the line 
of length x is 


_ sinh yx + yw cosh yx _ 1+ yiz coth yx (5) 
Yise = cosh yx + yis sinh yz coth yx + Yi 
where yiaz = Yaz/Y. and yiz = Y:/Y-. Since the length zx is to be kept 


small and its termination includes the load, it is a good approximation 
to set ax Kp, and Bx # nx. Then coth yx = —J cot Bz, so that 


an Le Viz cot Bx 

Yiac = Yie — j cot Bx ny cot Bx (6) 
where 

Yix = Jie + joie = Jicw + is a J Or0w os bis) = ie + jOr0w + bis) (7) 
and Dicw = — cot (Bw+ Pl) grew K gis (8) 
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It follows that 
1 — j(giz + jbiz) cot Bx 


2s > 2 ib = r 5 9 
Yia Jia +49 1A Gis + ibis 5G cot Bx ( ) 
The separation of real and imaginary parts leads to 
- Jiz CSC? Bx 
Giaz ~ 92 + (cot Bz — Bis)? (10) 
ae g2,, cot Bx — (cot Bx — biz) (1 + biz cot Bx) (11) 
= g?, + (cot Bx — biz)? 
Application of the condition for match (8) gives 
Jiz ese? Bx = g?, + (cot Br — biz)? (12) 
This equation may be rearranged as follows: 
(giz — 3 sec? Bx)® + (cot Bx — biz)? = (g esc? Bx)? (13) 
This is the equation of a circle with center at 
1 
Giz = 2 sin? Bx biz = cot Bx (14) 
and with radius 
1 
a 2 sin? Bx (15) 


The circle (13) passes through the point biz = 0, giz = 1. As is shown 
later, especially useful values of Bx are 1/4, 7/2, 37/4. For these the 
following table applies: 


rT T on 
BBik 2 oF eles IN oe ods 1 3 + 
Center at............ Qe =1l be =1 5, 0 1, —1 (16) 
Radius.............. 1 z 1 


The associated circles are shown in Chap. II, Fig. 16.2. For a fixed value 
of x a match is possible only if gi, and biz lie on the appropriate circle. 
Since giz = gis is not adjustable, whereas biz = bi, + bicy is adjustable 
in bicw, a match cannot always be achieved with a given value of imped- 
ance and a given value of z. 

The two quantities to be determined, Ff, = Bw + $f and F) = By + 9, 
are readily evaluated from bic, and bi4,. In order to determine by¢,, it is 
possible to solve the equation giaz = 1 for bic = bicy + b1,. Thus 


giz csc? Br = gz + (cot Be — biz)? (17) 


| 1 
cot Bx _ biz = +912 diz Sin? Bx — |] (18) 


= 1 
bicw = —bi, + cot Bx F giz Voce — 1 (19) 
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Accordingly, with 

Giz = Gis and Dicw = — cot (Bw + ®) (20) 
it follows that 


' | 1 
cot (Bw + ®f) = bi, — cot Bx + gis ar ame 1 (21) 


In order to determine bys, = —biaz, (11) may be rearranged. Thus, 
using (12), 


Diay = —biaz 


_ (cot Ba — biz)(1 + biz cot Bx) — giz cot Bx 
= : | (22) 
Jiz csc” Bx 


The elimination of bi, from (22), using biz = bicw + bis and giz = 91s, 
gives, after considerable rearrangement, 


| 1 
—biay = — cot bx + gis Sin? Bx —1 (23) 


Since, in general, 
bicw = — cot (Bw + #)) (24) 


it follows that (19) is equivalent to 
—bicw = cot (Bw + 8) = bis — cot Bx + 4] 
Similarly, for (23), 


| 1 
— —— , — — ee — 
Diay = cot (By + &) = — cot Bx + panes 1 (26) 


In these formulas the upper signs go together, as do the lower signs. 
Since the radical must be real, the restriction on gi. is 


gis Sin? Bx S 1 (27) 


giz Sin? Bx he 


This is greatest for Bx = 1/2 and least for Bx = 7. However, no adjust- 
ment in bia, is possible for Bx = 7, and the adjustment is extremely deli- 
cate for Bx near 7; furthermore 6x = na was excluded when attenuation 
was neglected. A good compromise, which provides a reasonable range 
and accurate adjustment, is 6x = 7/4 or 37/4. Note that Bx = 1/2 
gives the smallest range. For pistons in coaxial stubs ®, = 0 = 4,; 
for bridged two-wire lines ®) = Bky.; ®, = Bkwa Where kya or ka can be 
made small. These three important cases give 


(a) px = i sin? Bx =2 cot Br=1 (28) 
cot (Bw + ©/) = —|l ae bis ae Jis = — 1 (29) 
sbi Gy eI st (30) 


Jis 
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Since the radical must be real, it follows that 
gis <2 (31) 
= 3a 


(b) pa = sin? Bx = ¥ cot Bx = —1 (32) 


cot (@w + /) =1+61,+ TNs —1 (33) 
cot (By + $1) = 1 +2 =i (34) 
ls 


As before, gis < 2 (35) 
(c) Bre = 5 sin? Bx = 1 cot Br = (36) 


cot (Bw + ®&f) = bis + gis Vz —1 (37) 
cot (By +) = + Vaz = (38) 


Js < 1 (39) 


For ideal pistons 6’ = 0. As usual, upper signs go together, and lower 
signs go together. 

Instead of calculating the lengths w and y of the double-stub tuner 
using the appropriate formulas derived above, a circle diagram may be 
used. This is especially convenient if the \/8 and 3\/8 matching circles 
are provided as in Chap. II, Fig. 16.2. The general procedure follows: 


1. Enter circle diagram at given values of g;, and bi, of load. 

2. Adjust length w of stub in parallel with load so that its susceptance 
bicy makes the combined admittance g:, and bi, + bicw = biz fall on the 
circle appropriate to the given value of Bz, say, at P. This determines 
w. The point P has coordinates p, = p, and ®%. 

3. Add 62 to ®/ to give Bx + ®!. Then Bx + and p, = p, are the 
terminal functions looking toward load at junction with second stub. 
These values of 6x + ®, and p, occur at giaz = 1 and the same value 
of b JAg- 

4. Adjust length y of second stub so that bisy = —biaz; that is, 
biay + biaz = 0. (The second stub is used to tune the input suscep- 
tance to zero. The first stub has been adjusted to give an input conduct- 
ance of unity.) This determines y. 


Numerical and graphical solutions are described below for a given 
problem, 


Mlustrative Example for Double-stub Matching 


Given. A load impedance Z, = 1,600 + j800 ohms to be matched to a two-wire 
line with characteristic resistance R, = 400 ohms. 

Problem. With length x fixed but arbitrary, to determine lengths y and z as 
fractions of the wavelength for stubs with ideal closed ends. 
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sae 90° 


§0° 


40° 


Fia. 10.3. Graphical solution of double-stub matching using Smith chart. 


Analytical Solution 


1. Determination of normalized impedance and admittance: 


‘ss = R. = ls R. 
Tie —Lis 
= =02 ob, = = —0.] 
Oe, + ah, bak, 


2. Determination of the length w using (19) and (20) with x fixed. (For 4/8 
double-stub spacing, 8x = 7/4.) First condition for match: gia = gias = 1. 


Jiz = 91s = 0.2 


zr 4| 1 0.5 
bicw — —Dis + cot Bu + Jiz Jiz Sin? Bx - 1 = { 1.7 


biz = big + Dicy = —O.1 + { Ne = { es 
bicw = — cot (Bw + ®,) ©, = 0 
Bw = 116.6° w = 0.324r 
or Bw = 149.5° w = 0.415d 


3. Determination of the length y using (23) and (26). Second condition for match: 
bia = Diaz + Diay = 0. 
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cl 1 2.00 
bias = —biay = — cot Br t Gane -l= { —4.00 


—biaz = cot (By +4) 6, =0 
By = 26.6° y = 0.074 
or . By = 165° y = 0.458d 


Graphical Solution on the Circle Diagram (Figs. 10.3 and 10.4). To change to 
normalized admittance, 


1. Compute ri, = 4; x1, = 2. 

2. Locate r;, = 4 and 2,, = 2 on the chart, and note that this occurs at p, = 0.2 
and ® = 174°. 

3. Move on circle of constant p, through 90° to locate @, = 84° for use with g,, = 0.2 
and b,, = —0.1. 


To obtain match, 


4. First condition for match: gia = giaz = 1. Add dicwto bi, to make bicw + bis = diz 


Fia. 10.4. Graphical solution of double-stub matching using circle diagram. 
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intersect the d/8 circle at p = 0.16 (or 0.06), @¢,, = 112° (or 148°), giving bicw = 0.5 
(or 1.7), corresponding to Bw = 116.6° (or 149.5°); w = 0.324d (or 0.415). 

5. Second condition for match: bia = biaz + biay = 0. Add 45° to %,, = 112° 
(148°) on circle of constant p = 0.16 (or p = 0.06) to reach the gi4 = 1 line, where 
biaz = 2.00 (or —4.00). 

6. Locate biay = —biaz = —2.00 (or 4.00); gis = 0. Read off By + &, = 26.5° 
(or 165°). For the shortest length y choose an ideal short circuit with oe = 0so that 
By = 26.5° for biay = —2.00 (By = 165° for bia, = 4.00); y = 0.074 (or y = 0.458). 
(If an ideal open circuit with &’ = 90° is chosen when By -+ &, = 165°, it follows that 
By = 75° and y = 0.208n.) 


11. Matching with a Shunt Section.{ A less widely used circuit for 
matching consists of a section of line of length s. which is connected in 
parallel with a length s,, forming part of a long line that is terminated 

r R in an impedance Z,, as shown in Fig. 
=f See 11.1. Z, may be the input impedance 
Ro * ees #, of an additional section of line termi- 

Bi | RB” nated in an arbitrary impedance. 

82 An exact analysis of the shunt match- 
1 ing network involves the coupling be- 
-—______—__-»z tween the two parallel sections in addi- 

z=0 tion to the usual terminal-zone and 

Fre. 11.1. Shunt sections of trans- junction effects. In the present analy- 

mission line for impedance match- eae ‘ 

ie sis it is assumed that the coupling be- 

tween the two shunt sections is negligi- 
ble. For open-wire lines this may be approximated by sufficiently small 
line spacing compared with the separation of the two sections; for coaxial 
or shielded-pair lines it is satisfied automatically. 

The first step in determining the conditions for match in the circuit of 
Fig. 11.1 is to derive an expression for the impedance looking to the right 
at AB. This is accomplished by applying Chap. II, Sec. 8, Eqs. (6) 
and (7), to each of the shunt sections that are assumed to have the same 
line constants. Let the voltage and current in the undivided line at 
AB be Vo and I, and at the load, V, and I,. It follows that 


Khh=lobtio =L=let+In (1) 

Also 
Vo = V. cosh ys: + 1,12, sinh ys; = V, cosh yse + I,2Z, sinh ys. (2) 
IZ. = V, sinh ys: + 1.:Z, cosh ys; (8a) 
TZ. = V, sinh ys: + I,2Z, cosh ys2 = V, sinh yse + (I, — I,1)Z- cosh ys2 
(3b) 


The addition of (3a) and (3b) and the elimination of J,, using (1) and 


t Parts of this section follow the work of Tai.!°1 
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(2) give 
lz. = 2V,[cosh ¥(s: + se) — 1] + 1,Z[sinh y(s: + s2)] (4) 
wee sinh ys; + sinh vse 
The elimination of J,; from the left side of (2) gives 
Vy = V, sinh y(s1 + 82) + 1,Z, sinh ys; sinh ysz (5) 


sinh ys; + sinh yse 
The normalized impedance looking to the right at AB in Fig. 11.1 is 


_ Ly Vo Zi. Sinh y(s; + s2) + sinh ys; sinh yse 
200 =F = zw = (6) 


The normalized terminating impedance 2), = Z1,/Z, = V;/I,Z- may be 
expressed as 
21, = coth 0, (7) 


where 6, = p, + j®, is the complex terminal function. If (7) is substi- 
tuted in (6) and this is rearranged, the expression below may be obtained. 
Since the sections of line are assumed to be highly conducting and quite 
short, it is satisfactory to neglect a(s; + s2) as compared with p, if Z, is 
a dissipative load, as is assumed. It follows that y = a+ 76 = j6. 
The desired expression is 


cosh? 6, cos 8s; cos Bs2 — cosh (6, + j8s1) cosh (6, + 7682) (8) 
sinh 26, — sinh [26, + j8(s: + se)] + 7 cosh? 6, sin B(s: + 82) 


Z10 = 


The condition for match z19 = 1 may now be imposed, and the follow- 
ing solutions of the resulting pair of equations obtained: 


cos 26, — e-?e 
2 sin 24, (9) 


— HPs —2ps 4 
Gea E 2 + 3 o08 Bee cos 28. | (10) 


tan 48(s: + s2) = 


These equations define the lengths s; and s2 of the two shunt sections 
for different values of the terminal function 0, = p, + j®,. Note that a 
physically meaningful solution requires real and positive values of both 
8; and 82. 

Since the right side of (9) is always real, there is no restriction on 
81 + 8. A positive real value of s; + sz can always be found. On the 
other hand, s; — s: is real only when p, and ®, satisfy the following 
equation: 


5e—2ee + 3 cos 28,)(e~2"" — cos 20, 
ee eee et (11) 


It follows that a normalized impedance zi) can be matched by a pair of 
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shunt sections with their junction at the terminal impedance only if p, 

and ®, corresponding to 2;, in (7) satisfy (11). The corresponding equa- 
tions are 

Tig = 1 (12a) 

4(r?, + 22.) — Sr. +1 =0 (126) 


I 


Evidently (12a) is the equation of a vertical line in the 71,21, plane, and 
(126) is the equation of a circle of radius 3 with center at ri, = 3, 21, = 0. 
These curves (Fig. 11.2) define two regions. A match is possible only 

for values of 71, and x, to the left of the line 


71, = 1, but not including the circle of radius 3. 
A match is not possible if 71, and 21, are to 
the right of the liner1, = 1 or in the circle to 
the left of this line. 


Explicit expressions for Bs; and Bsz may be 


ToT 
a ZA) Boalcivexprs 
ali YG obtained by solving (9) and (10). They are 
GFZ a 
ag Z are = Bs; = tan-' A + tan! B_ (13a) 
4 
i el Ze aris = Bs, = tan~! A — tan! B_ (18d) 


where A is the quantity on the right in (9) 
and B is the quantity on the right in (10). 
A plot of si/A and s2/\ is given in Fig. 11.3, 
with &, as variable and p, as parameter. The 
range of ®, is limited to 0 S$ , < 90°, since 
it is clear from (9) and (10) that 180° — 9, 
for 180° = , = 90° gives exactly the same values of A and B for use 
in (13a,b). 


Fie. 11.2. Loci of match for 
shunt sections; match pos- 
sible only outside  cross- 
hatched area. 


Illustrative Example 1 for Matching with Shunt Sections 


Given. A load impedance Z, = 200 — 7400 ohms to be matched to a two-wire 
line with characteristic resistance R, = 400 ohms. 

Problem. To determine the lengths s; and s2 as fractions of a wavelength using 
the same type of line throughout. 


Solution 


1. Determination of normalized resistance and reactance: 
Xs 


R. is Lis = R. => —1 

2. Referring to Fig. 11.2, it is seen that this point lies within the region of possible 
match. From the circle diagram or by computation, the values of p, and ®, corre- 
sponding to the given values of 7:1, and 2, are found to be 0.24 neper and 41.5°, 
respectively. 

3. From Fig. 11.3 the required values of si/A and s2/d are 0.572 and 0.350. 
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Illustrative Example 2 for Matching with Shunt Sections 


If a match is not possible with shunt sections terminated directly in the load, an 
additional section of line of appropriate length s; may be inserted between the junc- 
tion of the shunt sections and the load Z,. 

Given. Z, = 800 + j0 ohms to be matched to a two-wire line with R. = 400. 

Problem. To determine the lengths s;/d and s2/) as fractions of a wavelength and 
83/d if the additional section is required. 


Solution 


1, The normalized impedances are r,, = 2.and z1, = 0. The corresponding termi- 
nal functions are p, = 0.55 and ®, = 0. 


= 


Fia. 11.3. Contours of constant si/\ and s2/) as functions of p and @ for use in imped- 
ance matching with shunt sections. 


2. Referring to Fig. 11.2, it is seen that the point in question lies outside the range 
of possible match. Let an additional section of length s; = 4/8 or Bs3 = 45° be 
inserted. 

3. The values of p and ® terminating the shunt sections at their junction at a 
distance \/8 from the load are p = p, + as3; = 0.55 and 6 = @, + Bs3 = 45°. (Line 
losses are neglected.) 

4. The new values of p and & are within the range of match. From Fig. 11.3, 
8i/d = 0.535 and S/d = 0.414. 

It is to be noted that junction, coupling, and terminal-zone effects have been 
neglected in this section, so that the quantitative accuracy of the formulas in any 
particular application depends on the degree to which these effects are significant. 
Corrections for them when they are not negligible are considered in Chap. V. 
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12. Representation of a Section of Transmission Line by Lumped 
Equivalents; Impedance, Admittance, and Scattering Matrices.° The 
“Jumped equivalent”’ of the section of transmission line to the right of 
the points 11’ in Fig. 12.1a is any combination of lumped elements which, 
when connected across 11’ in place of the section of line as in Fig. 12.16, 
leaves all distributions of current and voltage at all points along the line 
to the left of 11’ unaltered. Actually no such network can be provided 
in practice in any general sense, since even approximately lumped ele- 
ments do not exist independent of frequency. Even in the restricted 
sense of the response to a single frequency, which is usually implied when 
an “equivalent lumped” network is to be substituted for a section of 
line, it is not possible to provide such a network owing to the change in 
the coupling between the line and the network—distributed or lumped— 
to the right of 11’. End effects and coupling effects in the vicinity of 
11’ in the circuit of Fig. 12.1a differ from those in the circuit of Fig. 

12.1b. It follows that it is not actu- 


jo} ally possible to maintain the same 

met distribution of current and charge 

(a) junction zones along the entire line to the left of 11’ 
+41 in the change from Fig. 12.la to 

Zea Fig. 12.1b. The best that can be 

(b) 3 achieved is to keep the distribution 

Fic. 12.1. Lumped equivalent of two- to the left of a junction zone of 
terminal section of transmission line. length near 10 times the line spac- 


ing from 11’ unchanged, whereas the 

distribution in the junction zone may be quite different. This means 
that the apparent impedance terminating the line at 11’ as seen from a 
sufficient distance to the left of 11’ is the same in the two cases. 

A more general problem is the substitution of a lumped equivalent for 
a piece of line between two sets of points, 11’ and 22’ in Fig. 12.2a, so that 
excluding short junction regions all currents and voltages to the left of 
11’ and to the right of 22’ are unchanged. It is assumed that the equiva- 
lence is to apply only at a single frequency. 

The voltage and current in any cross-sectional plane w = s — z along 
a transmission line may be expressed in terms of the voltage and current 
at another plane s (where s = z) in the following form, as obtained from 
Chap. II, Sec. 8, Eqs. (6) and (7): 


Viw) = V(0) cosh yw + 1(0)Z, sinh yw (1a) 

I(w) = V(O)Y. sinh yw + I(0) cosh yw (1b) 

Alternatively V(w) = V(O)A + I(0)B (1c) 
I(w) = V(O)C + 1(0)D (1d) 


where A = D = cosh yw B= 2C = Z, sinh yw (le) 
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Z. is the characteristic impedance, and Y, = 1/Z, is the characteristic 
admittance of the line; w = s — z is the distance measured from the 
point s toward z, as shown in Fig. 12.2. 


8 w d 0 

t 1 | 

H H ; w { 

{ H iscale ; i 

t i 1 H H 

9 j age ae One 
f>2z scale | H i ! 
Ww) | 2g of 2 3 


Junction zones 


{ 1 2 
fet 
eee EPS (os) (al eee 

i ov 2 4 
(6) 


Fie. 12.2. Lumped equivalent of four-terminal section of transmission line. 


Consider the problem of representing the length of line 2d between the 
terminal pairs 11’ and 22’ by an electrically equivalent four-terminal net- 


work of lumped elements, as in Fig. 
12.3. The problem is readily ana- 
lyzed using symmetry and the odd 
and even components of current 
and voltage referred to the cross- 
sectional plane z = s or w = 0 at 
the center of the length 2d. Thus 
let the actual currents and voltages 
along the line be separated into 
symmetrical and antisymmetrical 
combinations such that 


Viw) = V(w) + V@(w) (2a) 
I(w) = I) (w) + 1(w) (2b) 


where the symmetrical combination 
consists of that part of the voltage 
which is odd and that part of the 
current which is even with respect 
to the plane w = 0, and the anti- 
symmetrical combination consists 
of the corresponding even part of 


the voltage and the odd part of the current. 


1 (0 
a 


+ 
v(0) 


(b) 


0’ 


2° 


(c) 
Fig. 12.3. Equivalent T network of sec- 
tion of transmission line. 


This pairing of the compo- 


nents is necessary, since I(w) ~ 8V(w)/d(w). The following explicit 


formulas are derived from (1a,b): 
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Symmetrical Combination 


For even current: 


I®)(w) = 3[I(w) + I(—w)] = 10) cosh yw (3a) 
For odd voltage: 
V®(w) = 3[V(w) — V(—w)] = 1(0)Z. sinh yw (8b) 
For symmetrical admittance: 
‘ oo [® (w) 
Y‘2) (w) = VO(w) = Y, coth yw (8c) 


Antisymmetrical Combination 


For odd current: 


I(w) = #{I(w) — I(—w)] = V(O)Y. sinh yw (4a) 
For even voltage: 
V@(w) = $[V(w) + V(—w)] = V(O) cosh yw (4b) 
For antisymmetrical impedance: 
Zo(w) = V) — 2, coth yw (4c) 
in T(w) e Y 
Note that —V(-w) = Vw) — V(w) (5a) 
I(—w) = —I@(w) + Iw) (5b) 


It is now interesting to note that the normalized symmetrical admit- 
tance looking to the right at the terminals 11’ at w = d in Fig. 12.34, viz., 


ySin(d@) = coth yd (6a) 


is precisely the normalized input admittance of a section of line of length d 
when its end is an ideal short circuit. This follows from Sec. 1, Eq. (105), 
with w= d and 0, = 0. Similarly the normalized antisymmetrical 
impedance, viz., 

z (d) = coth yd (6b) 


is the normalized input impedance of a section of line of length d when its 
end is an ideal open circuit. This follows from Sec. 1, Eq. (10a), with 
w=dand0,=0. Accordingly the current I(d) = I (d) + I@(d) and 
the voltage V(d) = V“(d) + V@(d) at the terminals 11’ of the line sec- 
tion are the sums of the currents and voltages that would be obtained if 
the line section were provided successively with perfect short circuits and 
perfect open circuits at w = 0 in Fig. 12.3a. The symmetrical combi- 
nation is the solution of the short-circuited line of length d; the anti- 
symmetrical combination is the solution of the open-circuited line of 
length d. In each case the section of line is equivalent to a single lumped 
admittance or impedance, given by (3c) or (4c). 
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In order to obtain the equivalent circuit of the original section of line, 
let the symmetrical (short-circuit) impedance and the antisymmetrical 
(open-circuit) impedance be represented as follows: 


Z!>(d) = Zu =. 212 = Le tanh vd (7a) 
Z2(d) S Zu + Zi2 = Ze coth vd (7b) 


where the newly introduced impedances Z;; and Z12 are defined by (7a) 
and (7b). Thus 


Zu = HZ9(@) + Zid) = F (tanh yd + coth +d) (7c) 


Zi = HZ2(@) — Z9(@] = Z (coth yd — tanh yd) = Z.esch 2yd (74) 


It is now readily verified that the equivalent circuit of the transmission- 
line section of length 2d in Fig. 12.3a is the T network in Fig. 12.30 or its 
more symmetrical equivalent in Fig. 12.3c. Since the general case is the 
superposition of the symmetrical and antisymmetrical cases when the net- 
work is short-circuited and open-circuited at its center, it is necessary 
merely to demonstrate that Fig. 12.3c yields the correct short-circuit and 
open-circuit impedances. That this is true is seen by inspection. It 
follows that the four-terminal network in Fig. 12.30 or in Fig. 12.3c is 
the equivalent of a section of transmission line of length d if the imped- 
ances are assigned the values specified in (7c,d). 

The Impedance Matrix. If conventions regarding the signs of the 
voltages and the directions of the currents are adopted to conform with 
Fig. 12.3c, it follows that, with (2a,b) and (5a,b), 


V, = V(d) = V(O) cosh yd + 1(0)Z, sinh yd (8a) 
V2 = V(—d) = V(0) cosh yd — 1(0) Z, sinh yd (8b) 
I, = I(d) = V(O)Y. sinh yd + 1(0) cosh yd (9a) 
I, = —I(—d) = V(0)Y, sinh yd — 1(0) cosh yd (9b) 


Note that the positive direction of the current at terminals 22’ is chosen 
opposite in the lumped network to conform with convention. By solving 
(9a) and (9b) for 1(0) and V(0) and substituting these values in (8a,b), 
the following well-known equations are obtained for the T network: 


w= h2n + hhZi (10a) 
Vo = Za + InZo0 (10b) 


where Zz: = Z,; forall reciprocal elements and Z23 = Z1; in this particular 
case, since the network is symmetrical with identical sides. 
The two Eqs. (10a,b) may be expressed in the following matrix} form: 


V =ZI (11a) 


t See Ref. 6 for a brief discussion of matrices. 
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where V and I are the column matrices given by 


ln ala aw 


Za ay 
Z= 
i Zoy (11¢) 


In this representation, using an impedance matrix, a point of view is im- 
plied in which currents are treated 


P 
a +I(-d) as fundamental or given quantities 
Vid) V(-d) and the voltages are calculated from 
Boe es ea ee them using the matrix. 
P Q The Admittance Matrix. If de- 
eo - 2d --~-—~ 1 : : ; 
(a) sired, the point of view may be 


changed, the voltages may be 
treated as fundamental or given, 
and the currents may be calculated 
from them using an admittance ma- 
trix. For this purpose the II net- 
work in Fig. 12.46 or its symmetri- 
cally drawn equivalent in Fig. 12.4c 
is convenient. It is evident that 
(8a,b) and (9a,b) apply directly if 
the sign of V2 in (8b) and of I, in 
(9b) are reversed to conform with 
; the conventions of Fig. 12.4. It is 
(e) readily verified with (6a,b) that the 
Fic. 12.4. Equivalent II network of sec- : : : ; 
Fan ce ieankinitsion like: symmetrical or short-circuit admit- 
tance Y‘2(d) = 1/Z{2(d) and the an- 
tisymmetrical or open-circuit admittance Y{?(d) = 1/2{?(d) are given by 


Y‘(d) = Y; coth vd = Yui + Vie (12a) 
Yt) = Y, tanh vd = Yu —= Yi2 (12b) 
where Y,,; and Yj2 are defined in (12a,b). They are 
Yu = of (tanh yd + coth yd) (13a) 
Yi. = af (coth yd — tanh yd) (13d) 


The corresponding equations are obtained from Fig. 12.4 or from (9a,)), 
with 1(0) and V(0) eliminated using (8a,b) (with signs of V2 and I», 
reversed). They are 


i 


1= VWi¥u + Ve¥i2 (14a) 
Ip = Vio + V2¥22 (14b) 


| 
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where Yo: = Yi_. from reciprocity and Ye. = Yi. from symmetry. The 
direction of the current and the sign of the voltage at terminals 2 have 
been reversed in Figs. 12.4b and 12.4c as compared with those in Figs. 
12.3b and 12.3c (the current is now in the same direction as in the trans- 
mission-line section in Fig. 12.4a, but the voltage is reversed) in order 
that the final equations may be in the form (14a,b), and Yie (rather than 
— Yi) is the series element in the circuits of Figs. 12.46 and 12.4¢e. 
The current equations in matrix form are 


= YV (15) 
I V. 
where = Bi V= P| 
and where the admittance matrix is 
ec Yag. of | 
aS ES Y20 (16) 
If the sign conventions used for the impedance matrix are adopted, 
— Yun — I 
a | Ve. Ye (17) 


The Scattering Matrix. Instead of representing a section of line by 
equivalent lumped impedances or admittances, it is advantageous for 
some applications to introduce its reflecting and transmitting properties. 
This is accomplished by expressing current and voltage in the exponential 
form given in Chap. I, Sec. 18. With slight changes in the notation to 
suit present requirements, the solution is as given in Chap. I, Sec. 13, 
Eqs. (13) and (14), namely: 


Viz) = VZ, (Ae~*? + Ber?) (18a) 
I(z) = VY, (Ae-** — Ber?) (180) 


where A and B are arbitrary constants to be evaluated from the boundary 
conditions, y is the complex propagation constant, Z, is the characteristic 
impedance, and Y, is the characteristic admittance. As discussed in 
Chap. I, the first term in (18a) and (18b) represents a wave traveling in 
the positive z direction, and the second term represents a wave traveling 
in the negative z direction. 

From the point of view of the traveling-wave description given in 
Chap. IT, Secs. 6 and 7, the section of line between terminals 11’ and 
22’ in Fig. 12.2 may be regarded as receiving a traveling wave of differ- 
ent amplitude and phase approaching from each side. A part of each 
incident wave may be reflected and a part transmitted into the section. 

Let the complex amplitudes of the incident wave reaching terminals 
11’ from the left be Ai, and let those of the wave reaching terminals 22’ 
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from the right be Ae. Let the wave leaving 11’ and moving toward the 
left have an amplitude By, and let that leaving 22’ and moving toward 
the right have an amplitude B.. A portion of the wave leaving 11’, 
namely, S11Ai, is the reflected part of the incident wave Aj; the rest is 
the wave that has traveled from 22’ to 11’, where it emerges with ampli- 
tude Si24o. Owing to the linearity of the equations these two parts 
combine linearly. Thus 


B, = SyAi + Si2A2 (19a) 
Similarly, on the other side, 


By = S21A; + S22Ae (19d) 


In these two equations the S’s are complex coefficients that characterize 
the network between terminals 11’ and 22’. 

In the simple case under discussion the section between 11’ and 22’ is 
like the rest of the line. Therefore it is possible to write down formulas 
for the S’s directly. Owing to the fact that at 11’ the line continues 
smoothly, there is no reflection of the incident Aj, so that the entire out- 
going wave is the emerging wave that had the amplitude A» at 22’ and 
must be equal to 


B, = e*v4Ay (20a) 


at 11’. Similarly 
B, = e "4A, (20b) 


It follows that, for the smooth line between 11’ and 22’, 
Si = 0 Sy = So = e- 4 Soo = 0 (21) 


The general case of (19a,b) may be expressed in matrix form. Thus 
the scattering relation is 


B=SA (22) 
_ |B _ | Ar 
where B= | A= ee (23) 
and where the scattering matrix is defined by 
_ | Su a 
= iS Sis ae 


(Note that this matrix has been defined in terms of the sign and direction 
convention for voltage and current which agrees with that used in defining 
the impedance matrix.) In the simple case at hand 


0 —2yd 
S = ee ‘ (25) 
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The matrix elements in the general matrix (24) may be interpreted as 
foliows: 

Si, is the complex amplitude of the wave that is reflected (or scattered) 
at the terminals 11’ when a wave of unit amplitude is incident on these 
terminals. 

Siz is the complex amplitude of the wave emerging at 11’ when a wave 
of unit amplitude is incident on the terminals 22’. 

Soo is the complex amplitude of the wave that is reflected (or scattered) 
at the terminals 22’ when a wave of unit amplitude is incident on these 
same terminals. 

So: is the complex amplitude of the wave emerging at 22’ when a wave 
of unit amplitude is incident on the terminals 11’. 

For reciprocal elements S2: = Siz. For nonreciprocal elements such 
as gyrators, Se: ~ Siz. The ideal gyrator is characterized by So; = —Sy., 
Si: = Soo = 0. The notation T = S,, is common, and this quantity is 
called the transmission coefficient. Evidently Si, and S22 are reflection 
coefficients. Note that in the simple special case described by (25) the 
reflection coefficients are zero. 

Although in the simple case at hand the characteristic impedances of 
the lines to the right and left of the junction are the same, the definition 
of the scattering matrix (24) is valid when they are different. This 
more general case is considered in Chap. V, See. 4. 

Relations between Impedance, Admittance, and Scattering Matrices. 
The terminals 11’ are located at z = s — d, and the terminals 22’ at 
z=s8s-+d. It follows from (18a,b) that 


Vi = Vis — d) = VZ, [Aer 4 Bere-9] = WZ, (Ar + Bi) — (26a) 
Ve = Vis+d) = VZ, [Aere® 4 Ber+®] = +/Z, (Ao + B2) (26d) 
I, = I(s — d) = VY, [Aewv@-® — Bers-] = /Y, (A, — Bi) (27a) 
I, = —I(s +d) = — VY, [Aewt+® — Bere+®] = \/Y, (Ay — Bz) (270) 
where A, = Ae~v°-4, By = Ber-4), Ay = Beret), By = Aenrsta), 


With (19a,b) the B’s may be eliminated, and the following equations 
obtained: 


I 


Vv, = V/Z. [d + Si)Ai + Si2A9] (28a) 
Vo = WZ, [SorA1 + (1 + S22) Ao] (28b) 
I= VY. [(l — Su)Ai — S124] (29a) 
I, = VY. [~So1Ai + (1 — Soe) Ao] (29b) 


By solving (29a,b) for A; and A», and substituting these values in 
(28a,b), the following equations are obtained: 


Wi = 2 + eZi2 (30a) 
Vo = Lhe + IhZ22 (30b) 
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Z. ¢c 
where Zu = D [1 + Si) (1 = S22) + S12Sei] 212 = a (31a) 
Z. c 
Pn = Z(t — Su)Q + Su) + SuSal Zn = 25" is) 
where D = (1 — Su)(1 — Sx) — SuSa (81c) 
If the section is symmetrical, Se. = Si: and Sz: = Sy, so that 
_g7 _g7 1 — Si + Sis 
Zu = £1 = Z, (i — Su)? — 83 (32a) 
729g = 32b 
21 12 —~ &c ‘a = S13)? = S2, ( ) 
The series elements of the equivalent symmetrical T section are 
= 1+ Si — Sie 
Zu Zi2 = Ze 1 = (Sir = Sie) (33) 


The shunt element is Z12 in (32b). 

By solving (28a,b) for Ai and A» and substituting these values in 
(29a,b), the currents are expressed as functions of the voltages and 
admittances, with the latter expressed in terms of the elements of the 
scattering matrix. 

The impedance and admittance matrices may be formulated directly 
in terms of the scattering matrix. As a first step, the matrix equivalents 
of (28a,b) and (29a,b) are 


V=<VZ.(U+S)A (34a) 
I= +/Y,(U —S)A (34) 
where the unit matrix is 
_f1i 0 
U= E 4 (35) 


and where V, I, and A are column matrices: 


[3] [2] af] 


By premultiplying both sides of (346) by a/Z, (U — S)-! and substi- 
tuting the expression so obtained for A in (84a), it follows from the 
defining equation V = ZI for the impedance matrix Z that 


Z = Z(U + S)(U — S)"} (37a) 
Similarly Y= Y,(U —S)(0+8)"! (37b) 
The relations between the impedance, admittance, and scattering matrices 


have thus been established. Evidently a knowledge of S permits the 
direct evaluation of Z or Y. Conversely a knowledge of Z or Y permits 
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the evaluation of S using the following easily verified relations: 


S = (Z1 = U)(z1 + U)-! (38a) 
= (U —yi)\(U + y,)7 (38b) 


where Zz; = Z/Z, and yi = Y/Y.. 

13. Unbalanced Load Terminating a Symmetrically Driven Shielded- 
pair Line.”1°5 The load terminating a shielded-pair line of length s 
(Fig. 13.1) consists of two impedances, Z,, and Z,2, in series. Their 
junction is connected to the shield through an impedance Z,. If Z,, and 
2.2 are unequal, the load Z, = Z,, + Z.2 is unbalanced. In this case it 


Fia. 13.1. Shielded-pair line with unbalanced load when Z,; ~ Zoo. 
is convenient to introduce the difference impedance Zz, defined by 


Zi = Zs1 — g2s = 32s — 2.2 = 3(Ze1 aad Z.2) (1a) 
so that Zs1 = Ze + Za Zs2 = 52, = La (1b) 


Let the currents in the two inner conductors 1 and 2 of the line be 
separated into symmetrical (codirectional) and antisymmetrical (equal 
and opposite) parts as follows: 


= =3h+h) =i (2a) 

= -h=ih-1) =F (20) 
Note that each of the inner conductors carries only one-half of the total 
symmetrical current I*, which is equal and opposite to the current —I* 


in the shield (conductor 3). The factor } on the right in (2a) is intro- 
duced for this reason. The total currents in each conductor are 


h=P+3F Ih= -eh+ 3k z= —(84+h)=-—-F (8) 
The voltage drops across the two parts, Z,, and Z,2, of the load are 
Vils) = Ki(s)Z1 Vas) = —hi(s) Zea (4) 


where the sign conventions of Fig. 13.2 are assumed. 
If use is made of (1) and (3), the voltage drops may be expressed as 
follows: 
Vils) = g1*(s)Z, + zl°(s)Z, + I*(s)Za + 3F*(s)Za (5a) 
V2(s) = g°(s)Z, — aI*(s)Z, ~— I°(s)Za + 31*(s)Za (5d) 


t Note that the symmetrical and antisymmetrical currents in this section are not 
the same as those in Sec. 12. 
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Now let the voltage drops across Zz be represented by equivalent gener- 
ators with appropriately defined emfs. Specifically let 


Vi= —I(s)Z, Ve = —F(s)Za (6) 
so that Vi(s) = 41°(s)Z, + 4*(s)Z, — Vi — 3V2 (7a) 
V.(s) = $1*(s)Z, — <1*(s)Z, + Vi — 3V2 (7b) 


The equivalent generators with emfs V? and $V? are shown in Fig. 13.2. 

The currents 1, I2, and I; at any point along the shielded-pair line 
may be formulated in terms of the circuit of Fig. 13.2 if use is made of 
the principle of superposition to 
determine separately the currents 
maintained by each of the three 
pairs of emfs 3V%, 3V%, and V3. 
Since the impedances of the net- 
work are balanced, the two pairs 
of emfs 4V3 and 3V¢% when operat- 
ing alone can maintain only anti- 
symmetrical (equal and opposite) 
currents; the two emfs V3 when op- 
erating alone maintain only sym- 
metrical (codirectional) currents in the inner conductors of the line. 

The antisymmetrical (equal and opposite) currents maintained at any 
point at a distance z from Zp) (or w = s — 2 from Z,) in the inner con- 
ductors by the emfs V¢ and V¢ are given by 


Ix(z) = —Ig(z) = F(z) = ViF(w,s) + ViGl,s) (8) 
sinh 6) sinh (yaw + 9,) (9a) 
sinh (yaS + 40 + 4.) 
sinh 6, sinh (yaz + 9o) 
sinh (yaS + 00 + 9.) 


As usual, 0) = coth~! (Zo/Zca) and @, = coth™! (Z,/Za); Zea = 1/Y¥ra i8 
the characteristic impedance, and y, is the propagation constanty of the 
shielded-pair line when driven antisymmetrically with equal and opposite 
currents in its inner conductors and no current in the shield. 

The symmetrical (codirectional) currents maintained by the generators 
V? are divided equally between conductors 1 and 2, which are in parallel. 
The entire equal and opposite current is in the shield. The sum of the 
codirectional currents in the inner conductors is given by 


Ii(z) + B@) = —h) = F@) = Vis) (10) 


+ Note that except for the small effect of /* the phase constants Ba and 8, are equal 
if the line is filled with a homogeneous dielectric. On the other hand, 8, and fs may 
differ greatly if the dielectric between the two inner conductors differs from that 
between them and the shield. 


I,(s) 


Fria. 13.2. Equivalent circuit for Fig. 13.1. 


where F(w,s) = Yea 


G(z,s) = Yea (9b) 
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sinh 6, sinh (y,z + 04) 


where H(z,s) = Yeo “sinh (y.s + 0, + 0,) (11) 
wHere ®, = coth™ 4+ 2/6 6, = coth"! Z, + 20/4 


Z> is the impedance in series with the generators. It is center-tapped to 
the shield through an impedance Zz. Zc, = 1/Yee is the characteristic 
impedance, and y, is the propagation constant of the shielded-pair line 
when driven symmetrically with the inner conductors in parallel. 

With (6) in (8) and (10), currents at z = s or w = 0 are 


I*(s) = VéF(0,s) — I°(s)ZaG(s,s) (12) 
I?(s) = —I*(s)Z,H(s,s) (13) 


where F(0,s) is given by (9a) with w = 0, G(s,s) is given by (9b) with 
z = s, and H(s,s) is given by (11) with z = s. The substitution of (13) 
in (12) permits the determination of I*(s). Thus 


ViF(0,s) 


0) = TAG) HG) ot 
Similarly, with (14) in (13), 
I*(s) = _ VéZaF (0,s) H(s,8) (15) 


~ 1— Z3G(s,s)H(s,s) 


It is now possible to substitute (14) and (15) in (8) and (10) using (6) 
and in this manner to obtain expressions for the antisymmetrical and 
symmetrical currents at any point along the line in terms of Vs. The 
results are 


In(z) = Vi[F(w,s) + NZaH(s,s)G(z,s)] (16) 
I'(z) = —VéNH(z,s) (17) 

where w = s — z and the dimensionless factor N is defined by 
Me Z2F (0,8) (18) 


1 — Z3G(s,s)H(s,s) 


The total currents in each conductor are defined in (8). With (16) 
and (17) they are 


I,(z) = Vg{F(w,s) + N{Z,H(s,s)G(z,s) — ¢H(z,s)]} (19) 
I.(z) = —Vé{F(w,s) + N[Z2H(s,s)G(z,s) + ¢H(z,s)]} (20) 
I(z) = —VeNH(z,s) (21) 


The ratio of the total unbalanced current to the principal part of the 
balanced current is NH(z,s)/F(w,s). 

It is seen that, when Z; = 0, so that the load is balanced, N = 0, and 
the entire line is balanced with 


(2) = —Ib(z) = VeF(w,8) (22) 
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The same result is obtained when the impedance Z, joining the load to 
the shield is removed or made infinite. With Z, = ©, 6, = 0 and 
H(z,s) = H(s,s) = 0. 

The power dissipated by the symmetrical current is the real part of 
the complex power 


Pt = gViIr*(s) = —gZal°(s)I°*(s) (23) 


The last step in (23) is made using (6). With (14) and (15) it is seen 
that (23) is equivalent to . 


pe —2|___ VPs) Zi 


nee Z3G(s,s)H(s,s) H"(3,8) (24) 


The real part of P* in (24) can be reduced by making the real part of 
H*(s,s) as small as possible. This is given by (11) with z = s. Thus 


sinh 0, sinh (yss + 62) __ Y., 

sinh (y,s + 6, + 9,)  coth (y.s + 6,) + coth 6, 
The last step follows after expanding the denominator and dividing 
through by the numerator. Since coth 6, = (Z, + Z,/4)/Z-. and 
coth (7.8 + 0,) = Z',,/Zcs, Where Z,, is the symmetrical or coaxial- 
mode input impedance of the line looking from the load toward the 
generator, it follows that 


H*(s,s) = 


H(s,8) = Yi. (25) 


1 
24+ 25 + ZF/2 
_ Bing + Ry + Re/4 — j(Xins + Xp + Xs/4) 
(Rins a Ry 5 R,/4)? =F (Xins st Xp a X,/4)? 


Evidently H*(s,s) (and with it the power dissipated by the symmetrical 
currents) vanishes when Z, is made infinite, i.e., when the lumped load 
is not connected to the shield. Since there are cases when Z, is small 
or even zero, this method of eliminating unbalanced currents may not be 
available. However, even when Z, = 0, the real part of H(s,s) can be 
made very small by making R,, sufficiently great. 

The input resistance R3,, is given by Sec. 2, Eq. (6a), viz., 


sinh 2(a.8 + p,q) 
** cosh 2(as8 + pq) — cos 2(8.8 + Bq) 


(26) 


Ring = FR 


(27) 


where the term with ¢, as a factor has been omitted as negligible. Its 
maximum value occurs when 6,8 + ®, = =, for which 


R3,, = R.s coth (ass + pq) (28) 


Since (28) involves the attenuation a,s of the entire length of line and, 
in addition, the attenuation function p, of the impedances Z, + Zo/2, 
a very great value of R%,, is unavailable, in general. Fortunately this 


difficulty can be removed by a simple expedient. 
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Coaxial-mode Suppressor; Unbalance Squelcher. In order to obtain a 
high input resistance R,, for the coaxial mode when looking toward the 
generator from the load, it is possible to connect at a quarter wavelength 
from the load a double-stub reactive network that has little or no effect 
on the antisymmetrical currents but is essentially equivalent to a short 
circuit for the symmetrical currents. Such a network, originally intro- 
duced by Tomiyasu!* and called by him an “unbalance squelcher,’’ is 
illustrated in Fig. 13.3. 

Insofar as the antisymmetrical (equal and opposite) currents are con- 
cerned, the circuit in Fig. 13.3 consists of two insulating stubs connected 
across the line at AA’ and BB’. The lengths AC and BD from the 
twin line to the bridges CC’ and DD’ are \,/4 — k, where k is the equiva- 
lent length of the bridge and ), is the wavelength for the antisymmetrical 


Balanced 1 Ag_, Unbalanced 
line 14 sections 
ty 
As 
2 
i 


Short-circuiting pistons 


Fic. 13.3. Tomiyasu’s unbalance squelcher; \2 is the wavelength for the balanced 
currents, and d, is the wavelength for the unbalanced currents. 


mode. Therefore the impedance looking into each stub at AA’ and BB’ 
is very high—several hundred thousand ohms if the adjustment is care- 
fully made. It follows that these stubs have a negligible effect on the 
balanced currents on the line if this is terminated in a dissipative load. 
The unbalanced (codirectional) currents are generated at the asym- 
metrical load by the generators V? in Fig. 13.1. These are located on 
the right toward the output in Fig. 13.3. For codirectional currents the 
line and the two stubs behave like coaxial lines with the two inner con- 
ductors in parallel. The bridges CC’ and DD’ contribute nothing, since 
they join equipotential points. Therefore, if the stub at AA’ is d,/2 in 
length and is terminated in a short-circuiting piston, its input impedance 
is extremely low—a few tenths of an ohm at most—so that the shielded- 
pair line is effectively short-circuited in the plane containing AA’ for all 
symmetrical-mode currents on the shielded-pair line. For such currents 
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the impedance looking toward AA’ from the cross section at BB’ is the 
very high value of a quarter-wavelength line terminated in a short circuit. 
On the other hand, the parallel impedance at BB’ looking toward DD’ in 
the stub is the extremely low value for a half-wave closed-end stub. It 
follows that the line is effectively terminated in a very low resistance at 
BB’ insofar as coaxial-mode currents generated on the output side are 
concerned. 

The input resistance as seen from the load a quarter wavelength from 
BB’ is the very large value 


dad = 4Rcs 
4 Bad 


R:,, = Res coth (29) 


If Z, = Oand (R},, + R./2)? is very much greater than (X,/2)’, it follows 
from (26) that 
1 


Re B00) * Fe Rf 


(30) 
Accordingly, if R%,, is sufficiently great, the power dissipated by the sym- 
metrical currents is small, and these currents are confined essentially to 
the section of line and the stubs to the right of AA’ in Fig. 13.3. 

It has been shown that an asymmetrical load is equivalent to a sym- 
metrical load in series with generators that maintain both balanced and 
unbalanced currents. In particular, the emf V2 of the generator of bal- 
anced (antisymmetrical) currents is proportional to the codirectional 
(symmetrical) currents in the load. This follows from (6). Accord- 
ingly, if the amplitude of the symmetrical currents in the unbalanced 
load is large, these will generate a correspondingly large balanced volt- 
age. If, as in some types of precision measurements on shielded-pair 
lines, it is undesirable to have an effective generator of balanced currents 
in the load, it is not sufficient merely to localize the symmetrical cur- 
rents by means of an unbalance squelcher. It is necessary also to reduce 
the amplitude of the symmetrical currents. This may be accomplished 
by modifying the unbalance squelcher, as shown in Fig. 18.4, where one 
of the stubs is terminated in Z,,, the characteristic impedance of the line 
for the symmetrical mode. The symmetrical currents are thus dissipated 
without reflection, and their amplitude is kept small. Note that the 
terminated stub is the one adjacent to the unbalanced line. The sym- 
metrical impedance looking into this stub from the line is Z;., and this is 
still very small compared with the very great impedance looking into the 
line toward the other stub. 

If an unbalanced current is excited in a shielded-pair line by an asym- 
metrical or unbalanced generator, the coaxial mode may be confined to a 
section of line near the generator by inserting the circuit of Fig. 13.3 or 
Fig. 13.4 close to the generator. 


4 
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Once the symmetrical currents have been suppressed from the princi- 
pal part of a shielded-pair line, this may be replaced by an open two-wire 
line if desired. 

Instead of eliminating unbalanced currents from the main line by 
locating an unbalance squelcher near an unbalanced load or generator, 
it is adequate for some types of measurements merely to construct a 
detector that responds only to the balanced currents. In such cases it 
is desirable to terminate the line in its characteristic impedance insofar 
as the symmetrical currents are concerned. A double bridge that per- 
mits the separation of balanced and unbalanced currents on a shielded- 
pair line has been constructed by Matthews.*® By connecting the two 
inner conductors and bringing a center tap out through the shield as the 
inner conductor of a coaxial line, only the unbalanced mode is obtained. 
By placing a tubular bridge with a gap at its center a quarter wavelength 
nearer the generator, the balanced voltage maintained across the gap 


Unbalanced 
current 


Balanced 
current 


Short-circuiting pistons 
Fic. 13.4. Coaxial-mode suppressor for shielded-pair line. 


may be used to drive a coaxial line placed inside one side of the bridge, 
provided its inner conductor crosses the gap and is connected to the 
other side of the bridge. The coaxial line for the balanced mode may be 
contained inside one of the inner conductors of the shielded-pair line and 
brought out to a detector. 

14, Series Stubs and Unbalanced Sections of Line; Folded Dipole; 
Balun; Shielded Loop. Sections of transmission line serve many purposes 
when connected in parallel with the line. Some useful properties may be 
realized by connecting sections of transmission line in series. 

Consider first an open two-wire line. If this is cut at any point along 
one of its conductors and the two terminals so created are connected to 
an auxiliary two-wire line as in Fig. 14.la, the auxiliary line is in series 
with one of the conductors of the main line, and this, quite obviously, is 
unbalanced. The codirectional currents in an unbalanced open-wire line 
do not differ from the radiating currents in an antenna. Since any cir- 
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cuit that radiates significantly is not useful as a transmission line, further 
study of the circuit in Fig. 14.1a@ is of no interest to transmission-line 
theory and cannot be analyzed by transmission-line methods. 

The main transmission line in Fig. 14.la may be balanced by the 
expedient of connecting another auxiliary two-wire line identical with 
the first one in series with the second conductor of the main line, as 
shown in Fig. 14.16. However, the fact that the entire circuit is now 
geometrically symmetrical with respect to a plane perpendicular to and 
bisecting the distance between the lines does not ensure that the auxiliary 
transmission lines are balanced. Actually they may be unbalanced so 
completely as to constitute one of the most useful types of antenna, the 


Ag 
Zo 2, 


= -Np=———44 


(c) 


2 


Fig. 14.1. (a) Two-wire line with unbalanced series section. (b) Balanced two-wire 
line with balanced series sections. (c) Folded-dipole antenna. 


so-called folded dipole. This is achieved when the auxiliary sections are 
each about a quarter wavelength long when terminated in a wire bridge 
and when the impedance Z2 looking into the length se of the main line is 
as low as possible. In the usual arrangement (Fig. 14.1c) se = 0, and 
Z2, is the impedance of a short straight conductor.t Alternatively the 
series sections of line behave like transmission lines with virtually bal- 
anced currents when Z2 is very great, for example, when Z2 = ©. In 
general, series sections of open-wire line are useful primarily as antennas. 

An interesting modification of Fig. 14.1b is shown in Fig. 14.2a, where 


{ The folded dipole is analyzed in Refs. 10 and 11. 
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all lines are shielded pairs. This does not alter the fact that the main 
line is balanced and the auxiliary lines in general are unbalanced. How- 
ever, the metallically enclosed unbalanced lines do not radiate and can 
be analyzed by transmission-line methods as in the preceding section. 
In Fig. 14.2a the symmetrical generator with emf V¢ in series with an 
internal impedance Z) is shown center-tapped and connected to the shield. 
The same is true of the terminating impedance Z,, of the main line. Since 
the main line (including load and generator) is balanced, there is no net 
flow of charge along the shield and no current in the center taps to the 
load and generator. Evidently these may be removed if desired insofar 


I, ,(2) 


shield 


4 


Z; 
2,;=0 2,8; 22=0 2289 


Fig. 14.2a. Cross section of balanced shielded-pair line with series sections. 


as balanced currents are concerned. The impedance Z,, terminating each 
of the auxiliary series sections of line of length / is symmetrical and con- 
nected to the shield at its center through an arbitrary impedance Z,, so 
that the effective terminating impedance for the symmetrical mode is 
Zi = 4Z + Z, Z, may be a lumped impedance, as in Fig. 14.2a, 
including a short circuit Z, = 0 and an open circuit Z,, = ©, or the 
input impedance of a section of coaxial line of arbitrary length, as in 
Fig. 14.20. 

The analysis of the circuit in Fig. 14.2a involves the determination 
of the currents in both branches of the main line and in the series sec- 
tions. The current J,,(z) in the left-hand part of the main line is bal- 
anced and readily determined from conventional transmission-line for- 
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mulas as soon as the terminating impedance 


= Vals) _ Vils) 
40 = File) ~ Te) om 


is known. Correspondingly the current J:,(z) in the right-hand part of 
the main line is also balanced and is easily evaluated if the voltage 


V2(0) = 12.(0)22 (16) 


across its input terminals is known. Z2 is the input impedance of the 
right-hand section of the main line of length se. The currents I1,(y) and 
I2,(y) in the two conductors of the twin line in the series sections are not 


Zi, =2£ tL 2 


To balanced ._ 
generator 


Fig. 14.2b. Cross section of balanced shielded-pair line with series sections ending in 
coaxial lines. 


necessarily equal and opposite. If they are unbalanced, there must be 
a current I;,(y) in the shield, as indicated in Fig. 14.2a. 

For simplicity it is assumed in the present analysis that the line spacings 
are sufficiently small compared with the wavelength so that junction and 
coupling effects may be ignored. If this is not the case, account may be 
taken of them using methods described in Chap. V. 

In order to determine the currents I1,(y) and I,,(y) in the two con- 
ductors of each of the series lines, it is convenient to separate them into 
antisymmetrical and symmetrical components. The former are, by defi- 
nition, the equal and opposite currents of the balanced twin line with 
zero current in the shield, namely, 


a(y) = —Ii,(y) = -Kiy) Fly) = 0 


The latter are the equal codirectional currents [,(y) = [,(y). The total 
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symmetrical current in the conductors is 
iy) = Ky) + 1) = 28y(y) = —Ta(y) 


where J;,(y) is the current in the shield and Ié(y) is the sum of the equal 
symmetrical currents in the two inner conductors. 
The total currents in each of the two inner conductors are 


hy) = Ti(y) + By) = ality) + Isyy) (2a) 
Iy(y) = Ii(y) — 1,(y) = sity) — Igy) (2b) 


These expressions may be solved for the symmetrical and antisymmetri- 
cal currents as follows: 


Ey) = Iyy) + Ivy) GY) = aly) — Ivy) (2c) 


The equal codirectional or symmetrical currents may be represented as if 
maintained by equal in-phase emfs V*; the equal and opposite or anti- 
symmetrical currents may be represented as if maintained by equal and 
opposite emfs V* and —V*. Thus the effective emfs in the two con- 
ductors are 

Vi(s) = V? + Ve V.(0) = Ve — Ve (3a) 
so that Ve = 3[Vi(s) + V2(0)] Ve = 3[Vi(s) — V2(0)] (8b) 


Since there is no actual generator at the center of conductor 2, but an 
impedance Z; is connected in series with it at y = 0, the Compensation 
Theorem states that 


V2(0) = —In,(0)2Z2 = 12,(0)Z2 (4) 
and therefore Ve = 3[Vi(s) — In,(0)Z2] (5a) 
Ve = 3[Vils) + In,(0)22] (5b) 


Let the complex propagation constant and characteristic impedance 
of all parts of the shielded twin line be y. and Z,a, respectively, when 
the line is operated antisymmetrically with currents and charges in the 
two inner conductors equal and opposite and no current or charge on the 
shield. These constants may be evaluated in any particular case using 
Chap. I, Sec. 9, Eqs. (10). Similarly let the propagation constant and 
characteristic impedance of the shielded twin line be y, and Z,, when the 
line is operated symmetrically with equal and codirectional currents in 
the two inner conductors and with the shield carrying current equal in 
magnitude to the sum of the currents in the inner conductors but opposite 
in direction. These constants may be evaluated using Chap. I, Sec. 9, 
Eqs. (23a,b). 

The antisymmetrical or twin-mode currents in the identical series sec- 
tions of line may be determined with the aid of Fig. 14.3, in which two 
equal and opposite generators each with emf V* are connected in series 
with two identical sections of line each of length J and terminated in an 
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arbitrary impedance Z,. The antisymmetrical currents in the upper 
section are given by Chap. II, Sec. 8, Eq. (16), with 1 — y substituted 
for w, 94 substituted for 6,, and 09 set equal to jx/2. (This last substi- 
tution depends on the equivalence of the lower series section and one- 


LZ, 


Bik We "Ti 


Zi, 
Fic. 14.3. Antisymmetrical problem in Fic. 14.4. Symmetrical problem in the 
the analysis of the series sections. analysis of the series sections. 


half of each generator to a perfectly conducting infinite image plane.) 
Thus the normalized current is 


EY) — TY) _ y_ sinh [yal — y) + Ou] (6a) 
Ve Ve cosh (yal + 612) 


The antisymmetrical input admittance is defined by 


It,(0) a! Ti(0) _ G = = pa 
i = ao = Yo = Y,, tanh (val + O14) = Ze (6) 


With (6b) the antisymmetrical current is 


sinh [ya(l — y) + 920] 
sinh (yal + 01) 


The antisymmetrical currents in the lower series section in Fig. 14.3 are 
equal to and codirectional with those in the upper section. That is, 
Ii(—y) = Ky). 

The symmetrical or coaxial-mode currents in the upper series section 
are derived using Fig. 14.4. Since the two inner conductors are in 
parallel with equal and codirectional currents, it follows that 


Ly) = Tyy) = sy) = — shy) (7) 


I3(y) = 13(0) Is(0) = ¥ve 6) 
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where J#(y) is the sum of the currents in the inner conductors and the 
negative of the current J3,(y) in the shield. [Note that, since I3,(y) = 0, 
I3,(y) = I3,(y).] With appropriate changes in the notation, the normal- 


ized symmetrical current I(y) = Ii,(y) + I,(y) = —J§,(y) is given by 
I:(y) eee | sinh [ys(l = y) + 616] 
ye 8h gosh GALE Oa) (8a) 


The factor $ occurs as a consequence of the fact that the parallel gener- 
ators are driving identical sections of line in series. The symmetrical 
input admittance seen by each emf V* is defined by 


Ki,(0) _ 150) _ yy _ 4 asahs 
= AL = Ye = +Y,, tanh (y./ + 0.) = x (8b) 


Since Z* is the impedance of two identical sections of line in series defined 
in terms of one-half of the total current, the input impedance Z;,, of the 
upper or lower section, when driven in the symmetrical mode and referred 
to the total symmetrical current, is 


i 
21,(0) 
Tity) = 10) sinh (y.l + 93.) 


Zine = qa = Les coth (yt + 61) (8c) 
Ik(0) = 2Y°Ve (8d) 


The symmetrical currents in the lower series section are the same as those 
in the upper section, since I,(—y) = I,(y). 
The total current in each conductor is given by (2c). It follows that 


E(0) = hy) + (0) = hh(s) — I22(0) (9a) 
10) = g{Li,(0) — Iny(0)] = s{Li.(s) + 12.(0)] (9b) 


Hence the amplitude factors in (6c) and (8c) are expressed in terms of 
the currents h,(0) = 1,,(s) and Iz,(0) = —J2,(0), which enter the series 
sections from the main lines on the left and right. It follows that the 
total currents in the conductors of the series sections may be determined 
as soon as J,,(s) and I,,(0) are available. 

The currents 1,,(0) = 1,.(s) and I2,(0) = —I2,(0) may be obtained 
using (3a) in the following equivalent form: 


Vi(s) = 1t,(0)Z* + 13,(0)Z* = 22(0)Z* + 12(0)Z2 (10a) 
V2(0) = i,(0)Z* — Ij, (0)Z* = 315(0)Z* — 15(0)Z+ (10b) 


The symmetrical and antisymmetrical currents may be eliminated from 
(10a,b) with (9a,b). Thus 


Vils) = Lhy(0)3(Z* + 2%) + Iny(0)3(Z* — 24) (11a) 
V2(0) = hy(0)3(Z* — 2*) + In,(0)a(Z* + 2°) (116) 
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Now let V2(0) be replaced by the voltage drop across the input imped- 
ance Z; of the right-hand section of line, asin (4). Also let the following 
definitions be made: 


Zu = 7(Z + Z*) Zu = 3(2° + 2) 4+ 2, (12a) 
Zn = Ly = 3(Z* —~ Z*) (120) 


It follows that (1la,b) may be expressed in the form 


Vi(s) = h,(0)Zu1 + Tey (0)Z12 = I,.(s)Zu = T,.(0)Zi2 (13a) 
0 = T1,(0)Zo1 + Toy (0) Z22 = T,.(s)Zo1 aed In,(0)Z22 (13b) 


These equations are solved readily for the total current 1,,(0) = 1.(s) 
entering the series sections from the main line on the left. Thus 


0 
Aen MOL AGT ae ne) (14a) 
_ Eby 2226 + 22 + 2) 
where Zi = Zu Zon = a ey ay (146) 


is the input impedance of the series section as a load on the main line, 
Similarly, from (13)), 


Zz. V 
~Iy(0) = 1(0) = hele) 2 = OS (15) 
where y= Fala Els E+ E+D) ey 
Zi2 Z2 — Z 


is the transfer impedance. 

The voltage V:(z) and the current J,,(z) at any point in the left-hand 
part of the main line may be evaluated using Chap. II, Sec. 8, Eqs. (17) 
and (18), or their equivalents, since the terminal impedance Z,, is given 
by (14) using (6b) and (8b). The voltage V.(z) and the current J2,(z) 
at any point in the right-hand part of the main line are also given by 
Chap. II, Sec. 8, Eqs. (17) and (18), with V¢ replaced by 


V2(0) = In.(0)22 = mi: 


where V;,(s) is the voltage across the load of the left-hand part of the 
main line, Z, is the input impedance of the right-hand part of the main 
line, and Z, is obtained from (16) with (6b) and (80). 

The antisymmetrical and symmetrical parts of the current in the series 
sections are given by (6c) and (8d), with I2(0) and I2(0) obtained from 
(9a) and (9b) using the values of I;.(s) and I2,(0) as determined in the pre- 
ceding paragraph. The total currents in each conductor, hy(y) and Iyy,(y), 
are given by (2a) and (2b). The current in the shield is I3(y) = —I(y). 
Thus the currents in all conductors of the network in Fig. 14.2a have been 
determined. 
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Three special cases are significant: 
a. Series Sections Excited in Twin Mode Alone. If the symmetrical 
impedance Z* is made sufficiently great so that the inequality 


|Z*| >> |Z* + 2Z,| (17) 
is satisfied, the input impedance Z;, in (14b) becomes 


_ 229+ (1 + 2°/Z*) . oo, 
Zu = Te EBay F 7 +e (18) 


The transfer impedance Z; in (16) becomes 
_ 22 + 2,1 + 2/2") 
= 1 — 24/Z 
Since the transfer impedance is practically equal to the input imped- 
ance, it follows that I2.(0) = [1.(s), or 
I,,(0) = —h,(0) (20) 


This means that the series sections behave like ordinary sections of 
shielded-pair line with balanced currents. This is indicated by the form 
of the input impedance (18), which is the sum of three impedances. 


Z: = 22° + 2 (19) 


Generator<— Zz 


Fig. 14.5. Series sections excited in twin mode alone. 


The condition (17) may be satisfied by selecting the length / occurring 
in (8b) to be near an integral, even multiple of a quarter wavelength, 
with Zj very small and Z,, very great, as for a \/4 closed-end stub. 
This is accomplished in Fig. 14.5 by having the series stub, including its 
termination Z,,, a 3\/4 closed-end stub. In this way Z* is the very high 
input impedance of the 3\/4 closed-end stub, whereas Z* is the very low 
input impedance of a \/2 closed-end stub. The length s. and the load 
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Z, must also be so chosen that Z; is not too large. A possible circuit is 
shown in Fig. 14.5. 

b. Series Sections Excited in Coaxial Mode Alone. If the antisym- 
metrical impedance Z* is made sufficiently great so that the inequality 


|Z*| >> |Z* + 2Z,| (21) 


is satisfied, the terminating impedance Z,, in (14b) and the transfer 
impedance Z, in (16) become 
_ 24+ 211+ 2/2) . op 
Zi, = Tt +22, /z ~ 22° + Ze (22) 
_ 22° + 2,11 + 29/24) | 
a Z/zZ*—1 = 


Zz, — (22° + 22) (23) 


Since the transfer impedance is the negative of the input impedance, 
it follows that 1,,(0) = ~—J,,(s), or 


I,(0) = h,() (24) 


Therefore the series sections behave like sections of coaxial line with a 
double inner conductor. This means that, instead of a termination Z,, - 


i 


Fia. 14.6. Series sections with codirectional currents converted to coaxial lines. 


equivalent to a series combination of three sections of balanced shielded- 
pair line, as in case a, the termination is equivalent to a series combi- 
nation of two identical sections of line, with currents in the coaxial mode 
and combined impedance 22°, and a single section of balanced shielded- 
pair line with impedance Z2. When Z, = 0, this structure is the shielded- 
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pair transmission-line analogue of the folded-dipole antenna for the open 
two-wire line. 

A circuit arrangement in which the series sections conduct only the 
coaxial mode is shown in Fig. 14.6. It is assumed that the input imped- 
ance Z;, of each coaxial line at PP’ has 


a value such that the input impedance le A | 
of each series section at its junction 
with the main lineis very much smaller Ba 


for the symmetrical (coaxial) mode 
than for the antisymmetrical (twin- 
line) mode, as required by (21). Thisis 
accomplished, for example, if Z;. = 0, 
1+/4—k, and Z, does not exceed 
the characteristic impedance Ze. 

c. Series Sections Excited with Equal 
Twin-mode and Coaxial-mode Currents. 
Let the following conditions be im- 
posed on (14b) and (16): 


zZ*=0 2|Z2| >> |Z*| (25) 


Ie-- e[>--- >| 


an 


As a consequence 


Lu = 4 Fy, ~ 8 = Wine (26a) 


Zu = 22 (26b) Fic. 14.7. Balanced twin line feeding 
. . . series sections in which the twin and 
where Z;,, is the input impedance of coaxial modes are equal. 


each of the two identical series sec- 
tions driven in the coaxial mode. The currents entering the two inner 
conductors of the series sections are 


h,(0) = Iy,(s) = 2h) (27a) 
—Iy(0) = fs(0) = (0) KO) 7B) 


A circuit that satisfies (25) is shown in Fig. 14.7. 

By making Z, sufficiently great compared with Z*, the current in the 
second conductor may be made as small as desired compared with the 
current in the first conductor. This means that the codirectional cur- 
rents are practically equal to the oppositely directed currents, so that 
they add to twice the value of one in the first conductor and cancel in 
the second conductor. Under these conditions the second conductor may 
be dispensed with, and the circuit arranged as in Fig. 14.8a or as in Fig. 
14.86, where Z, is infinite. The series sections are now coaxial lines 
instead of twin lines in which one conductor carries all the current. 
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Evidently, from (26a), 
2, = 2Zine (27c) 


where Z;,, is the input impedance of each of the coaxial lines. Thus the 
two sections of coaxial line are simply in series, and Z;n, in (27c) is the 
input impedance of each coaxial-line section. 

Baluns.'* It is often necessary to connect a balanced line, such as a 
shielded-pair line or a two-wire line, to a coaxial line that is inherently 
unbalanced. Balanced-to-unbalanced converters, or baluns, may be 
derived from some of the special circuits involving series sections of line. 


i 
i 


(a) i (b) 


Fic. 14.8. Balanced shielded-pair lines feeding identical matched coaxial lines using 
two different circuits. 


-— aA. 


B 


Consider first case b with its defining condition (21). Evidently this 
latter may be satisfied equally well with Z, = 0. Suppose that the 
terminations for the series sections in the circuit of Fig. 14.2b are Z,, = 0 
and Z;, = Z, = Z., where Z, is the characteristic impedance of the coaxial 
line. The resultant circuit is shown in Fig. 14.9. For it 


Zi, = 22° Z, = —22° (28) 


This circuit converts from a balanced shielded-pair line to two coaxial 
lines. 

In general, interest is in converting to a single coaxial line. Since the 
two lines are in series, it might be supposed that it is merely necessary to 
replace one of them by a short, unloaded section, as shown in Fig. 14.10, 
provided the requirement (21), that is, |Z*| >> |Z*|, is maintained. This 
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could be accomplished by making the section a closed-end half-wave stub 
for the coaxial mode and a closed-end quarter-wave section for the twin 
mode. However, this provides a completely unbalanced load which, as 
described in Sec. 18, generates an unbalanced codirectional current on 
the main shielded-pair line. Note that, even though no connection is 
shown in Fig. 14.10 from the point Z to the shield, this does not mean 
that Z, in Fig. 14.1 is infinite. Evidently a very appreciable fraction 
of the power would be dissipated by the currents in the symmetrical mode 
in the main shielded-pair line unless an unbalance squelcher, such as 


Nae 
Atk 
ed i 


Fig. 14.9. Balanced twin line feeding Fic. 14.10. Shielded-pair line feeding one 
two matched coaxial lines. matched coaxial line. 


shown in Fig. 14.3, were inserted in the shielded-pair line near its junc- 
tion with the coaxial line. If such a symmetrical-mode suppressor were 
used in the circuit of Fig. 14.10, this would constitute an effective, albeit 
constructionally somewhat complicated, balun. 

Without an unbalance squelcher a balanced shielded-pair line can be 
maintained only when the load is equally divided between the two series 
sections, as in Fig. 14.9. This suggests the possibility of continuing the 
balanced shielded-pair line as two coaxial lines, each terminated in Z,. 
This is illustrated in Fig. 14.11. As a consequence of symmetry it is 
immaterial whether the two series sections are divided by a metal wall 
at SS’ or not. 

Although the circuit of Fig. 14.11 provides a completely balanced con- 
version from a shielded-pair line to a load in a coaxial line, it has the 
undesirable feature of requiring two coaxial lines to the load. Fortu- 
nately this may be avoided by arranging the outputs of the two coaxial 
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lines in parallel and then connecting the load, as is shown in Fig. 14.12. 
Since the two lines carry currents exactly 180° out of phase at points 
that are equidistant from the junction with the shielded-pair line, it is 
necessary to insert an extra half wavelength of line in one of the lines in 


Fig. 14,11. Shielded-pair line with balanced load consisting of two identical, matched 
coaxial lines folded so that their loads are in series. 


Fie. 14.12. Balun for connecting from shielded-pair line to coaxial line (based on 
Fig. 14.9). 


order to have the outputs from the two lines in phase. With this half- 
wavelength section an effective balun is achieved which does not require 
the use of an unbalance squelcher. 

The circuit in Fig. 14.8b which converts from a balanced shielded-pair 
line to two identical coaxial lines may be used as a balun in either of the 
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two connections shown in Figs. 14.11 and 14.12. In this case the section 
of shielded-pair line extending for the first quarter wavelength of the 
series lines is absent. As a consequence the length s; in the circuit corre- 
sponding to Fig. 14.12 may be reduced to as small a length as is physi- 
cally practicable, including zero. The result is the simple circuit shown 
in Fig. 14.13. This provides an effective balun. 


Fia. 14.13. Balun (based on Fig. 14.80). 


As a consequence of the reciprocal theorem, the baluns described in 
the preceding paragraphs may be used to convert from a coaxial line to 
a balanced shielded-pair line. 

Since many of the circuits described depend on an inequality that 
requires a certain impedance to be very large or very small compared 


Unbalanced line 


Balanced LLL AN K & 
X Z 71h 


~ va 
ee ae ee” 


@ 


Fic. 14.14. Balun for connecting from Fic. 14.15. Balanced shielded loop driven 
two-wire line to coaxial line. from shielded-pair line. 


with another impedance, the operation of the circuits is frequency- 
sensitive. In practice, the significant impedances can be made adjust- 
able to permit their use with any one of a range of frequencies, but this 
does not imply broadband operation. 

It is to be noted that the entire discussion in this chapter has assumed 
that the cross-sectional dimensions of all shielded-pair and coaxial lines 
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are so small that junction effects are negligible. In general, this is not 
necessarily the case. For example, in Fig. 14.13 the fact that series line 2 
branches off at right angles, whereas series line 1 does not, involves a 
different terminal-zone correction, so that the shielded-pair line may be 
slightly unbalanced. 

Application to Two-wire Open Line. Whenever the unbalanced cur- 
rent on the main shielded-pair line is vanishingly small, this line may be 
replaced by a two-wire line with appropriate changes in constants with- 
out modifying the formulas. In particular, the baluns described in the 
preceding paragraphs may be used for converting from an open two-wire 

; line to a coaxial line. This is illustrated in 
ee aR Fig. 14.14. If the unbalanced currents on the 
‘ H shielded-pair line are not insignificant, the cor- 
responding currents on a two-wire line cannot 
be determined from transmission-line theory. 
Shielded Loop Antenna.'! An important type 
of antenna (especially for direction finding and 
exploring electromagnetic fields in the form of 
a probe) is the shielded loop. This consists of a 
section of coaxial line which is bent into a closed 
loop and driven from a shielded-pair line, as 
shown in Fig. 14.15. A section of the shield 
is removed opposite the junction of the two 
types of line, so that the outer surface of the co- 
axial line constitutes a loop antenna. For pres- 
? ent purposes it is equivalent to a lumped load 
Fig. 14.16. Square shielded Z, = Ri + 9X1 connected in series with the 
loop with outer surface re- Shield of the coaxial line, as shown in Fig. 14.16 
placed schematically by a for a square instead of a circular loop.t 
coil of equal impedance. The circuit of Fig. 14.15 or 14.16 satisfies the 
a ole tothe radiation .~mmetry condition presupposed in conjunction 
; with (27c), so that the load terminating the 
shielded-pair line is two identical coaxial lines each terminated in Z,/2. 
It follows that the load terminating the shielded-pair line is 


Z;, = 2Z, coth (ys + 98,) (29a) 
Zz 
where 6, = coth—! 9 Z. (29b) 


and s is the length of each line. Referring to Figs. 14.15 and 14.16, 
s is one-half the length of the inner conductor in the loop. The two 
sections of coaxial line with characteristic impedance Z, and propagation 
constant y are seen to be in series. 


¢ Formulas for R,and X, for circular and square loops are given in Ref. 9, Chap. VI. 
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15. The Hybrid Junction for Transmission Lines.®:31599 A useful 
circuit element for coaxial, shielded-pair, and two-wire lines is the hybrid 
junction. This consists of a combination of shunt and series sections 
connected at the same cross section in a transmission line. It is advan- 
tageous first to analyze the circuit that is simplest in form and then to 
consider other possibilities. 

In Fig. 15.1 is shown a hybrid-junction circuit for use with two-wire or 
shielded-pair lines. It consists of four transmission lines, each extending 
from a pair of generators with emfs 3V¢ and impedances Zp) toward a 
common junction region. Lines 1 and 2 extend continuously from A 


lye U.S.=Unbalance 
‘ +o~ 5 squelcher 
$s 
Zs 7? 
—o+ 


Fis. 15.1. Hybrid junction for shielded-pair or two-wire line. 


to B. At their junction line 3 is connected in parallel and extends at 
right angles to C. Lines 1 and 2 are coupled by ideal transformers to 
line 4, which extends to D. Since line 4 in the simple circuit of Fig. 15.1 
is coupled to only one of the conductors of lines 1 and 2, it constitutes 
an asymmetrical load that generates unbalanced currents, and these in 
turn can excite unbalanced currents in lines 3 and 4. Therefore an 
‘unbalance squelcher” (preferably of the terminated type shown in 
Fig. 13.4) is connected in each line near the junction region, as described 
in the preceding section. Note that the four unbalance squelchers have 
little or no effect on the balanced currents. Owing to the presence of 
unbalanced currents on all four lines between the unbalance squelchers 
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and the common junction, these sections as well as the squelchers them- 
selves must be constructed of shielded-pair line. Between the squelcher 
and the generator only balanced currents exist, so that in this range each 
line may be constructed either of shielded-pair cable or of two open wires. 
Since codirectional currents are relatively small and are excluded from 
the four transmission lines, they may be ignored without serious error 
in the analysis of the equal and opposite currents. To include them 
would add great complications without significantly altering the results. { 


Fra. 15.2. Hybrid junction for coaxial line. 


The circuit of Fig. 15.2 is a coaxial-line equivalent of Fig. 15.1. Actu- 
ally it consists of only three coaxial lines—the collinear lines 1 and 2 
and the shunt line 3. The series line 4 is a shielded-pair line. Since 
each of the three coaxial lines can support only a single mode, an unbal- 
ance squelcher is required only in line 4. 

The essential characteristics of the hybrid junction may be determined 
by inspection. It is clear from Fig. 15.1 or 15.2 that currents main- 
tained by V¢, divide equally between lines 1 and 2 at the junction and 
induce no voltage in line 4. Similarly currents maintained by V%, are 


+ An analysis of both codirectional and equal and opposite currents is given in 
Ref. 86. 
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limited to lines 4, 1, and 2. Evidently there is no coupling between lines 
3 and 4. 

In order to facilitate the analysis of the hybrid junction, let the 
transmission-line problems be eliminated by introducing lumped circuits 
that are their equivalents insofar as the junction is concerned. This is 
accomplished by applying Thévenin’s theorem at the cross sections where 
the lines join. Let the open-circuit voltages across these terminals be 
Vi, Ve, Vs, and Vs. Also let the impedances looking back into the lines 
with the driving generators short-circuited be Z,, Z2, Z3, and Z, Then 
each line at, the junction is equivalent to its open-circuit voltage in series 
with its input impedance and the junction, as shown in Fig. 15.3. The 
four currents I; = I,(s1), I, = I2(se), Is = Is(ss), and Ig = Iy(s4) in Fig. 
15.3 are the same as in Figs. 15.1 and 15.2. In the former and in line 4 
of the latter the indicated currents are only the antisymmetrical parts of 
the total current in the junction region. 

Let it be assumed that the number of 
turns on the transformer windings in 
lines 1 and 2 is the same and given by 
m2 = 71. Let the number of turns on 
the winding in line 4 be ns. The gen- 
eral current and voltage equations for 
an ideal transformer with three windings 
are 


V, z, 


nil + Nol » + nals => 0 (1a) 
pt (1b) Fig. 15.3. Equivalent circuit for 

hybrid junction. 
where ¢1 = é: = e is the voltage across the windings in lines 1 and 2 


and e, is the voltage across the winding in line 4. I, Iz, and I, are the 
currents through the three windings. For the case at hand, 


Na = YN = TNg (2a) 
sO that fh, + i, + rl, = 0 (2b) 
a=a@= tse (2c) 


The following mesh equations are obtained directly using Fig. 15.3 and 
(2b,c): 


Va = re + 42, = re — Zs ( + I) (3a) 


Wt+Vs=e+hZ,+ bZ; =e + (2, + Z;) — IZ; (3b) 
V2 ae V3 = é@ + I,Z2 apa I3Z3 = €é6 + In(Ze +- 23) — 1,Z3 (8c) 


In (30,c) use is made of the equation 


h=l—h (4) 
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By solving (3a) for e and substituting this in (3b,c), the following equa- 
tions are obtained: 


LA + I.B = V, (5a) 
hB+hC = Vv (5b) 
where 
Z 
Aaht+ntre Ba -2+% C=2+2,+ 4 (6a) 
Ve= Vit Ve— 7! = Vi- Va ~ oS (6b) 
The solutions for J, and J, are obtained directly. They are 
T, = WiFi + Ve¥i2 + Va¥is + Va¥ia (7a) 
Tp = ViYo; + Vo¥o2 + Vs¥o3s + Va¥oa (7b) 
2 _ 2 
where Yj; = Z,+ Z; + Z/r* Yio = 2; — Z,Jr° (7c) 
D D 
2 
ioe Yu = —(Z1 +22,)(rD)-? (7d) 
Z Z. + Z,/r? 
Y. = Yu Vow chee Foe tile (Ze) 
2 
Yn = ~ Bb 2hr You = —(Z:+22;)(rD)-?— (7) 


D 
where D= AC —- P= 2,22 + L243 + Z341 + of (Z; + 2, + 4Z3) (8) 


With JI, and I, determined, the other two currents are readily found from 
(4) and (2b). The expressions are as follows: 


Iz = I, — Ip = ViYs1 + VoY32 + Vs¥33 + Vi¥os (9a) 
I 
I ee ed ol Ss + I, = Vilas + Vo¥ 42 + V3Y 43 + Vil a4 (9b) 
where 
Ys, = Vis Y32. = Yo (9c) 
Z, + 4Z,|r? 
Yq, =AtE tA yy = (Zi - 2)(0D) (94) 
Yu, = Yuu Yun = You (9e) 
Yu3 = Yq Yas = (41 + Z2 + 4Z3)(r?D)—! — (OF) 
The four equations (7a,b) and (9a,b) may be expressed in matrix form 
as follows: 
I= YV (10) 
I, Vi 
_ | _| Ve 
where l= IL, V= V; (11a) 
I, Vi 
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and the admittance matrix is 


Yui Yio Yi; Yus 
Yo: Yoo Yo3 Yous 

Y= 11b 
Vi. Yes Yas’ You 112) 


Yur Yao Yas Yas 


Important applications of the hybrid junction involve the use of only 
one of the four generators. 


Special Case A 


V, = V2 = V3; = 0 Vv, +0 (12a) 
_ _ Val(Z2 + 223) 
i= acess 5s ance (12b) 
_ _ Wa(Z1 + 225) 
I, = as; pa (12c) 
ies ue 2) (12d) 
_ Va(Zi + Z2 + 423) 
= 5) (12e) 
Special Case B 
Vi=V2=V,=0 V3; #0 (13a) 
2 
L, a V3(Ze a ) (130) 
2 
1,2 V3(2Z1 + At 4Z,/r?) (134) 
Te Eten (13e) 
Special Case C 
V, = V3 = Ve = O V2 #0 (14a) 
tad 2 
y= Va = Zur a 
Vo(LZi ie A + Z,/r*) (14c) 
poy 2 
Is ws ene 22,/r ) (14d) 
lL, = ates 1 Bee) (14e) 
Special Case D 
V2 = V3 = Ve = 0 V7, ~0 (15a) 
2 
Pie Vilés TFs el) (15b) 


= its — dr) (15¢) 


230 TRANSMISSION-LINE THEORY [Chap. ITI 


Vi(Z2 + 2Z,/T*) 


I; = D (15d) 
_ —Vi(Z2 + 223) 
I; = cae: 5 means (15e) 


The Hybrid Junction as a Bridge. The relations (12d) and (13e) lead 
to the following important conclusions: 


V,~0;1, = 0 when Z; = Z, (16a) 
V; £0;1, = 0 when Z; = Z2 (16b) 


The condition Z, = Z, requires that the impedances looking back into 
lines 1 and 2 from the junction be the same. If the two sections of line 
are identical in cross section and length, this condition can be satisfied 
only if 

Zo = Lor (17) 


Clearly the sufficient evidence that (17) is satisfied is the vanishing of 
I; if V3, (Figs. 15.1 and 15.2) is the only emf or the vanishing of J, if 
Vg, is the only emf. Accordingly it is possible to compare two impedances 
Zo: and Zoz by a null method. 

If Zo: is a variable standard impedance and Zp is an unknown imped- 
ance that is to be measured, these impedances can be connected as termi- 
nations of the identical line sections 1 and 2. By inserting a generator 
in line 4 and a detector in line 3 (or vice versa), the current in the detector 
vanishes when the variable standard impedance is adjusted to equal the 
unknown impedance. Thus, when J; = 0 (or I, = 0), Zog = 2Zo1. 

The Hybrid Junction as a Line Stretcher. A linear shift in phase can 
be introduced in a matched transmission line by changing its length with 
the aid of a telescoping section known as a line stretcher. The hybrid 
junction makes possible the accomplishment of the same result, without 
changing the physical length of the line. This is achieved by selecting 
lines 1 and 2 as the continuous line in which a shift in phase is to be 
produced. Let V%, be the only active generator emf, and let both lines 
1 and 2 be terminated in their characteristic impedance Z, = R,. Thatis, 


=> Zi + R, Loz = LZ, = Ze = R, (18a) 
With (7) and (8), these requirements are equivalent to the following: 
Lage a Re Z,+ Rk. (18b) 


T Yun Re+ 23,4 2/7? 
It is readily verified using (8) and (18a) that (18b) is satisfied if 
4Z3L4 


re 


= Re (19) 
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This is satisfied when lines 3 and 4 are terminated in movable highly 
conducting pistons, so that Zo; = Zo, = O and 03 = O04 = ja/2. Fur- 
thermore let line 4 be maintained exactly a quarter wavelength longer 
than line 3. In practice, this may be realized by having the two pistons 
ganged together so that 


Bs, = Bs3 + 5 (20) 
(It is assumed that the phase constants of the lines are all the same.) 


Since the line sections can be kept short, their losses may be neglected. 
As seen from the hybrid junction, the impedances are 


23 = jRes tan BS3 Zh = —jRes cot Bs3 (21) 
The condition (19) requires that 
72 R? 
ResRes = 4 £ (22) 


The ratio of the current J, entering line 2 to the current J, leaving 
line 1 is obtained from (7a,b). Thus 


ho¥u 2s Zi/r?  _ _ jl Res tan Bss + (Rea/r*) cot Bsa] 
hoYn Re+ 2+ 4/7? Re + jl Res tan Bs3 — (Rea/1?) cot B33] 


(23) 


This expression is reduced to very simple form if the dimensions of lines 
3 and 4 can be so chosen that their characteristic resistances have the 
following values: 


Res = > => (24a) 


where RF, is the characteristic resistance of lines 1 and 2. With this 
choice it follows directly that 


I; 

i 

By varying 6s; (with 6s, = Bs3 + 1/2) between w/2 and , the phase y 

of the current entering line 2 may be shifted linearly from 0 to x, whereas 

both lines 1 and 2 remain terminated in their characteristic impedance R,. 

As described later in this section, important types of hybrid junctions 

have r = 2, so that (22) requires R.; = Rez = Re. In this case (23) 
becomes 


I, _ 1 + + cot? Bs; _ 1 — (Gj/2) cot Bs3 
I, 1+ 7 cot Bs3 — + cot? Bs; 1 + (7/2) cot Bs3 


where y = —2 tan“ (§ cot Bs3) = 2 tan—! (¥¢ tan Bs.) (25d) 


=e Wp=7 — 28s, (24b) 


=e (25a) 
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This formula also provides a range of y from 0 to 7 as @s3 is varied from 
x/2 tow, but the variation of y is not linear in Bs3 as with (246). 

The Measurement of Phase with the Hybrid Junction. The phase dif- 
ference y between two voltages may be determined with the hybrid junc- 
tion by applying these voltages to lines 1 and 2 and observing the currents 
Izand I,. With V, # 0, V2 ~ 0, Vs = 0, and V, = 0, the general expres- 
sions (9a,b) reduce to 

1; ViY31 + Vo¥ 30 (26a) 
Ty = ViYar + V2¥ a2 (26D) 
In these equations V; and V, are the open-circuit voltages at the ends of 
the lines when these are disconnected at terminals 1 and 2. In a phase 


comparison the significant voltages are those maintained across terminals 
1 and 2 when the lines are connected. These are 


V; => Vi = LZ, Vi = V2 — IZ. (27) 


where Z, and Z, are the impedances looking back into lines 1 and 2. 
If the values of V; and V, in (27) are substituted in (3b,c), it is seen that 
the terms involving Z, and Z, cancel. Evidently the general expressions 
for Iz and I, may be expressed in terms of Vi and V4, instead of V; and V2 
simply by setting Z, and Z2 equal to zero. Hence 


I; = Vi¥i, + Vi¥ae (28a) 
Ty = ViVa + V2¥ an (285) 


where Yj; is obtained from Y;; by setting Z, and Z2 equal to zero. With 
(7c-f) and (9c,d) it is found that 


1 


Yu, = Yg2 = 225 (29a) 
y r 
Yu = Ya = — 97. (290) 
If (28a) and (28d) are solved for the currents using (29a,b), the results are 
_v- vs _ Vi ts 
I; = az, ~ 22, (1 — vei¥) (30a) 
Pn halk nes 
I, = 2Z,/r meee 224 (1 5 ve’ ) (30b) 
with the complex ratio factor v defined as follows: 
Vi 
v=vev = Vv (31) 


The formulas (30a,b) may be rearranged in two ways that lead to differ- 

ent methods of measuring the phase y. They are considered in turn. 
Ratio Method for Measuring Phase of Voltages of Equal Amplitude. If 

an attenuator is available so that the magnitudes of the two voltages 
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V, and V, maintained across terminals 1 and 2 of the hybrid junction 
can be kept equal, it follows that v = 1, so that the magnitudes of the 
currents in (80a) and (30b) are given by 


7 


[I3| = lag. 57, — cosy) = Ee Ki sin 5 (32a) 
\I4| = sy /2(1 + cos y) = Yr "| cos § (32b) 


These currents may be normalized by noting the oe conditions: 


OZ, 


For y = 7, I, = 0 [Zs = [Zsmax| = ot 


For y = 0, I; = 0 \I4 = | Tamax| = 


(33a) 


(335) 


By introducing normalized currents the following relations are obtained: 


Cee ee a) ee 

3 = | reli sin 5 (34a) 

= Segue (34B) 
| pore 2 


From these equations an explicit expression for the phase difference is 
obtained : 
y= 2 tant? 


4 


(84c) 


If one of the voltages Vs, or V¢, applied at the input terminals of lines 
1 and 2 is variable in phase, this can be varied until J; = 0 is observed 
and |Zsmax| is determined. By again varying the phase until I, = 0 is 
observed and |Jsm.x| is determined, the circuit is standardized for phase 
comparison. By applying a standard reference signal to line 1 and the 
signal of unknown phase to line 2, the phase difference is obtained directly 
from the ratio of the normalized currents in lines 3 and 4 using (34c). 
Note that this method requires the two voltages Vi and V} to be equal in 
amplitude. 

Balanced-detector Method for Comparing Phase of Unequal Voltages. If 
the two voltages are not equal in magnitude, a convenient alternative 
method of phase comparison is available. Although it can be directly 
based on (30a,b), it is advantageous to obtain the corresponding expres- 
sions when the voltages are applied to arms 3 and 4 instead of arms 1 
and 2, since, in general, lines 1 and 2 can be made alike more readily 
than 3 and 4, 

Let the voltages applied across lines 3 and 4 be V4 and V4, where 
these are related to the open-circuit voltages V3 and V, by the formulas 
Vs = V3 + 1:2; and Vs= V,+ 142s. If these are used in (3a,b,c) to 


234 TRANSMISSION-LINE THEORY {Chap. III 


eliminate V; and V;, the terms in Z; and Z, cancel, so that (7a,b) may be 
expressed as follows: 


I = V3Yis + ViYis (35a) 

Tz = V3Yo3 + Vi¥ 4 (356) 

where Yi, = ue 3 = — z (35c) 
1 2 
eS Ree se 

= ~ 77, 24 = rZ, (35d) 


By now requiring that the impedances looking into lines 1 and 2 be 
equal, 1.e., 

Z1,=2, (36) 
and by setting 


v=vv= 
Eqs. (35) become 
i, = Vs (1 — ve’¥) I= — Vs (1 + ve) (37) 
1 Zi 2 Zi 


These equations correspond to (30a,b) if Z; is made equal to Z,/r. Since 
it is more convenient to satisfy Z, = Z. than Z; = Z,/r, Eqs. (37) are 
preferred to (80a) and (30b). 

The magnitudes of the currents entering the two lines are 


|| = 7 (1 + v? — 2v cos y)} (38a) 
V3 


U 


\I2| = (1 + v? + 2v cos y)} (38b) 


Ly 


It is now clear that any quantity that involves the difference between 
an arbitrary power 7 of the two currents, that is, 


, i [(1 + v? + 2v cos py)? — (1 + v? — 2v cos py)” 
1 


(39) 


[Zo|" — [a|" = 


vanishes when y = 1/2. Evidently, if a circuit can be provided which 
measures a quantity proportional to the difference current in (39), a null 
reading indicates that the two voltages are 90° out of phase. If a refer- 
ence voltage with known variable phase is available, the phase of an 
unknown voltage is readily determined by varying the phase of the refer- 
ence signal until it is 90° out of phase with the unknown. 

In Fig. 15.4 an arrangement is shown for determining the relative 
phase distribution of the electromagnetic field near an antenna system. 
Two balanced detectors are used to rectify individually the currents 
and Iz. The rectified output of each of the two identical detectors is 
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proportional to some power of the radio-frequency current. The differ- 
ence of these outputs is applied to the receiver. 

The Hybrid Junction as a Directional Coupler. The function of a 
directional coupler is to permit the separate and independent determi- 
nation of the currents maintained by generators (or their equivalents) 
at opposite ends of a matched transmission line. In particular, if in 
Fig. 15.1 lines 1 and 3 together constitute a continuous transmission line 
with V;, and Vé, as active emfs while Vj. = V3, = 0, the hybrid junction 


Radio 
frequency 
transmitter 


Reference signal 


Coaxial 
hybrid 
junction 


Antenna system 
under test 


QOQ 
cea To arm 3 
Signal 
Receiver | whose phase 


is to be determined 


Fia. 15.4. Balanced-detector method of relative phase measurement with a hybrid 
junction. 


acts as a directional coupler if J, is a measure of that part of the current 
in lines 1 and 3 which is maintained by V%,, and J, is a measure of the 
part of the current maintained by V%,. Evidently this means that I, 
must vanish when V§, is the only active emf and that J, must vanish 
when Vj; is the only active emf. It follows from (15c) and (13e) that 
the necessary conditions are 


n= 42, (40) 


If (40) is satisfied, it follows from special cases D and B, using (8), 
that the currents are 


Case D: V2 = V3 = Vy = V, 40 (41a) 
— Vi 
i,=1; Zt OF, (41b) 
h=0 (41c) 
a coe 
FEF 2) ere 
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Case B: V; = V2 = V, = 0 V3 #0 (42a) 
h= -h= Z, + 92, (42b) 
Ws 
ean ay A 2) 
I,=0 (42d) 


Now let it be required that lines 1 and 3 be matched at the junction, 
so that 


Ft = Zi + Za = Zi + 22s (43a) 
Vs tt laa L+F (436) 
These equations require the following: 
7,71 _% 
Z; = 23 = Can) (44) 


Evidently each line must be terminated in its characteristic impedance 
at the end remote from the junction. With (40) and (44) these rela- 
tions must be satisfied: 


Zn = 41 = 2a Log = 22 = Le = Le (45a) 
2 
Zs = 23 = a = 2 Zu=le= la =r ao (45b) 
The currents maintained by Vé, are given by 
Pe eas 2 Bae: 
=k = a2, I, = 0 I, = Ln (46) 
The currents maintained by V%, are 
V V. 
I= -h = a7 I; = Z., I, =0 (47) 


If V,¢ is the only emf and line 3 is terminated in its characteristic 
impedance, J, is zero. If line 3 is not terminated in its characteristic 
impedance but in Zos = Z-3 + 2pq, it is possible to replace Zj; by an emf 
Voz = —Ip3Zj3- The current I, is then a measure of this voltage and 
therefore of the reflected wave from the termination. ‘Thus J, measures 
the direct wave, and J, measures the reflected wave. 

Various types of directional couplers are in common use. In principle 
their operation corresponds to that of the hybrid junction as described 
above, but different constructions are involved. Some types consist of 
two lines coupled by holes at one or two points. The theory of trans- 
mission-line directional couplers is formulated in Chap. VI, Sec. 5. 

Hybrid Junctions without Transformers. In the circuits of Figs. 15.1 
and 15.2 transformers are used to couple line 4 to lines 1 and 2 and to 
provide the center tap leading to line 3. In actual practice at high fre- 
quencies it is possible to eliminate the coils in Fig. 15.2 by letting the 
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inner conductors of lines 1 and 2 continue smoothly to a junction and 
substituting a straight conductor for the coil at the end of line 4. This 
in no way alters the analysis. If a coaxial output is desired for line 4, 
the coupling loop may be the equiv- | 
alent of a shielded loop, as described | (4) 
in conjunction with Figs. 14.14 and | | | 
14.15. A simple circuit of this type is —_ 
illustrated in Fig. 15.5; useful modifi- (1) (2) 
cations are shown in Figs. 15.6 and 
15.7.T | 

Instead of coupling line 4 to lines 1 
and 2, as in Figs. 15.1 and 15.2, it may | 
be joined directly, provided line 3 be- QB oo, 
gins with a high-impedance stub, as “ shielded eounline lens junction 
shown in Figs. 15.8 and 15.9. In this ; 


case the antisymmetrical currents at the junctions satisfy the following 
equations: 


h+h = $1 h+h= —43; (48) 
so that h+h+2h=0 h-h=!t; (49) 
If the two equations in (49) are compared with (2b) and (4), it is seen 
(3) Z, 
Ze 
2 
1) Z, (2) Z, 


(4) Z, 
A x A 
| a3 a 
Fic. 15.6. Modified coaxial hybrid junction. 
a A A. x 
ach 4 
(4) 


(3) Zo 
Fia. 15.7. Modified coaxial hybrid junction. 


t These are due to Morita and Sheingold.” 


238 TRANSMISSION-LINE THEORY [Chap. III 


Unbalance 
squelcher 


Fig. 15.8. Hybrid junction for coaxial line using shielded-pair section. 


Fia. 15.9. Hybrid junction for shielded-pair or two-wire line with high-impedance stub. 
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that they correspond exactly if the transformer ratio r is set equal to 2. 
It follows that all the results derived for the transformer-coupled lines 
apply if r is replaced by 2. 

The hybrid junctions for shielded-pair and two-wire lines in Figs. 15.1 
and 15.9 are unbalanced in all four lines instead of only in line 4 (in which 
codirectional currents must be suppressed with an unbalance squelcher). 
This is a consequence of the insertion of a series section of line in only 


Unbalance 


1 

1K squelcher lye 

— + = + 
201 2o2 

ive Unbal Tye 
e nbalance iye 

2¥6i squelcher 22 

Va 


Fie. 15.10. Hybrid junction for shielded-pair or two-wire line in completely symmetri- 
cal form with high-impedance stubs. 


one of the two conductors. Evidently the unbalance on lines 1, 2, and 3 
can be eliminated by using two complete and identical lines 4, as in Fig. 
15.10. Alternatively the load and generators in the lower line 4 may be 
omitted, and the line fixed in length at y + 4/4. The open ends of the 
lower line 4 are then connected to the upper line 4 at a distance y from 
the junction. The length y may be kept as short as practical conven- 
ience dictates. 

It is readily verified that the analysis of the balanced circuit of Fig. 
15.10 differs in no essential manner from that of Fig. 15.9. 

Ring Circuit. An alternative method of constructing a hybrid junc- 
tion for use with coaxial lines is the ring circuit shown in Fig. 15.11. 
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It is readily verified by inspection that it has the essential properties of 
the hybrid junction if the lines are treated as lossless. Thus, if a voltage 
is applied to line 4, the resulting current divides equally between lines 
1 and 2, and no voltage is maintained across line 3. Similarly, if a volt- 
age is maintained across line 3, equal voltages are established across lines 


Fe 


Fic. 15.12. Modified ring circuit with reversed connections. 


1 and 2, and the voltage across line 4 is zero. Clearly lines 3 and 4 are 
not coupled. Unlike the transformer-coupled circuit of Fig. 15.2, the 
ring, or ‘“‘rat race,” is highly frequency-sensitive, since its operation 
depends on the spacing of the four lines around the ring specified in 
Fig. 15.11. 
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A ring circuit of different construction is shown in Fig. 15.12. It con- 
sists of a ring that is one wavelength rather than one and one-half wave- 
lengths in circumference. The four transmission-line connections are 
uniformly spaced around the ring. However, one of the four quarter 
wavelengths between connections is spiraled through 180°, so that the 
connections at one end are reversed. It is readily verified that this ring 
also has the essential properties of the hybrid junction and is much less 
frequency-sensitive than the more conventional ring in Fig. 15.11. On 
the other hand, it is difficult to adapt the ring in Fig. 15.12 for use with 
coaxial lines. 

PROBLEMS 


1. Determine the input impedance of a section of line of length 20.2 m for which 
Z, = 400(1 — ja/8) and a = 2 X 10-3 neper/m at a frequency of 300 Mc/sec. The 
line is terminated in an apparent impedance Z,, = 100 — j800 ohms. 

2. What would be the input impedance of the line described in Prob. 1 if it were 
lossless? 

3. A section of coaxial line is to be designed to provide a maximum possible input 
impedance. It is specified that the inner radius of the shield must be 1.5cm. Deter- 
mine other specifications using the best physically available materials. What is the 
maximum input impedance? 

4. Design a transmission system using a series transformer to match an impedance 
Ze = 40 + 720 to a 50-ohm coaxial cable so that the line is terminated in its charac- 
teristic impedance. 

5. Design a single-stub matching network for a load Z,. = 20 — j500 ohms so that 
the line is terminated-in its characteristic impedance Z, = R, = 440 ohms. Do this 
analytically and also graphically using both types of circle diagram. Explain the 
graphical solutions in detail with the aid of construction lines. 

6. Design a double-stub matching network for a load Z,. = 800 + j600 ohms on a 
line for which Z, = R, = 72 ohms. The input impedance of the network and load 
is to be 72 ohms. Use analytical and graphical methods. 

7. Investigate the broadband properties of the series transformer by determining 
the standing-wave ratio as a function of the frequency if the line is matched at a 
given fixed frequency fy. Use appropriate constants. The standing-wave ratio is 
given by S = coth p,. 

8 Repeat the preceding problem for the single-stub matching network. 

9. Investigate the impedance-matching properties of a triple-stub tuner consisting 
of three shunt stubs appropriately spaced at fixed distances along a transmission line. 

10. An impedance Z, = 20 — j500 ohms terminates a line with R, = 440 ohms, 
a = 2.26 X 1073 neper/m, and ¢ = a/8. The frequency is 150 Me/sec. 

(a) Determine p, and %, by calculation and by circle diagram. 

(b) Determine the shortest distance from the load along the line at which the 
impedance looking toward the load is a pure resistance. What is this resistance? 
What are the associated values of p, and 4,? What is the standing-wave ratio as 
defined by S = coth p,? 

(c) Repeat part (6) for the next shortest distance for which the impedance is a 
pure resistance. 

11. A coaxial line is constructed of an aluminum tube with inner diameter of 1 in. 
and wall thickness of ; in. The inner conductor is steel drill rod z in. in diameter 
that is silver-plated for a distance of exactly one-half wavelength from the terminating 
piston. Determine the values of the terminal functions and the reflection coefficients 
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terminating the line at the beginning of the silvered section. Assume the piston to 
be perfectly conducting. The frequency is 300 Mc/sec. 

12. An apparent impedance Zsa = 616 — j2,096 ohms terminates a two-wire line 
with characteristic impedance Z, = 400 ohms and an attenuation constant a = 1073 
neper/m at a frequency for which the phase constant is 8 = 0.30 radian/m. Deter- 
mine (a) the apparent terminal functions; (b) the apparent reflection coefficient; (c) 
the input impedance of a 20-m length of line when terminated in 2,2; (d) the length 
of line required in addition to the 20 m in (c) so that the line is characterized by input 
resonance. What is the input impedance at input resonance? 


CHAPTER IV 


GENERAL AMPLITUDE RELATIONS 
FOR CURRENT AND VOLTAGE 


1. The Distribution of Current and Voltage and the Transfer of Power 
along a Nonresonant Line. The distribution of voltage along an infi- 
nitely long line is described in Chap. I, Sec. 14, and illustrated in Chap. I, 
Fig. 14.1. The description involves traveling waves of constant phase. 
The distributions of voltage and current along a line of length s that is 
terminated in Z, are the same as those along the first s meters of an 
infinitely long line. From Chap. II, Sec. 5, Eq. (12), they are given by 


a _ VeZ. 
Vee 7, 


en (atiB)2 (1) 


where z is the distance from z = 0 along a line of length s, Z is the 
impedance of the generator, and V¢ is its electromotive force. Since 
Z. = RA(1 — 7¢-), it is evident that the current and voltage at the cross 
section z satisfy the relation 


V, = LRe7i 0140 (2) 


Thus the voltage leads the current in phase by the usually very small 
angle tan~! ¢,.. For a line with low distortion defined by ¢?2 <1, (2) 
becomes simply 

V, = LR.e7i* = LR, (3) 


The losses on many lines are sufficiently low so that ¢, is very small 
(10-’ or less), and the exponential in (3) may be replaced by its leading 
term of unity, as on the right in (3). 

The power supplied to the nonresonant line at its input terminals at 
z = 0 is the real part of Volz. That is, 


Po = 2|Bl Rin = 3llol?R- (4) 
where I, is the peak value. The power dissipated in the matched load at 
the end of a line of length s is 

P, = HEIR, = HLIRe = S131 Ree-t* (5) 


This follows since, by definition of a nonresonant line, Z, = Z:. 
243 
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The efficiency of transmission is 
2 
We=5 = p5 = em (6) 


The transmission loss is usually expressed by the power ratio Po/P,. 
Thus the loss in decibels is defined by 
= 0 Po 
L (db) = 10 log Be 4.3429 In P. (7) 
Using (6) 
L (db) = 8.6858as (8) 


where a is measured in nepers per meter and s is in meters. 
The power dissipated in heating the line is 
P, = Po — Ps = RA|EG| — Eel?) = RelLo|?(1 — e-?*) (9) 
It is interesting to note at this point that the forms [Chap. I, Sec. 13, 
Eqs. (13) and (14)] reduce to 


V, = WZ, Aew (10) 
I, = VY, Ae~*? (11) 

for the infinite line, so that the input power at z = 0 is 
Py = Re 3ViI, = 3AA* = 5A? (12) 


2. General Expressions for Current and Voltage for an Arbitrarily 
Terminated Line When Driven by a Single Pair of Equal and Opposite 
Point Generators (or Their Equivalent) Anywhere along the Line.*°:*! 
General formulas for the current and voltage at any cross section 2’ of a 
transmission line extending from z’ = 0 to 2’ = s’ are given in Chap. II, 


—kx'I 2'=0 2° s’ 
i 
28 L 
2Z,.=L, Zu <= \V, Zy=Ls 
de 
2 2 t 


Fig. 2.1. Transmission line driven by one pair of equal and opposite point generators 
at an arbitrary distance x from one end of the line. 

Sec. 8, Eqs. (15) and (16). No restrictions are implied on the impedance 
of either the load at z’ = s’ or the generator at 2’ = 0’. It follows that, 
if the circuit of Chap. II, Fig. 5.1a, in the modification of Fig. 2.1 (upper 
scale) is used, in which the emf is equivalent to a pair of equal and 
opposite point generatorsf each of magnitude $V%,, the generator imped- 


+ A point generator is an impedanceless, extensionless emf. Its physical realiza- 
tion is discussed in Chap. VI. 
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ance Zy is the input impedance of a section of line of arbitrary length 2’ 
terminated in an equally arbitrary impedance Z,. Using Chap. II, Sec. 
8, Eq. (16), with all coordinates primed, the current at z’ is 


L= Ve sinh @y sinh (yw’ + 96,’) (1) 
* Z, sinh (ys’ + 0 + 4,) 
where w’ = s’ — 2’, 0y is the complex terminal function of the imped- 
ance Zy looking to the left from the generators, and 6, is the complex 
terminal function of the load Z,. The impedance Zy may be expressed 
as follows: 
Zy = Z, coth (yx’ + 98,") (2) 


where 6,’ is the complex terminal function of Z,. By definition 


jo oothet A eee (3) 


c 


If (3) is substituted in (1), the result is 


Pia V% sinh (yz’ + 0.) sinh (yw’ + 6y/) (4) 
“7, ~ sinh (ys’ + yz’ + Oy + 0,) 

Now let the origin be transferred from 0’ at the generators to the 
actual left end of the line where the terminating impedance Z, is located. 
Let z be measured from this end; let the total length of line be s = s’ + 2’, 
The distance from the new and unprimed origin to the primed origin 
locating the generators is x = x’; also 6,, = 4, 0” = 0,, w’ = 8’ — 2’, 
w=s-—z,and Vs, = Ve. With this notation (4) may be expressed as 
follows: 


sinh (yx + 90) sinh (yw + 4) 


Ve 
= 2 eee 
[, Z. sinh (ys + 0 + @,) LS288 (5) 
Similarly 
| Fa cai es) LLG 2 6) 


sinh (ys + 6) + 9,) 


These relations give current and voltage at any cross section z along a 
line which is terminated in Z) at z = 0 and in Z, at z = s and which is 
driven by a pair of equal and opposite point generators, each of emf 4V2, 
atz = 2. The circuit is shown in Fig. 2.1, using the lower scale. 

In order to express I, and V, at points between z = 0 and the generator 
at z = 2, it is necessary merely to interchange ends, i.e., substitute —J, 
for I, and —V¢for Vs. This is equivalent to measuring distances from 
Z, instead of from Zp). It also involves a change in subscripts from 0 to s 
and vice versa in (5) and (6) and the substitution of y = s — x for 
and of z for w = s —z. (Note that the generators are in series with the 
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conductors of the line.) The resulting formulas are 
_ Vesinh (yy + 6.) sinh (yz + 40) 


Z. sinh (ys + 6) + 9,) 


yey sinh (yy + 8.) cosh (yz + 85) 


[, Oz 


IIA 
8 
vOv—_ 
a] 
— 


sinh (ys + 6 + 94,) oe Ss) 

Evidently (7) and (8) are formally like (5) and (6). Together with 
(5) and (6) they define the complex current and voltage at an arbitrary 
cross section along a line terminated at both ends in unrestricted imped- 
ances. The line is driven at any cross section x by a pair of equal and 
opposite point generators or their equivalent, as described in Chap. VI, 
Sec. 3. 

In using (5) and (6) or (7) and (8), note that J, and V, depend on 
three independent variables. In (5) and (6) these are the distance z from 
Z> to the generators, the distance w = s — z from Z, to the point where 
I, and V, are evaluated, and the over-all length s of the line. In (7) 
and (8), on the other hand, the three variables are the distance y = s — x 
from Z, to the generators, the distance z from Z, to the point where J, 
and V, are calculated, and the length s of the line. 

3. General Expressions for Current and Voltage for an Arbitrarily 
Terminated Line When Driven by Two Pairs of Equal and Opposite 
Point Generators (or Their Equivalent) Anywhere along the Line.®*! 
In order to treat various methods of driving a transmission line by driving 
units coupled anywhere along the line, it is necessary to obtain expres- 
sions for J, and V, for a line that has two equal and opposite point gener- 
ators in each line, with the two separated a small distance. The circuit 


IIA 
8 


ve vs 
23. .¢ 
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Fig. 3.1. Transmission line driven by two pairs of equal and opposite point generators 
symmetrically located with respect to an arbitrary point at a distance zx from one end 
of the line. 


arrangement is shown in Fig. 3.1. Let the distance from Z) to a point 
on each conductor halfway between each pair of generators be x. Let 
the distance from this point to each generator be g, so that the coordi- 
nates of the generators arez = x — gandz = 2+ g. Each generator is 
impedanceless and has an emf 3V*, as in Fig. 3.1. 

The current at any point z due to the pair of generators at x + g is 
given by Sec. 2, Eq. (5), with x + g substituted for x; similarly the cur- 


Sec. 3[ AMPLITUDE RELATIONS FOR CURRENT AND VOLTAGE 247 


rent due to the pair of generators at x — g is given by Sec. 2, Eq. (5), 
with x — g substituted for x. The current due to both generators oper- 
ating simultaneously is the algebraic sum of the currents obtained for 
each one separately. Using Sec. 2, Eq. (5), and the polarities for the 
generators shown in Fig. 3.1, the following current is obtained: 

Vz sinh (yw + 8@,) 


7 Soh see) ee ee) eel sin ie 9) Ol) 
(1) 


After the hyperbolic sines in the braces are expanded using the combi- 
nations yx + 9 and yg, the following formula is obtained: 


_ Ws cosh (yx + 4) sinh (yw + 6) his 
L=7 sinh (ys + @ + 6,) tTrgsz23s3s (2) 
where We = 2V° sinh vg (8) 


The corresponding formula for the voltage from Sec. 2, Eq. (6), is 


V, = We o0sh (yz + 60) coah (yw + 6) 
7"? “sinh (ys -F @ + 4) 


If the same combination is carried out with Sec. 2, Eqs. (7) and (8), 
the following results are readily derived (note that x + g corresponds to 
y — gand that x — g corresponds to y + g, since by definition y = s — 2): 


_ Ws cosh (yy + 9.) sinh (yz + 90) 
Zz sinh (ys + 8 + 9.) 
V.= We cosh (yy + 9.) cosh (yz + 90) 

a sinh (ys + 8 + 9,) 


Actually no restrictions have been imposed on the distance 2g between 
the point generators in each conductor. However, the currents and 
voltages are defined only at points outside the distance 2g in (2) and 
(4) and in (5) and (6). Note that, if g is sufficiently small to satisfy the 
inequality |yg|? «1, (3) reduces to 


£ = 2Vexg = j2V Bg (7) 


The last step in (7) implies the inequality a <8. If 2g is allowed to 
become infinitesimally small while V* is made correspondingly great, 
Ws remains finite. 

The general relations (2), (4) and (5), (6) give the current and voltage 
at any point z along a terminated line that is driven by two pairs of equal 
and opposite point generators (or their equivalents) symmetrically placed 
on each side of the point x along the line. 

The nature of the discontinuity at the point x in the limit as 2g 
approaches zero, while V* becomes infinite and W¢ remains finite, is inter- 


e+gsSzss_ (4) 


1, OSzsS24-g (5) 


OsSzS2-g (6) 
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esting. As z approaches x from above, (2) and (4) reduce to 


Wé cosh (yz + 60) sinh (yy + 9,) 


ss Ze sinh (ys + 0+ 8,) (8) 
_ we Cosh (yz + 90) cosh (yy + 9,) 
ee sinh (ys + 69 + 6,) (9) 
As z approaches x from below, (5) and (6) reduce to 
| eee We cosh (yy + 6,) sinh (yx + 60) (10 
ar A sink (ve Oi 8) ) 
qe CoSh (vy + 9.) cosh (yx + 60) 
V.= W: sinh (ys + 0 + 6,) (11) 


It is seen that V, is continuous while J, jumps from J, to —J, at z = 2. 
The discontinuity is readily evaluated to be 

I, (eg > x from above) — I, (e— x from below) = Me (12) 
Thus a discontinuity in V, by V* at x + g and by —V°* at x — g with 
continuous J, is equivalent, in the limit as g approaches zero, to a con- 
tinuous V, and a discontinuity in I, by W/Z, at 2 =a. Physically 
these mathematical results may be interpreted as follows: The two pairs 
of equal and opposite point generators tend to set up equal and opposite 
currents in the conductors of length 2g between them. Depending on 
the impedances in the two directions, one or the other pair may produce 
a larger current. In this case the equal and opposite generators at the 
ends of the infinitesimal distance 2g are equivalent to a current generator 
at the center or a line driven by a shunt generator at z = x. 

4, General Expressions for Current and Voltage for an Arbitrarily 
Terminated Line When Driven by Three Pairs of Generators (or Their 
Equivalent) Anywhere along the Line.®°*! In order to represent analyt- 
ically asymmetrical driving units coupled to a transmission line, it is 
necessary to consider a line driven by three pairs of equal and opposite 
generators symmetrically oriented with respect to the point x, as shown 
in Fig. 4.1. “The total current and voltage maintained by the three pairs 
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Fig. 4.1. Transmission line driven by three pairs of equal and opposite point generators 


symmetrically located with respect to an arbitrary point at a distance x from one end 
of the line. 
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of generators are obtained by superimposing the solutions obtained in 
Secs. 2 and 3. The resulting expressions are compactly written using 
the following shorthand notation: 


Sn = sinh (ym + 9) S, = sinh (yn + 8,) (1) 
C,, = cosh (ym + 4) C, = cosh (yn + 9,) (2) 
S, = sinh (ys + 4 + 9) (3) 
C, = cosh (ys + 60 + 6) (4) 


In (1) and (2) m may stand for x or z, and n stands for y or w. With 
this notation the expressions for the current and voltage at any point 
along a transmission line that is driven by three pairs of point generators 
arranged as in Fig. 4.1 are 


1 = 7 tS r+gS2z8s8 (5) 

y, = (VeS2 + W2Cz)Cw stg Sz88 (6) 
_ 1 Sy — W:C,)S. <z:<7- 

L=3 S, OSzs82 g (7) 

y, = (TVS t WC. gz <zg (8) 


& 


As before, z is the distance from Z) to the point at which current and 
voltage are measured; w = s — zis the distance from Z, at the other end 
of the line to the same point; x is the distance from Z) to the mid-point 
of the three generators; and y = s — = is the distance from Z, to the 
same point. The pair of generators maintaining V¢ is at z, and the two 
pairs maintaining Wé are located at x + g. 

5. Polar Form of the General Expressions for Current and Voltage. 
The general expressions for the complex current or voltage at any point 
along a transmission line when driven by one, two, or three pairs of point 
generators may be expressed conveniently in polar form introduced in 
Chap. II, Sec. 9. With y = a+ j6 and © = p+ j®, the hyperbolic 
functions are easily separated into real and imaginary parts. If all 
phases are referred to V2 (which is thus assumed to be real), the formulas 
for the current and voltage due to one pair of generators may be expressed 
as follows: 


@ 
L = R. — ei ta~estowtde) C s zg Ss 8 (1) 
c 8 


V, = Vé s ef (o2—aet ew) weSi2e8s (2) 


€ 
L =— —" ei (ou—-eetort deo) 8) s 2 =< vt (3) 


V, = Ve ae eloretatm OSzsz (4) 


8 
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where 
S, = [sinh? (ax + po) + sin? (Bx +. ®o)}} 5 
o, = tan [tan (6x + 0) coth (ax + po)] (5a) 
S, = [sinh? (ay + p.) + sin? (By + %,)]} (5b) 
o, = tan—! [tan (By + &,) coth (ay + p,)] 
Se pea (aw + ps) + sin? (Bw + &,)]? (5e) 
o» = tan—! [tan (@w + &,) coth (aw + p.)] 
S, = : ‘inh? (as + pot ps) + sin? (Bs + Bo + ,)]! (5d) 
o, = tan—! [tan (6s + Bo + ©,) coth (as + po + p.)] 
Cae sink? (aw + ps) + cos? (Bw + ®,)]* (6a) 
€é» = tan—! [tan (@w + ®,) tanh (aw + p.)] 
C, = [sinh? (az + po) + cos? (Bz + ®o)]? (6b) 
e, = tan—! [tan (Bz + ®o) tanh (az + po)] 
Note that the subscript on S or C always refers to the variable. The 
characteristic impedance is 
Z. = R.(1 — jo) = Reet (7) 


since it is assumed that ¢? < 1. 


The corresponding expressions for two pairs of point generators are 


W: CS, 
1(€2—Get owt he) < < 
I, = Rs t+gS2z8 
V, = We oe ei (ea—oet ew) z+ g zs 
L = lB Cy S: ef (ey—ostort+¢$e) 0 < zZ < rtI— 
V, = We C,C. ef (ey—oet €2) O2z2s2- 


8 


8 (8) 
8 (9) 
g (10) 
g (11) 


where, in addition to (5a,b,c,d) and (6a,b), the following shorthand sym- 


bols are used: 


C, = [sinh? (ax + po) + cos? (Bx + o)]# 
e, = tan! [tan (6x + ®o) tanh (ax + po)] 
C, = [sinh? (ay + ps) + cos’ (By + &,)}# 
«, = tan—! [tan (By + ®,) tanh (ay + p.)] 
S, = [sinh? (az + po) + sin? (Bz + &o)}# 
o, = tan [tan (Bz + 09) coth (az + po)] 


(12) 
(13) 


(14) 


The polar formulas for current and voltage in a line driven by three 
pairs of point generators are complicated. They are obtained by adding 
(1) and (8), (2) and (9), (3) and (10), and (4) and (11) with appropriate 
phase relations between W¢ and V¢ and reducing to polar form. Note 
that any of the formulas (5), (6), (12), (13), or (14) may be expressed in 
terms of double arguments using Chap. II, Sec. 9, Eq. (3) or (4), viz., 


= +~/3(cosh 2u — cos 2v) 


; = +/i(cosh 2u + cos 2v) = 


= ~/sinh? u + sin? v 
4/sinh? u + cos? v 


(15) 
(16) 
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If, in the expressions for |V,| and |J,|, the over-all length s of a trans- 
mission line is varied in such a manner that S, is the only variable factor, 
the resulting variations in [V,| and |J,| are called resonance curves. If the 
single variable is w or z locating the point where V, and I, are measured, 
the resulting variations in |V,| and |J,| are called voltage or current dis- 
tribution curves. If the location of the driving point x or y is varied with 
all else constant, the resulting variation in |V,| or |J,| at an arbitrary 
fixed point z is called a driving-point distribution curve. These three types 
of curves, corresponding to variations in s alone, w or z alone, and x or y 
alone, are considered in Sec. 7. Note thatw =s—zandy =s— wz. 

6. The Transfer of Power along a Transmission Line.*! One of the 
principal functions of a transmission line is to transfer power from a 
generator toaload. Let it be assumed that the source of power is equiva- 
lent to one pair of point generators at a point z = x on a transmission 
line that is terminated in a load impedancet Z, at z = s. The time- 
average power transferred to the section of line of length s — z and its 


termination Z, is 
P, = Re 4V_J* (1) 


where V, is the complex (peak) voltage and I* is the complex conjugate 
of the (peak) current at the point z on the line. These quantities are 
given by Sec. 2, Eqs. (5) and (6), or by Sec. 5, Eqs. (1) and (2). The 
desired formula for power is obtained from (1) using Sec. 2, Eqs. (5) and 
(6), by expressing the hyperbolic functions involving the variables x and 
s in polar form, as in Sec. 5. The desired forms are 


Visa px ; 
= ZS. [sinh (yw + 96,)]e?(=—%) (2) 
V, = V2 [cosh (yw + @,)Jee% (3) 


The substitution of (2) and (3) in (1) gives 


1 1 (V2)282 
2 ZS? 


5 VIF = sinh (A, — jF.) cosh (Ay + jFw) (4) 


where A, = aw + p, and F, = pw+,. Since Z, = R.(1 — j¢.) and 
sinh (A, — jf) cosh (Ay + JF.) = (sinh 2A, —jsin 2F,) (5) 
the time-average power transferred to the line at a distance w from the 


load is 


p, = V2)" 82 sinh in 2(6w + 6 6 
20> AR, 82 {sin 2(aw i ps) — ¢ sin (Bw + 2) ( ) 


+ Terminal-zone effects are assumed negligible for the sake of simplicity. If they 
are significant, the apparent terminal impedance Z,, must replace Z,. 
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The power in the load at z = s is given by (6) with w = 0. It ist 
(Vs)? S 


P= aR, 8? ® (sinh 2p. — ¢- Sin 2®,) (7) 

The power in the line and load is given by (6) with z = x or w = 8s — x. 
It is 

Pi at 3 2 [sinh 2(as — ax + ps) — ¢, sin 2(Bs — Bx + #,)] (8) 


The ratio of the power in the load to the power in the line and load is the 
efficiency. It is 


Py _ sinh 2p, — ¢, sin 2%, 
P, sinh 2(as — ax + ps) — ¢, sin 2(Bs — Bx + ®,) 


When the generator is at the end of the line (x = 0), as is usual, the 
power ratio is 


W = 


W= (9) 


P, _ sinh 2p, — ¢, sin 2%, 
Py sinh 2(as + p.) — ¢, sin 2(8s + ®,) 
On low-loss lines ¢, is of the order of magnitude of 10-* or 10-4. If 


sinh 2p, is large compared with this value, as is usual if Z, is a dissipative 
impedance, the ratio reduces to the simple form 


Pies. sinh 2p, 
Po sinh 2(as + p,) (11) 


(10) 


W= 
The ratio of the power P, dissipated in the line to the total power trans- 
ferred to the line is 


P, a ae sinh 2p, 
Py Po sinh 2(as + p,) 


The insertion loss in the line is defined in terms of the ratio of the power 


(12) 


+ Note that in order to dissipate no power in the load, P, = 0, it is necessary that 
sinh 2p, = ¢ sin 24,. Suppose the termination consists of a small inductive imped- 
ance R, + jw, such as a wire bridge with ®, = Bk, + 7/2 and p, = a(m, — k,), 
where k, = L,/l and m, = R,/r‘ = 0 for no dissipation. Since p, is small, P, = 0 in 
(7) reduces to p, = —ak,; also T, = e~?» = e?#%, Note that p, is negative and that 
I, is greater than 1. Even if m, is not zero but sufficiently small so that it is less than 
k,, os is still negative and I, greater than 1, as discussed in Chap. II, Sec. 22. Alterna- 
tively, if p, = Oand I, = 1, k, = m, and the power to the load is 


(V%) 28? 2aR, 
4R.Si ort 


P, = 


Thus a reflection coefficient of unity is strictly not possible with an ideal dissipation- 
less termination if this is a small inductive reactance and the line itself is dissipative. 
On most low-loss lines ¢. is sufficiently small so that the reflection coefficient can 
exceed unity by only an extremely small amount. 
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to the load without the line (s = 0) to the power to the load with the line. 


L (db) = 10 log - * 10 log Sin Bas Fee (13) 
The convenience and obvious significance of the terminal function p, are 
evident in (9) to (13). 

Optimum Termination. The optimum termination minimizes the losses 
on the line and maximizes the efficiency. The condition for maximum 
efficiency is 

OW _ 
Ope 


0 (14) 


If this differentiation is carried out using (11), the resulting condition is 
tanh 2(as + p.) = tanh 2p, (15) 


For a line that is not lossless, as > 0, so that (15) can be satisfied only 
when 


ps = © Z; = Le (16) 

This is the condition for maximum efficiency. With (16), (11) becomes 
: 

W (ps = 2 ) = lim ___sinh 2p, = lim ene == g—2as (17) 


p> Sinh 2(as + ps) pyro € 
The corresponding minimum insertion loss is 
L (db) = 10 log e?** = 8.686as (18) 
where a is the attenuation constant in nepers per meter. Note that (16) 
is the condition for a matched line, so that (17) and (18) coincide with 
Sec. 1, Eqs. (6) and (8). 
If the impedance Z, terminating the line is predominantly resistive and, 


in addition, differs considerably from the characteristic resistance R, of 
the line, it is shown in Chap. II, Sec. 18, that 


For R, < R,, ps = : pe<3 (19a) 
For R, > R., pe = = <3 (196) 


If the over-all attenuation is no greater than p, in (19a,b), the following 
condition is satisfied: 

(as + ps)? < 3 (20) 
so that the hyperbolic sines in (11) may be replaced by their arguments. 
With (20) and (19a,b), (11) becomes 


R —1 
(1 + Fras) R.< R. 
Warts = ae (21) 
1 + Bas) R.< R, 
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so that the power (insertion) loss in decibels subject to (19a,b) and (20) is 


L (db) = 10 log ( rn a xs) R, < R (22a) 
L (db) © 10 log ( 4 ua as) Re < R (22b) 


A graphical representation is given in Fig. 6.1 of the power loss L (db) 
as a function of line length in a typical transmission line when matched 
and when terminated in a pure resistance that is considerably smaller 


5 
0 =2.26x 1073 nepers/m 
(2=3.144 radians/m 
20 $¢=7.18x10~4 
Ro =440 ohms 
a Rs=60 ohms; X5=0; pg=0.137 
B15 
® 
a] 
= 
% 10 
a 


Length of line, s (meters) 
Fig. 6.1. Power loss in a matched line and in a line that is not matched. 


than the characteristic resistance. For the case represented, it is evident 
that, if the line is short (5 m or less), the line loss is negligible, so that 
little is gained by using a matching network. On the other hand, for a 
line that is long enough so that line loss is significant, it is essential to 
match the load with an appropriate network if good efficiency is to be 
maintained. 

7. Resonance Curves and the Condition for Resonance.**®! The 
magnitudes of the voltage and current at a distance w from an imped- 
ance Z, at zg = s or w = O due to generators located at a distance x from 
Z, at z = 0 are given by the following expressions: 


S:Cy 
Ss 


Ve SS 
iS RS, (1) 


V.= V5 


If the length s of the line is the only variable, while the distance w of the 
detector from Z, and the distance x of the generators from Zo are kept 
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constant, t 
V.(s) ~ I,(s) ~ Sz} = [sinh? (as + po + ps) + sin? (8s + Bo + ®,)|-+ (2) 


Thus the function S;! characterizes the dependence of both V, and J, 
on the length of the line. This function, when plotted against Bs, is 
called a resonance curve. A transmission line with its two terminations 
Z, and Z, is said to be resonant when S;! has its maximum value. 

With the notation 


A, = as + po t+ pe F, = 6s + 80+ ® (3) 


the conditions determining the extreme values of S;! with respect to 
changes in s are obtained by differentiating (2) with respect to s and 
equating the result to zero. The following equation is obtained: 


(cosh 2A, — cos 2F,)—i(a sinh 2A, + 6 sin 2F,) = 0 (4a) 


Since cosh 2A, always exceeds unity, the only possible roots are defined by 


— sin 2F, = 3 sinh 2A, (4b) 


This leads to the following extremizing values of F,: 


FP, = eld an a x +4sin7 (g sinh 24.) 


2 B 
for minimum S;! and n = 0,1,2,... (5a) 
F, = nw — 3 sin“! (g sinh 24.) 
for maximum S;! and n = 0,1,2,... (5b) 


These cannot be solved readily for s unless A, is small. However, if A, 


is small, so that 
A?’<l sinh 2A, = 2A, (6) 
it follows that 
2 sin“ (: sinh 24.) =2A,<1 (7) 
With (7), (5a) becomes 


Py = Bs + Bo +8, = Fi +S (as + po +p) 


for minimum S;!_ (8a) 


A similar expression is obtained for (5b). Since it is assumed that the 


+ Note that changing s by moving Z, (or Zo) requires that the detector (or the 
generator) be moved in tandem. 
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condition a?/8? < 1 is satisfied, it follows that (5a) and (5b) become 


Fs Ast%+o,= "Ft, 4 G (o0+ p) for minimum $;+ (88) 
Fe, =6Bs+%,+ = nr — . (po + ps) for maximum Sz! (8c) 
Whenever the condition 
; (po + ps) K1 (9) 

is satisfied, the following expressions are valid: 
Fis pst+e+e,= "Ft, 

forn = 0,1,2,... and S;!a minimum (10a) 
F, = 6s ++ ©, + nr 

forn = 0,1,2,... and S;1a maximum (10b) 


The condition (100) maximizing S;} is called the condition for resonance. 
Note that the angle c, in S, = S,e’” has the following values: 


x for minimum Sz! 
o, = tan“! (tan F; coth A,) = 42 : 


(11) 
4) for maximum $7! 
The extreme values of Sy! are 
1 1 a2n+1 
cag See a ae . = 
(S; Jiuia cosh A, cosh (as os i + Ds) BSmin + Do + ®, 2 us 
n=0,1,2,... (12a) 
1 1 
= _ = a2 2 : = 
(Se) mee = sinh A, sinh (as + po + pg) Pease Pi Be Se 
n=0,1,2,... (12) 
Among the special cases the following are important: 
1 
s 2 1 a min = 1 Pi max = 13 
(as toot p)e<1 (87) (San = (18) 
1 if 
& Fea min = — Sz max = eb pe =o Ne 14 
Po + ps > as (S ) cosh (po + Ds) ( ) sinh (po a Ds) ( ) 


Note that in (14) the extreme values are independent of s. 

The general shape of the resonance curves for low over-all attenuation 
(A? <1) is obtained readily from (2) if it is noted that, except near 
resonance where F, = Bs + ) + , = nr, 


Sz! = |esc F,| sinh? A, < sin? F, (15) 


It follows that the resonance curve is a cosecant curve limited by the 
bounding curves esch A and sech A, as shown in Fig. 7.1 for a line with 
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0 
4% 7 on 30 4a 
Fy=(8s+ Po+ Pg 


Arr fs 


257° 


Fic. 7.1. Resonance curves (qualitative) for a line with negligible losses in the line and 


in the generator; as + po < ps. 


csch (p9+-ps) 
aN 


~~ —, 
_-_— 
~ 
~ 


sech (as+pot/pz) 
20 37 fs 
Bot &, T 27 31r Fs =~st Pot Py 


Fig. 7.2. Resonance curves (qualitative) for a moderately damped line. 


I : 
Pot Py WT 2 3ir F, = (@s+ Pots) 


Fic. 7.3. Resonance curves (qualitative) for a line with low over-all attenuation. 


negligible losses in the line and generator, in Fig. 7.2 for a line with 
moderate over-all attenuation, and in Fig. 7.3 for a line in which the 


over-all attenuation is small. 


8. Distribution Curves.*:7**! The variation of the voltage and cur- 
rent along a fixed transmission line may be expressed as a function of 
the distance w = s — z from the load impedance Z,. The formulas for 
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the magnitudes of the voltage and current distribution functions are 


V.(w) ~ Cy = [sinh? (aw + ps) + cos? (Bw + &,)]} (1) 
I,(w) ~ Sy = [sinh? (aw + ps) + sin? (Bw + &,)]} (2) 


An alternative formula for V,(w) which is like that for J,(w) is readily 
obtained if the terminal function #, = ®, — 1/2 is introduced in (1). 
The result is 


V.(w) ~ Si, = [sinh? (aw + p.) + sin? (Bw + %;)}} (3) 


Evidently the voltage varies in just the same manner as the current, but 
the distribution is shifted along the line an electrical distance 1/2 with 
respect to the current. Distributions of the voltage and current as 
defined by (1) and (2) or (3) and (2) may be observed in practice by 
moving a loosely coupled voltage or current detector along the line while 
all other quantities are kept constant. 

The variations of the magnitudes of the voltage and current at a given 
fixed point z along a transmission line, as the location x of one pair of 
equal and opposite point generators (or their equivalent) is changed, are 
expressed as follows, using Sec. 5, Eqs. (1) and (2): 


V.(z) ~ I(x) ~ Sz = [sinh? (ax + po) + sin? (6x + &o)]# — (4) 


Note that (4) implies x S$ z S s and that z is the only variable, with 
all other quantities constant. This may be accomplished in practice by 
moving a loosely coupled oscillator or coupling unit parallel to the line 
while the voltage or current is read from a stationary detector. 

If two pairs of equal and opposite generators symmetrically located 
with respect to the point x are moved, the voltage and current at the 
fixed point z (with x S z S s) vary as follows, using Sec. 5, Eqs. (8) 
and (9): 


V.(z) ~ L(x) ~ Cz = [sinh? (ax + po) + cos? (Bx + o)]} (5) 
Alternatively, in terms of &, = ) — 1/2, 
Vx) ~ 1,(x) ~ Si = [sinh? (at + po) + sin? (Bx + 5)? (6) 


Plots of the functions S, and C,, = S/, against 6w or of S, and C, = Si! 
against Bx are called distribution curves. 

With appropriate changes in variables and parameters, the functions 
Sw, Si, Sz, and S! are essentially the reciprocals of S;!. Therefore the 
extreme values are obtained directly from the analysis of S;1 in Sec. 7. 
For current and voltage they are 

2n+1 e 


[I2(w) max ~ (Sw) max = cosh (aw + ps) when Bw + ®, = ; (7a) 
[I2(w) | min ad (Sw) min = sinh (aw a ry) when Bw + ®, = nr (7b) 
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Miers Seek wheal a + Dae) 


[V.(w)]min ~ (S%,)min = Sinh (aw + p,) when Bw + = nx (8b) 


wheren = 0,1,2,.... 
For one pair of point generators at z, 


[I.(2) ]max om [V2(2) ]max o~ (S,,) max = cosh (ax + po) 
when Bx + ®y) = es x (9a) 


2 
[Z2(a) Jmin om [V2(x)] min i (Sz) min = sinh (aa + po) 
when 6x + 5 = nx (9b) 


For two pairs of point generators symmetrically spaced about z, 
[Z2(x)]max ~ [Vz(t)]max ~ (S42) max = cosh (ax + po) 
when Bx + ® = 


sinh (ax + po) 
when 6x + ©) = nr (100) 


2n +1 
2 


a (10a) 
[Z2(x)|min ~ [V.(2) ]min o~ (8!) min 


The general shapes of the distribution curves for low over-all attenu- 
ation are given by 


C. = Si, = |sin (Bw + #/)| sinh? (aw + ps) K sin? (@w + #/) (11a) 
Sy = |sin (6w + ®,)| sinh? (aw + ps) K sin? (Bw + ®,) (116) 

C, = Sf = |sin (Bx + #})| sinh? (ax + po) K sin? (Bx + @5) (12a) 
S, = |sin (6x + ®o)| sinh? (ax + po) K sin? (Bu + Bo) —(12b) 

The nature of the distribution curves S, and C, = 8S’, for the current 


and voltage may be seen in Fig. 8.1. Note that Bw = 8(s — z) is scaled 
to increase from left to right. 


cosh (aw+ps) 


Fig. 8.1. Current and voltage distributions along a transmission line. 


9. Resonance-curve and Distribution-curve Ratios; the Standing- 
wave Ratio.®.”*:51 Quantities that are useful in various transmission-line 
measurements are the ratios of maximum values of resonance or distribu- 
tion curves to adjacent minima. For lines with low over-all attenuation 
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the maxima of resonance curves and the minima of distribution curves 
are very sharp, whereas the minima of resonance curves and the maxima 
of distribution curves are broad. This behavior is readily understood if 
it is recalled that the expression for distribution curves is formally the 
reciprocal of the expression for resonance curves in terms of the appro- 
priate variables. For lines with a dissipative load both resonance-curve 
maxima and distribution-curve minima are broad. 

The ratio of the maximum of a resonance curve to an adjacent mini- 
mum is obtained directly from Sec. 7, Eqs. (12a,b). Thus 


R= CSE) ax ee cosh (Q8rain + Po + ps) (1) 

(S37) min sinh (Smax + Po + Ps) 
where ce moe n=0,1,2,..- (2a) 
Smin == Smax £ (2b) 


If the attenuation constant « of the line is sufficiently small so that 


a <q QSmax + Po + Ps (3) 
(1) reduces to 
Sy") max 
R= (ety ~ coth (asm + po + ps) (4) 
If aSnax is small compared with p,, as is usual, it follows that 
OSmax <K Po + Ps (5) 
—1 
so that SER = coth (po +p) (6) 
Finally, if it is correct to set 
Po < Ps (7) 
it follows that 
(S71) max. a 
(Se) min = coth Ps = S= SWR (8) 


The quantity S = coth p, is known as the standing-wave ratio.t It is 
customarily defined in terms of the distribution curves of current and 
voltage rather than in terms of resonance curves. This is carried out. in 
the following. 
The ratio of any given current maximum along a transmission line to 
an adjacent minimum is obtained directly from Sec. 8, Eqs. (7a,b). It is 
[Z2(w) ]max (S.s) max cosh (aWmax + ps) 


[T-() Inia (Sw)min  iNB (20min + px) (®) 


+ The letter S without subscript or with subscript V or I is used for the standing- 
wave ratio. S with subscript s, w, z, etc., is an amplitude as in Sec. 8, Eq. (2). 
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EL [(2n + 1) /2]r x ®, 


where Wmax 3 =0,1,... | (10a) 
r 
Win = Wax fe 4 (10b) 
Subject to the condition 
O&K extdnas + ps (11a) 


it follows that (9) may be expressed in the form 


[I. (w) las —_ (S.) max 
[Z.(w)]min (S.,) min 


The attenuation constant of most low-loss lines is sufficiently small so 
that, when the line is loaded, the following conditions are satisfied: 


+ coth (awmax + pe) (116) 


Ps >> AWmax Ps >> AWmin (12) 
In this case the ratio in (110) reduces to a constant. Thus 
whe = coth p, = S; (13) 


where the quantity S; is the current standing-wave ratio for the section of | 
line between the generator and Z,. The voltage standing-wave ratio is 
obtained in the same manner. Subject to (13) it is 


[V(0)lnar _ (Sonu 
[Ve(w) min (S,) min 


Note that subject to (12) the standing-wave ratio of the current and 
voltage distribution curves depends only on the terminal function p,, 
so that 


= coth p, = Sy (14) 


Sy =S,=8 (15) 
The ratio of the maximum current at z to the minimum current at the 


same point, as obtained by moving the generators, has the following value 
for one pair of equal and opposite point generators at x: 


[I2(2)]max _ (Sz)max _ COSh (@%max + po) (16) 
[I2() |min (S.) min sinh (24min + po) 
Subject to the condition 
po >> km po > AL min (17) 

which requires that the attenuation of the section of line of length 2max 
Or Tmin be negligibly small compared with the attenuation of the gener- 
ator, (16) reduces to 

[V()]amz _ [Zs(@)Iane _ (Sw) ms 

[V2(2)}min [I2(a) |min (Sw) min 


= coth po = Si (18) 
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For two pairs of equal and opposite generators, the corresponding 
ratio is 
[Ve(x)]max _ [Lz()]max 
oe Se = coth pp = S 19 
[VeGe)lnin [Ze(#) nin ae (19) 
Evidently (18) and (19) are the standing-wave ratios for the section of 
line between the generators symmetrically placed with respect to x 
and Z 0. 
The standing-wave ratio usually is most easily measured from the 
100 current or voltage distribution 


curves using (13) or (14). But 
s S=coth p, the other methods also serve their 
purposes in special circumstances. 
10 A curve of the standing-wave ratio 
as a function of the terminal at- 

tenuation p, is shown in Fig. 9.1. 
The standing-wave ratio has a 

1 —— 


particularly simple form if the 


0.01 0.1 1 10 
Ps terminal impedance Z, 1s pre- 
Fig. 9.1. Standing-wave ratio as a function dominantly resistive, so that, as 
of the terminal function p,. defined in Chap. II, Sec. 18 
tie = Oand 
ps = tanh! 171, for 71, S 1 (20a) 
p; = tanh gi, for gis S 1 (20b) 
where gic = 1/112, = R./R;. Since p; = coth' S, it follows that 
ri, = tanh p, = tanh (coth™ S) (21a) 
ju= >= 8 forns} (216) 
1s 
Similarly gie = tanh p, = tanh (coth™ S$) (22a) 
Tis = > =S8 forr; 2 1 (22b) 
1s 


For lines with low attenuation, so that terms with the distortion factor 
¢. as coefficient are negligible, 


1s = 


= 5 for R, 


IV 


R. (23a) 


= § for R, 


IIA 


gis = R. (23b) 
These are simple and useful formulas. 

10. Distributions of Current and Voltage in a Resonant Line; Compo- 
nents of Current and Voltage. The distribution curves discussed in 
Sec. 8 and pictured in Fig. 8.1 represent the magnitude of the current and 
voltage. Also of interest are the components that are in phase with the 
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emf of the generator and in phase quadrature with it. For simplicity 
let the line be driven by a single pair of point generators (or their equiva- 
lent) at z = 0, so that x = 0 in the general formulas of Sec. 2. The 
expressions for current and voltage are 


sinh 65 cosh (yw + 6,) 
sinh (ys + 8 + 4.) 
_ Vésinh 9 sinh (yw + 6.) _ V, ; 
= Z ahve des Oy. Gateeay eZ: sinh (yw + 6,) (2) 
where J, is as defined in (1) and (2). For convenience let it be assumed 
that the impedance of the generator is a pure resistance Z) = Ro, which 
is much smaller than R,. Then 


V, = V3 = V, cosh (yw + 6.) (1) 


Ro X R. p< b= 5 (3) 

and sinh 6) = sinh (po + jo) = 7 cosh po (4) 
Let the circuit be tuned to resonance so that 

bs +%+ 9, = nr n odd (5) 

Then sinh (ys + 60 + 6.) = — sinh (as + po + ps) (6) 


Hence, expanding cosh (yw + 6,) and sinh (yw + 6,), 


—j cosh po 


Y= V6 Soh (as + po + ps) 


[cosh (aw + p,) cos (Bw + &,) 
. + j sinh (aw + p.) sin (Bw + &,)] (7) 
= Ee) a eee sinh (aw + p,) cos (Sw + &,) 
+ j cosh (aw + p.) sin (Bw + &,)] (8) 
Let the following notation be introduced: 
Any =owtp, Fy, =fhwt+, (9) 
From (1) and (2) and with (4) and (6) it follows that 


v.=Vs sinh 65 _ ye —j cosh po 
° “sinh (ys + 0 +6.) = ° sinh (as + po + ps) 


Then, since V, in (10) is equal to —jV,,, it follows that 
V, = V,(sinh A, sin F,, — j cosh A, cos Fy) (11) 
pe e (1 + j¢.)(cosh Ay sin Fy —jsinh A, cosF,) (12) 


I, 


(10) 


It is readily verified that the terms with ¢, as coefficient contribute nothing 
of significance in practically important cases. Thus 


i, = 7 {cosh A, sin F,, + ¢, sinh A, cos Fy 
— j(sinh A,, cos F, — ¢, cosh A, sin F,)] (13) 
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Using the formulas 


A sin x + Bcosx = WA? + B? cos (2 — tan“! a) (14a) 


= fA? + B* sin (2 + tan! ) (14d) 


and neglecting terms multiplied by ¢?2, 


I, = ® {cosh A, sin [F, + tan! (¢, tanh A.)] 
— jsinh A, cos [F,, + tan—! (¢. coth A,)]} (15) 

Since tanh A,, can never exceed unity, the angle 
tan—! (¢, tanh A.) = ¢ tanh A, (16) 


is of magnitude ¢., which is of order 10-* on a low-loss line. In practical 
application angles are not usually measured to the nearest thousandth 
of a radian, so that no observable error is introduced by assuming 
¢, tanh A, = 0. The angle tan~! (¢. coth A,,) in (15) is negligibly small 
so long as coth A, does not become large. It becomes large only when 
A, becomes small, that is, when coth A, = 1/A,. In this case 


tan~! (¢. coth Ay) = tan- o 
on 1 
B(w + ps/a) 


Clearly, if p, is large compared with a, this angle is very small. On the 
other hand, if p, = 0, the angle defined in (17) is small only when fw is 
sufficiently large; as Bw — 0, the angle approaches 7/2. Thus the angle 
is important only when p, = 0 and Bw becomes small. However, when 
w becomes small, sinh A, = A, = aw likewise becomes extremely small. 
Thus, when the phase of the cosine in (15) is significantly affected by 
the term in ¢., the amplitude of the entire term becomes vanishingly 
small. Hence no significant error is made if the terms in ¢, are omitted, 
so that 


V,= VU 4+ jVi = V.(sinh Ay sin F, —j cosh A, cos Fy) (18) 
L=1/ + 91, = Le (cosh A, sin F, — j sinh A, cos Fy) (19) 


= tan (17) 


The voltage and current for the load are obtained with w = 0. They are 
V, = Vii + 9V, = V,(sinh p, cos ®, — j cosh p, sin ®,) (20) 
I, 


+g a (cosh p, sin ®, — j sinh pz cos ®.) (21) 


The functions V’’, V/, and |V,| are shown graphically in Fig. 10.1, and 
I’, I, and |I,| in Fig. 10.2. The magnitudes |V,| and |J,| are, of course, 
identical with distribution curves for the voltage and current in Sec. 8. 


V, = Vi +jVi; Vii=V, sinh A,sin F,,; V;=~—V, cosh A,,cos Fy 
Pst O,4+7/2=31; Sy=7; pyo=0 


V, cosh (co wmax +/s) 


27 3/2 1 1/2 %, 
Fy, = Bw %, 


Fia. 10.1. Distribution of voltage in a resonant line. 


iA 


,=1'j+jl,; [7=K sinh A,, sin F,; [,=K sinh A,, cos Fy; K= R 
¢e 


K cosh (aw+p,) 


—K cosh (aw+p;) 


ah ae 


20 37/2 7 m2 , 
Fy, =Bwt Ps 


Fig. 10.2. Distribution of current in a resonant line. 
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11. The Widths of Resonance and Distribution Curves.":7*.51 The 
greater the over-all attenuation of a transmission line, as defined by the 
function as + po + ps, where as is the attenuation of the line, po that of 
the generator, and p, that of the load, the lower and broader are the 
maxima of the resonance curves described in Sec. 7. Similarly, the 
greater the attenuation of the terminated section of line between that 
point z where the current and voltage are measured and the load at 
z = s, as characterized by the function aw + p,, where w = s — z, the 
higher and broader are the minima of the distribution curves for current 
and voltage described in Sec. 8. The same is true of the distribution 
curves obtained by moving the point of coupling x of the emf in terms of 
the function az + po. It may be concluded that the ratio of maximum 
to minimum and the width at a specified fraction of the maximum or 
minimum of the resonance or distribution curves are useful in trans- 
mission-line measurements of attenuation. 

Width of Resonance Curve. The square of the amplitude of a resonance 
curve is shown in Sec. 8 to be proportional to the function 


Sz? = (sinh? A, + sin? F,)-! (1) 
where the shorthand notation 
A, = as + pot pes F, = 6s + %o+ (2) 


is used. As usual, a is the attenuation constant, 6 is the phase constant, 
and s is the length of the line between the impedances Z) at z = 0 and 
Z, at 2 = s. The phase functions of these impedances are © and 9,; 
the corresponding attenuation functions are po and pz. 

The maximum amplitude squared is defined by (1) when the condition 
of resonance 


F, = 6s +%&+ ® = nr n=0,1,2,...,820 (3) 
is satisfied. It is 
(Sy?) max = esch? A, (4) 


The square of the amplitude (1) is reduced to an arbitrary fraction 1/p? 
of the maximum when F, is changed from (3) to one of the two values 


Fy = F, — 6F Fy. = F, + 6F2 (5) 


Note that the required change in F, may be made by varying (a) the 
length of the line s, (b) the frequency, so that 8 = w/v changes, or (c) 
Z, or Z,, so that Sy or ®, is changed. In any one of these cases A, is 
also affected so that, paralleling (5), 


Asi ar As =3 5A, Ase aE A, = 5Ae (6) 


Thus s,° = p?__— sinh? (A, = 6A) + sin? (F, + 6F) @) 
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where the upper sign is for F,:, with subscript 1 on 6A and 6F, and the 
lower sign is for F,2, with subscript 2 on 6A and 6F. Note that, if the 
amplitude is reduced entirely by changing the length of the line from s to 


Si = 8s — bs; or 82 = S+ ds (8) 

it follows that 
6F = Bos; 6F 5 = Bdbse (9a) 
6A, = abs; 6As = ads (9b) 


The substitution of (4) in the middle term in (7), using the condition 
for resonance (8), gives 
p* sinh? A, = sinh? (A, + 6A) + sin? (nw F 6F) (10) 


where the subscript 1 is used on 6A and 6F with the upper sign, and the 
subscript 2 with the lower sign. By expanding the hyperbolic and circu- 
lar sines the following transformed expression may be derived: 


(p? — cosh? §A) sinh? A, +2 sinh A, cosh A, sinh 6A cosh 6A 
— sinh? 6A cosh? A, = sin? 6F (11) 


So long as the change in F, is made by varying either the length s or the 
frequency, the associated change in A, is very small if, as is assumed, 
a low-loss line is involved. That is, 


(6A)? <1 sinh 6A = 6A cosh 6A = 1 (12) 
With (12), (11) may be approximated by 


—+>— te 5A cosh A,\? : 
2— 1 sinh A, + —=——) = sin? 6F 13 
(vi Vp? — 1 ) a 
The two equations from (13) are 
/p? — 1 sinh A, + — = |sin 6F,| (14) 
Pp — 
/p? — 1 sinh A, — Eee = |sin 6Fs| (15) 
Pp — 
Let (14) be added to (15) to give 
: ' eS 6A; — 6Ae2 
sin 6F;| + |sin 6F.| = 2 2— |] sinh A, {1 —— 
sin oF) + [sin Fs] = 2 -/p*—T sinh A, (1 + OEE ea) 
(16) 


Since 6A; and 6A: are both small and nearly equal, the condition 


|5A1 — 5As| K2 ~/p? — 1 tanh A, (17) 


usually can be satisfied easily. Subject to (17), (16) can be solved for 
A, as follows: 
_ [sin 6F | + |sin 5F%| 


A, = sinh— 
2Vp? — 1 


(18) 
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This is the fundamental equation relating the over-all damping factor 
A, = as + po + p, to the changes 6F; and 6F, required to reduce the 
resonance curve to 1/p of its maximum value in both directions. 

Note that the resonance curve is symmetrical if 6F1 = 6F2 and 
8A, = 6A. For a symmetrical curve (17) is satisfied automatically, so 
that (18) is a good approximation. It is evident from (14) and (15) 
that 6F, and 6F2 approach equality as the terms in 6A become smaller. 
Hence satisfactory conditions for an approximately symmetrical reso- 
nance curve are 


5Ai < (p? — 1) tanh A, 5As <K (p? — 1) tanh A, (19) 


With (19), 6F, = oF, + oF (20) 
so that (18) reduces to 
: in 6F| 
A, = sinh“ _|sin 6F|_ 21 
Veni oe 
If the over-all damping is sufficiently small so that 
sin? 6F, = sin? 6F2 = (p? — 1) sinh? A, <1 (22) 
it follows that sin 6/1 + 6F, and sin 6F2 = 6F:2, so that (18) reduces to 
oF; + 6Fe AF, 
A, = = —— 23 
2VpP-1 2Vp?—-1 an 
where AF, = 6F, + 6F 2 (24) 


is the angular width of the resonance curve at a level 1/p of maximum. 
By setting p? = 2 and thus defining the so-called half-power level, the 
following very simple relation is obtained: 


AF 8 
“2. 
That is, the over-all attenuation factor is one-half the width of the reso- 
nance curve at a level 1/p = 0.707. 

If the only variable is the length s of the line, so that 6F = 8 6s and 
AF, = As = B(6s; + 482), (23) reduces to the following: 


A, = (25) 


' B As 
As —- ry So 2 
as + po tp april (26a) 
With p?=2, 9 A= ast ote => (268) 


Note that As is the width of the resonance curve at power level 1/p 
when the line is resonant at the length s defined by (3). The conditions 
implied in (26a,b) are 


2 748 2 r\ 
aos = —- «1 (5s)? « (4) (27) 


Sec. 12] AMPLITUDE RELATIONS FOR CURRENT AND VOLTAGE 269 


Width of Distribution Curve. Let the distribution curve obtained by 
moving a current or voltage probe along the line be examined. (The 
distribution curve obtained by moving the point of coupling of the gener- 
ator may be obtained by a simple change in notation.) The square of 


the minimum amplitude is 
S?2 = sinh? A,, (28) 


where A, = aw + p,. The minimum current amplitude occurs when 
F, = Bw+ ©, = nr w2zd (29) 


The square of the amplitude increases to p? times the minimum at two 
values of F,,, one located on each side of the minimum as defined in (28). 
These values are 


Fu: = Fy — oF Fue = Fy + 6F 2 (30a) 


If w is the only variable, the locations of the two values defined in (30a) 
are 


WwW, = w — bu, We = w+ dwe (80d) 
The values of A corresponding to (30a) are 
Aw = Aw — 6Ai1 Aw: = Aw + dAz (30c) 
The values of S? at Fy: and F,,2 must satisfy the equations 
p* sinh? A, = sinh? (A, = 6A) + sin? (nw F SF) (31) 


where the upper sign is for 6F; and 5A; and the lower sign is for 5F2 
and 6A:. Since (31) is like (10), with a subscript w instead of s, it fol- 
lows that the same solutions are obtained subject to corresponding con- 
ditions. The fundamental relation is (18), with the subscript s replaced 
by w; 6F, and 6F2 are the changes in F,, which increase the amplitude to 
the level p. The relation corresponding to (26a) is 


B Aw 


Aw = aw + Ps = 2/n— 1 (32a) 
With p? = 2, this reduces to 
Ai ap ee 5 a (32) 


In (32a,b) Aw is the distance between half-power points on each side of 
the dip in the distribution curve which occurs at w. Conditions corre- 
sponding to (27), with w substituted for s, must be satisfied if (32a,b) 
are used. The conditions for a symmetrical distribution-curve dip are 
like (19), with subscript w substituted for s. 

12. The “Q” of a Transmission Line. <A quality factor Q may be 
defined for a complete transmission-line circuit consisting of a length of 
line s, a load impedance Z,, and a generator impedance Zp or for a termi- 
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nated section consisting of a length of line w and a load impedance Z,. 
In both cases the definition for the reciprocal of the Q is 


1 of’ + of”’ - bw’ + 6a" e you + 6p”" (1) 
Q f w B 

where f + df’ and f — éf” are the “‘half-power frequencies” at which the 
square of the current or voltage at an arbitrary point along the line is 
reduced to one-half the maximum value at the fundamental frequency f.f 
Experimentally Q may be obtained from a resonance curve by varying 
the frequency in order to determine f, f + 6f’, and f — 6f’’. In the fre- 
quency range f — éf’ to f + df’ let the following condition be a good 
approximation: 


6A, <K A, = as + pot ps (2) 
Also éF, = 5(Bs + &o + ®,) (3) 
It is understood in (2) and (3) that 6A, stands for either 6A; or 6A,’ and 
8F, for 6F” or 6F1’, where A, + 5A{ and F, + 6F, correspond to w + dw’ 
and A, — 5A”’ and F, — 6F%’ correspond to w — dw’’, where w is the 
fundamental resonant frequency. 
If interest is in a terminated section of line of length w with load Z,, 
(2) and (3) are replaced by the following: 


6Ay K Aw Ay = aw +t ps (4) 
éF,, = (Bw + ®,) (5) 


Since with (3) the condition implied in Sec. 11, Eq. (23), is fulfilled, 
it follows that, with p = 2, 


A, = 4(6F, + FY) = 5 (88' + 88”) + (88% + bY) + 3(8B; + 58’) 
(6) 

Similarly Ay = (F%, + 6F%) = 5 (88" + 68") + 3(68, + 88) (7) 

If (6) is substituted in (1), an expression is obtained for the loaded total 


Q of the entire resonant transmission-line circuit including the line, the 
load, and the generator. It is 


Q=Q,= se pe 

+ Das + po + ps — (88) + 561! + 58) + 50/’)] 
where s is the length of line at the lowest resonant frequency. It is 
given by 


(8) 


Bs + Bo + ®, = ner (9) 
where n is the smallest integer for which Bs is positive. 
+A Q factor for a given circuit at each of an unlimited number of harmonic fre- 


quencies can be defined if desired. In this section only the Q at the fundamental 
frequency is introduced. 
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Alternatively, if (7) is substituted in (1), an expression is obtained for 
the loaded Q at input resonance of a section of line of length w termi- 
nated in the load Z,. It is 


ais Bw 
0 Oe = FTeaa Fos — (6, F BY) oy 


The resonant length w is defined by 
Bw + ®, = nr (11) 


where 7 is the smallest integer for which Sw is positive. 
If the ends of the line are either open- or short-circuited, 


px=p=0 6466, + §6,+0 (12) 


and (8) and (10) reduce to the simple form characteristic of the line alone. 
The unloaded Q is 


ay eee 
Note that Qo is independent of the length of the line. Since 
BM ed 
Bo 2w (; Bs ’) (14) 
it follows that 
1 r g 


(15) 


For a low-loss line the condition (a/8)? < 1 is satisfied, so that 
Q2 > 4 (16) 


The external Q’s of the resonant circuit of length s and the resonant 
section of line of length w, respectively, may be defined by 


cee ae eee 
Q: = to bo — OR, + OR FORT OB") aig) 


a poo 
Or = 20, — 86, — 58”) ae 
that Epa ae ose (18a) 
See Q: Qo Qe 
1 1 1 
0, 0 + On (18d) 


It is significant that, if 6F, = 6(@s) and 6 = 0, the effect of varying 
the frequency with s fixed (so that 6F, = s 68) is essentially equivalent 
to varying the length with the frequency fixed (so that 6F, = 8 6s). In 
this latter case Q, is given by 

1 5s’ + 6s’ 
ye ee 19 
0, 3 (19) 
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where s + és’ and s — 6s’ are the lengths of line at a fixed frequency for 
which the square of the current or voltage at an arbitrary point along 
the line is reduced to one-half of the maximum value at the resonant 
length s. Similarly, with 6F, = 6(@w) and 68, = 0, 


ere (20) 


where w is the length of the section for inpué resonance and w + éw’ and 
w — 6w” are the half-power lengths. 

It may be concluded that, when 6% = 0, the Q of the transmission- 
line circuit may be determined from resonance curves using either the 
frequency or the length of line as the variable. 

13. Theory of Transmission-line Measurements.*:\4.62—64,66—68,71—73, 
76—79,81,88,89,91,98,108 Although in some respects the transmission line is 
not convenient for making electrical measurements, it is both versatile 
and valuable at frequencies that are sufficiently high to make bridge 
circuits with lumped elements unavailable. If the distance between the 
conductors of the transmission line is sufficiently small compared with 
the wavelength to make higher propagating modes impossible and to 
keep radiation from open-wire lines negligible, transmission-line theory 
provides a highly accurate analogue of experimentally observable and 
measurable conditions. This is true except near the terminations or dis- 
continuities along the line where appropriate corrections usually must be 
made to take account of end effects in the line and coupling effects 
between the line and the termination, as discussed in Chap. II, Secs. 3 
and 4. Let it be assumed in the following that account has been taken 
of such effects and that the actual transmission line with nonuniform 
properties near its ends has been replaced analytically by an equivalent 
uniform line terminated in measurable apparent impedances. The actual 
determination of an apparent impedance Zo, or Z;. from the theoretical 
ideal impedance Z, or Z, is considered in Chap. V. 

A general transmission-line system consists of a section of line extend- 
ing from zg = 0 toz = s and terminated at z = 0 in Z) and at z = sin Z,. 
Owing to terminal-zone effects this system is equivalent to an ideal uni- 
form line of length s terminated in the apparent impedances Zoq and Zea 
at z = 0 and z = s, respectively. The line is driven by the equivalent 
of one or two pairs of equal and opposite point generators symmetrically 
placed with respect to an arbitrary and movable point xz. Experi- 
mentally available equivalents of such generators are described in 
Chap. VI. 

A number of quantities that can be measured on such a transmission 
line are described in the following. The purpose is to outline the theo- 
retical foundations, not to discuss the experimental technique.* Note 
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that bridge and phase measurements using the hybrid junction are dis- 
cussed in Chap. III, Sec. 15. 

The Measurement of Phase Constant and Wavelength. The phase con- 
stant 6 and the wavelength \ = 27/8 may be determined using either 
resonance or distribution curves. 

a. Resonance-curve Method. The particular lengths of line s,, for which 
the maximum of a resonance curve (obtained by changing the over-all 
length of the line with everything else constant) may be observed are 
defined by the condition 


BSn + Bog + Prag = OT w= 0,1, 2.24 2.548: >0 (1a) 


If two such lengths s, and s,_, are determined experimentally by vary- 
ing the length s of the line, it follows from (1a) that 


T 
B= =a A= 2(Sn Sn—1) (1b) 

In order to obtain sharp resonance curves, both terminations Zo, and 
Z.a Should be reactive and preferably should be pistons in shielded lines 
(as in Fig. 13.1) and metal disks or 
conducting bridges on open-wire lines. ae io cece =o 
High precision in determining 8 and OP eacate hoes Sy 
’ may be achieved by plotting the 2=0 z=8 
vicinity of each resonance peak and Fie. 13.1. Coaxial line with pistons and 
drawing mid-point lines to locate the C°uPling loops for measuring wave- 

length and phase constant by the 
peak accurately. resonance-curve method. 

Since it has been assumed that s is 
the only variable, neither the distance w = s — z from the current or volt- 
age probe to Z,, nor the distance x from Zp, to the center of the configura- 
tion of point generators must be changed as s is varied. A possible pro- 
cedure is to couple the generator or the detector to the line by means of 
a loop which is attached directly to a movable piston, as in Fig. 13.1, or 
to a movable disk or wire bridge. 

If both the point of coupling of the generators and the location of the 
current or voltage probe are fixed at distances x and z, respectively, from 
the impedance Zo, whereas the length s of the line is varied by moving Z, 
(usually in the form of a piston with Z, = 0), it is clear that w = s — z 
varies linearly with s. In this case the magnitude of the current at z is 
proportional to 

IL] ~ vs sinh? (aw + p.) + sin? (Bw + 9,) (2a) 
% sinh? (as + po + ps) + sin? (8s + ®o + ®,) 


If the location z of the current-detector probe is fixed so that 


2n+1 
2 T 


B(s — w) + Bo = 
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with n integral, this expression becomes 


| ~ | sinh? (aw + p.) + cos? (8s + po + ,) (2b) 
: sinh? (as + po + ps) + sin? (8s + &o + ®,) 


For small over-all attenuation {J,| varies as |cot (6s + ®o + ®,)| [instead 
of as |sec (6s + So + %,)| when the detector is moved with Z,, so that 
w is constant]. The locations and amplitudes of the extreme values are 
given by 


pst +, = "tt, 
Bw + ®, = mr (2c) 
ear sinh (aw + p,) 
am cosh (as + po + ps) 
Bs + Po + ®, = nT 
ia ais a“ a (2d) 
Was = cosh (aw + pz.) 


sinh (as + po + ps) 


Since the distances between maxima are the same as when s alone is 
varied, with w fixed, and the resonance maxima are almost as sharp, 
6 and \ may be determined equally well if only a terminating piston is 
moved, with detector and generator fixed, provided the detector is placed 
exactly where it gives maximum deflection. Note that the above for- 
mulas apply to V, if ®, is replaced 
by &. 

It is shown in Chap. VI that the 
condition for the driving source to be 
equivalent to a configuration of point 


Fiq. 13.2. Slotted coaxial line with mov- ) : 
able detector probe for measuring wave- generators along the line requires that 


length and phase constant using the this be coupled loosely to the line. 
voltage-distribution curve. If a loop is b. Distribution-curve Methods— 


substituted for a straight probe, the 
current distribution curve replaces the 
voltage distribution curve. 


Current and Voltage. Since distribu- 
tion curves as functions of w or x 
are reciprocals of resonance curves 
as functions of s, the same procedure in measuring \ may be followed 
using minima of distribution curves as using maxima of resonance curves. 
If a current or voltage probe is moved along the line, as in the circuit 
of Fig. 13.2, to obtain a current or voltage distribution curve and, in 
particular, to locate its minima at w,, the equations that these satisfy 
are as follows: 
[Z,(w) min occurs at Bw, + Bea = nt (3a) 
[V.(w)]min Occurs at Bw, +O), = nr (3b) 
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where n = 0,1,2,...andw,>0. Evidently 
p=—— 


mew Vater ed (4) 


The distribution-curve minima are sharp only if Z,2 is essentially reactive. 
If required, a plot of the curves may be 
made, and mid-point lines drawn to lo- 
cate each minimum more accurately. 
Since the current or voltage probe — 
is not included in the analysis, it must = ae ; 
be coupled sufficiently loosely to pro- yg, 13.3. Slotted coaxial line with 
vide no significant reaction on the movable generator loop for measuring 
generator. wavelength and phase constant using 
c. Distribution-curve Methods—Point the distribution curve of the point of 
of Excitation. If a distribution curve SxeHaUOn 
is obtained as a function of x by moving the generators (as by moving 
a loosely coupled oscillator or coupling unit, as in Fig. 13.3) relative to 
the line, minima in the curve occur when 


For one pair of point generators: 


Bin + Bo = Nr (5a) 
For two pairs of point generators: 
Bin + ®, = ne (5b) 
where n = 0,1,2,...andxz>0. Evidently 
us 
B= p= A =2(%n — Ln) (6) 


The Measurement of Frequency or Phase Velocity. The transmission 
line permits the measurement of frequency only indirectly. Since 


fa3-2 (7) 


it is clear that, if the velocity v is known, f can be evaluated from (7) if 
8 or \ is measured. Alternatively, if the frequency is known, the phase 
velocity v may be determined using (7). Theoretical values of v are 
given in Chap. II, Sec. 12. 

The Measurement of the Attenuation Constant. The attenuation con- 
stant a of a low-loss line is usually so small as to make its experimental 
determination difficult. Although methods based on the use of Sec. 9, 
formulas (1), (9), or (16), are theoretically possible, the ratios of maxi- 
mum to minimum amplitude in a resonance curve or a distribution curve 
are very great if the only attenuation is that of a section of line. The 
measurement of such large ratios involves serious difficulties. These 
include the problem of a detector accurately calibrated over a range from 
very low to very high levels and sufficiently sensitive to permit very loose 
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coupling. Note that the losses introduced by the detector must be 
negligible compared with the small losses in the line itself. 

Other formulas upon which the measurement of a may be based are 
Sec. 11, Eqs. (26b) and (320). These involve the half-power widths As, 
of resonance curves with maxima at s, or the half-power widths Aw, of 
distribution curves with minima at w,. The appropriate formulas are 


B As, 


aASn, “> P0a + Psa = 5) (8) 
AW, + Psa = e ue (9) 


In order to make use of (8), the length of the line is varied by moving 
one of the terminations, as in Fig. 13.1, and the locations s, and srim of 
two resonance curves and their respective widths As, and As,4m at 0.707 
of maximum amplitude are measured. The quantities so determined are 
related by the formula 
_ BAS, — ASnim 
v2 8, aud 


(10) 


In order to use (9), the current or voltage probe is moved to locate 
two distribution-curve minima using Fig. 13.2 at distances w, and Waim 
from the terminating piston or bridge at z = s. The half-power width 
of each is then measured by determining w + éw’ and w — éw’’ and 
setting Aw = dw’ + dw’. The formula for a obtained from (9) when 
written for Wa and Wasm is 
_ BAWn — AWatm (1) 


a = 
2 Wye = AO ion 


Since the several distances and widths in (10) and (11) must be measured 
with great accuracy, it is often necessary to plot resonance or extended 
sections of distribution curves. 

The Measurement of the Apparent Phase Function of a Termination. 
The apparent phase function ,, for an unknown impedance may be 
determined using the same methods described for the measurement of 8. 
Note that resonance-curve methods may be used to determine the phase 
function of the generator impedance as well as that of the load; distribu- 
tion-curve methods using voltage and current probes are useful only for 
the load. 

a. Resonance-curve Method. The measurement of ®, (either ®,4 or Po.) 
depends on the availability of a standard termination such as a short- 
circuiting piston in a shielded line or a sufficiently large conducting disk 
in an open line. For both of these ¢, = ® = r/2. An alternative for 
an open line is a conducting bridge for which ®, = 1/2 + Bkea (see Chap. 
II, Sec. 20). 

If the phase function of the standard impedance is ®,, = 7/2, the 
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shortest resonant length s,, of line is given by 


BSni + Poa + 5 = (12a) 


Alternatively, if the standard is $y), = 7/2, 

BSni ie 5 + P50 = 7 (12b) 
The shortest resonant length with the unknown impedance [Z,, for use 
with (12a) and Zo. for use with (12b)] is sn2, given by 


BSn2 + Bo + Pe = 7 (13) 
Subtraction of (13) from (12a) leads to 


4 = 5 + B(Sn1 rar Sn2) (14a) 


Subtraction of (13) from (12b) gives 


Ww 


Bea = 5 + B(Gu1 — Sus) (140) 


The two resonant lengths s,; for the short circuit and sn: for the unknown 
impedance may be determined experimentally by changing the length of 
the line as in the determination of 8 and subject to the same conditions. 
Two cases are illustrated in Figs. 13.4 and 13.5. The latter shows an 
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Fig. 13.4. Circuits for the two steps in the 
measurement of the apparent phase func- 
tion and attenuation function of an un- 
known load impedance Z,2. using the 
resonance-curve method and a two-wire 
line. 
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Fic. 13.5. Circuits for the two steps in the 
measurement of the apparent phase func- 
tion and attenuation function of a re- 
ceiving antenna using the resonance- 
curve method and a coaxial line. 
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important application of this method to the measurement of the imped- 
ance of a receiving antenna while used for reception. In this case the 
antenna is the generator for the attached transmission line, so that dis- 
tribution-curve methods are not applicable. 

b. Distribution-curve Method. The function ®,, may be determined 
using a movable probe with a line of fixed length. By locating the 
minimum of the current or voltage distribution curve for the unknown 

impedance at a distance w, from the 
Z. end of the line, the following equa- 


s 
<~To generator ‘3 tions are obtained, respectively, from 


poet | —w,—4 (8a) and (8b): 


minimum 
Fia. 13.6. Measurement of the apparent $,, = 7 — BWa (15a) 
phase function ®,, using a movable cur- = 7 — Bun (15d) 


rent probe. 

The apparent phase function is thus 
determined using a movable current probe (as in Fig. 13.6) with (15a) and 
a movable voltage probe with (15b). Note that ®/, = ®,. — 7/2. 

An alternative procedure that permits the measurement of a difference 
in lengths instead of the actual length w, and makes use of a standard 
termination such as a short-circuiting piston or disk is to apply (8a) or 
(3b) to the standard termination and then to the unknown. If the mini- 
mum using the standard termination 


is at wri and the minimum with the short 
unknown is at wre, the following equa- circuiting 
tion applies for a current probe as de- Current s 


rived from (3a), assuming the standard frinimmum Yaa 
termination to be a perfect short cir- Detector 
cuit (this is illustrated in Fig. 13.7): 
SS 
Pa = 3 + Bla — was) (16a) geet, ff} wpa 
minimum 
Similarly for (8b) and a voltage probe Detector 


Fig. 13.7. Two steps in the measure- 


T : 
@/ = 2 + B(war — Wa2) (16D) ment of the apparent phase function 
2 ®,, using a movable current probe. 


This is the distribution-curve analogue of the resonance-curve formula 
(14). It has an advantage over (15) in that it involves only the differ- 
ence between the scale readings for the two minima with the two termi- 
nations instead of the actual distance of one minimum from the end of 
the line. 

A distribution-curve method of measuring ®) using a movable source 
may be based on a formula like (15) or (16) with x substituted for w 
and ®» for 9,. 
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The Measurement of the Apparent Attenuation Function of a Termi- 
nation. The function p,.. of an unknown impedance may be determined 
using one of several methods. Since p,._ for the termination is usually 
quite large compared with the attenuation of the line, ratio methods as 
well as half-power-width methods may be used. 

a. Resonance- and Distribution-curve-ratio Methods. By varying the 
over-all length of a terminated line the ratio of maximum to minimum 
along a resonance curve may be obtained. The general formula for this 
ratio is Sec. 9, Eq. (1). Since the attenuation of a quarter wavelength 
of the line is usually negligible compared with the attenuation of the load, 
Sec. 9, Eq. (4), is satisfactory. If the ratio Rz of the maximum to the 
minimum of a resonance curve is determined for Z,. and again as R, for 
a standard termination such as a perfect short circuit (p.2 = 0), the follow- 
ing two equations are obtained: 


QS emax + P0a + Psa >= coth—! Ry (17a) 
Simax + poa = coth! Re (17b) 
The circuits of Fig. 13.4 may be used. It follows that 


since with |Ssemac — Simax| S A/4 the term a(Semax — Simax) is negligible. 
Note that the attenuation of a detector may be included in po, so that 
the only error involved in (18) is the neglect of a quantity of the order of 
magnitude of ad/4. 

If a movable probe is used with the circuit of Fig. 13.6 to determine 
the ratio of the maximum to the minimum of a distribution curve for 
current or voltage—the so-called current or voltage standing-wave ratio— 
the general equation [Sec. 9, Eq. (11b)] is applicable. Since the attenu- 
ation of the line is usually negligible, Sec. 9, Eqs. (13) and (14), are valid. 
That is, 

Poa = coth!? S (19) 


where S is the current or voltage standing-wave ratio. The most con- 
venient method of determining p,. is usually from the current or voltage 
standing-wave ratio, as given in (19). It is well to note, however, that 
the reactive and resistive loading of the probe is neglected. 

The apparent attenuation function po, of the apparent impedance Zo, 
at the other end of the line may be determined in a similar manner from 
the ratio of the maximum to the minimum of the distribution curve 
obtained by moving the generators. 

b. Resonance- and Distribution-curve-width Methods. By varying the 
length s of a terminated line on both sides of a resonant length s,2 for an 
unknown Z,, in order to determine the half-power width As,2 and repeat- 
ing this procedure to determine the half-power width As, of a resonance 
curve with maximum at s,: for a standard termination for which p,q = 0, 


280 TRANSMISSION-LINE THEORY [Chap. IV 


the following equations are obtained using (8): 


As, 

QSn2 + Poa + Psa = 6B = ; (20a) 
Asn 

a8n1 + pow = 6 = : (20b) 


By subtraction the following formula for psa is obtained: 
Psa = 5 (Mens i ASn1) = a(Sn2 = Sn1) (21) 


If sno and 8,1 are chosen as close together as possible, the last term in 
(21) with @ as a factor is usually negligible, so that 


Psa = g (Asn2 — ASn1) (22) 


Note that the contribution to the attenuation by a detector may be 
included in poa and that its effect is subtracted if it remains constant. 

By moving a current or voltage probe along the line on both sides of a 
distribution-curve minimum at w, in order to determine the half-power 
width Aw,, the right side of (9) is determined if 6 is known. If a is also 
known, psa may be obtained directly. Alternatively, if the attenuation 
due to the line is negligible, so that aw, XK psa, a Satisfactory approxi- 
mation is 


Psa = 2 (23) 


Determination of Reflection Coefficient. 'The apparent reflection coef- 
ficient T',. = T,.e’¥ is determined directly from values of p,q and Pq 
using the relations 

Toa =e 7ee Vea = —2Poq (24) 


The terminal functions p,. and ®,, may be obtained using any of the 
several methods. If the standing-wave-ratio method is used, a con- 
venient formula relates I',, directly to the standing-wave ratio. Thus, 
since . 

coth psa — 1 

coth psa + 1 


e772 Psa = 


when psa > aw and S = coth pga, it follows that 


S-—1 
Ts = SH (25) 
Determination of Apparent Impedance. Once the apparent terminal 
functions p,, and ®,, have been determined for a given termination, the 


apparent normalized impedance Zsa = Misa + Jisa May be calculated 
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directly using Chap. II, Sec. 15, Eqs. (7) and (8). If the actual imped- 
ance Z,q is required, the characteristic impedance Z, of the line must be 
known. 

If resistance and reactance curves for a given termination are to be 
determined as functions of the frequency or some variable characteristic 
of the termination, it is usually more accurate to plot smooth curves 
through the experimentally determined values of p,. and ®,, and then 
compute risa and 21.2 from the curves rather than first to compute risa 
and 21.4 directly. This is due to the fact that p,q and ®,, are smoother, 
more slowly varying quantities than risa and Lisa. 

Three-probe Method of Measuring Apparent Impedance. Impedance 
may be measured using three fixed voltage or current probes instead of 
a single movable one as in the standing-wave-ratio method. The meas- 
ured quantities required are the relative voltages (or currents) at three 
fixed points along the line near the unknown terminating impedance.®* 47! 

Suppose that the apparent impedance Zsa = Rea + jXea iS at 2 = 8 or 

= 0. The voltage at a distance w from the termination is given by 
Sec. 2, Eq. (6), or Sec. 5, Eq. (2). Its magnitude is 


vy, = V2 ¢, (26a) 
Ss 
where C2 = sinh? (aw + psa) + cos? (Bw + Bea) (26b) 


= $[cosh 2(aw + pea) + cos 2(Bw + ®sa)] 


Let the three voltage probes be located at Bw, Bwe = Bw: + 7/4, and 
Bw; = Bw, + 7/2. The relative voltages are given by 


C2, = glcosh 2(aw: + psa) + cos 2(Bw1 + Bsa)] (27a) 
C2, = g[cosh 2(awe + psa) + Cos 2(Bwe + Pea)] 


= Hcosh 2(ews + pia) — sin 2(6w: + &.)] ey) 
2, = $[cosh 2(aws + psa) + Cos 2(Bws + Pea)] (27) 
= i[cosh 2(awe + psa) — COS 2(Bwi + Bea)] 
It is now easily verified that, subject to the condition 
an\” 
cosh a(w; — w3) = 1 or (2 «1 (28) 
the following expressions are valid: 
V2 + V3 — V2 _ sinh? 2(aws + pea) + cos? 2(Bwi + Psa) (29a) 
V3 ~ [cosh 2(awe + psa) — Sin 2(Bwi + Pea)]? 
V2? — V2 _ sinh 2(aw2 + pea) sinh a(w, — Ws) + cos 2(Bwi + Bea) (290) 
2V200— - cosh 2(awe + psa) — Sin 2(8wi + Bea) 
Tf the first of the three probes is located at 
Bu. = : so that Bwe = 5 and Bw; = = (30) 
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the above formulas reduce to 


Vi + V3 — V3 _ sinh? 2(ad/4 + pra) + sin? 28,4 


V3 ~ [cosh 2(ad/4 + psa) — COS 2B,q]? (31a) 
Vi — V2 _ sinh 2(ad/4 + pea) sinh ad/4 — sin 24,4 (31b) 
2V2 cosh 2(ad/4 + psa) — COS 2B eq 


Subject to the following conditions (which are readily satisfied for a wide 
range of impedances terminating a low-loss line): 


a <K pea (32a) 


sinh 2 (2 ne rw) sinh = K |sin 2B,al (32b) 


these may be reduced further. The results are 


. 2 2 ; 2 +42 
Va Ns 2 Se eet ae Sr tate. (880) 


V3 ~ (cosh 2psa — Cos 28,,)2 
Vi-V?,  —sin2, _ 
2V2 cosh 2p. — cos 28,, (336) 


where 7isq ANd Zisq are the normalized apparent terminal resistance and 
reactance, as defined in Chap. III, Sec. 2. Only if terminal-zone effects 
are negligible may the subscripts a be omitted. 

It is seen that, by measuring the voltage amplitude at three fixed points 
located at exactly \/8, \/4, and 3\/8 from the load, the impedance of 
the load may be determined. Note that the three probes are assumed 
to be so tuned and so loosely coupled as to have no significant effect on 
the line and on one another. If desired, the probes may be located at 
other distances than those specified in (30), with corresponding changes 
in the formulas. 

Determination of the Characteristic Impedance of the Line. The charac- 
teristic impedance of a transmission line is a scale factor relating current 
and voltage. It is the normalizing factor in the impedance. It can be 
computed directly from the dimensions of the line using the theoretical 
formula, but in general it cannot be measured on the line itself, since 
there is no absolute standard for impedance. 

The characteristic impedance of one transmission line is readily meas- 
ured using another line with a known characteristic impedance. This is 
accomplished by measuring the apparent impedance of a section of the 

line when used as a termination for the measuring line. The usual pro- 

cedure is to select a section of line of length s and measure its input 
impedance Z;, when it is short-circuited with a piston or a disk and Z, 
when it is open-circuited. In the first case p, = 0 and , = 7/2; in the 
second case p, = 0 and ®, = 0. The two input impedances are 


Zio = Z, coth xs Zic = Z, tanh ys (34) 
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The product of these expressions is 
Zz —_ Liolic (35) 


If Z,, and Z,, are measured, Z, may be computed from (85). 

Note that, where two transmission lines with different cross sections 
are connected, a discontinuity exists of which no account is taken in the 
above procedure. Moreover an ideal open circuit such as is presumed in 
(34) does not exist owing to the capacitive end effect that characterizes 
every practically available transmission line. An analysis of junction 
and end effects is given in Chap. V. But for many purposes, especially 
with lines of sufficiently small cross-sectional dimensions, they are rela- 
tively unimportant, and (35) with (34) is adequate. In this section (35) 
is considered without correction. 

By separating the real and imaginary parts of (35) using 


Zio a Rio + JX io; Lic = Ric + jX ie; and Z. =; R.A = JG) 
the following two equations are obtained: 


R21 — $2) = RuRic — XioXic (86a) 
—2¢,R2 = XwRic + XicRio (36d) 


It follows from these equations or from the typical curves of the input 
reactance of a section of transmission line that either X, or X;, is nega- 
tive and the other is positive. Since on all low-loss lines the inequality 
¢? <1 is a good approximation, (36a) may be used to evaluate R, and 
(36b) to evaluate ¢,. Thus, with ¢? <1, 


R. = V RioRic = X ioX ic (37a) 
ceo 1Xhic + XicRio 
eit oe LX, (370) 


If the lengths s of the section of line of unknown characteristic imped- 
ance Z, may be assigned freely, great simplification is achieved by 
selecting a length for which the inequalities 


Ri, K |X|? = RE, K | Xie? (38) 
are satisfied. This is true when the electrical length is near one of the 
following: Bs = 1/4, 30/4, .... With such a choice of 6s (37a,b) 
reduce to 

R, = V —XioX ic (39a) 
1 Ric Rio 
$ = 5 (# a Be) (396) 


In this case R, can be determined from a measurement of reactances only. 

Typical numerical values illustrating the order of magnitude of Xx 
and X;, compared with Ri, and R;, when Bs = 1/4 and 37/4 are listed in 
Table 13.1. 
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TABLE 13.1 


Type of line (Rie /X ic)? (Rio/X io)? 
Two-wire...... 440 4.2 X* 107-8 2.1 X 107 
Two-wire...... 440 8.3 X 1075 2.1 * 1075 
Coaxial....... 75 7.1 xX 10-8 4.5 X 1079 
Coaxial....... 75 1.6 X 1075 4.5 X 1075 


In most cases the calculation of R, from (39a) is convenient and 
reasonably accurate. On the other hand, the very small quantity ¢, is 
usually more easily determined from the approximate relation ¢, = a/8 
and the measured values of a and 8. 

Comparison of Phases. If a transmission line is terminated in its 
characteristic impedance, the current and voltage vary progressively 
and uniformly in phase along the line. Use of this fact may be made 
for comparing relative phases at different points in a circuit or in another 
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1 in slot Slotted conductor 
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ground screen To 
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Fic. 13.8. Circuit for comparing phases (attenuators, line stretchers, etc., are not 
shown). 


transmission line or for determining the complete relative distribution of 
phase along a line or an antenna. 

The procedure is illustrated in Fig. 13.8 for determining the phase 
along an antenna. It consists simply in coupling a fraction of the power 
supplied to the circuit in which measurements of phase are contemplated 
into an auxiliary transmission line that is terminated in its characteristic 
impedance Z,. Two movable probes, each connected to a transmission 
line and both joined to a mixer and detector, are provided. One of the 
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probes serves to explore the circuit under test (the antenna in Fig. 13.8), 
whereas the other must travel along the auxiliary matched line. A con- 
venient but arbitrary reference point for phase is selected in the circuit 
under test, and the first probe is moved to this point and there coupled 
to the circuit. The second probe is now moved along the matched line 
until a minimum (or, if the outputs are correctly adjusted with attenu- 
ators, a null) is observed in the detector. The location of the probe 
along the line is marked; it is the reference point in the line. In this 
adjustment the signals reaching the mixer from the circuit and from the 
matched line are in phase opposition. 

The first probe is now moved to a position at which phase is to be 
determined in the circuit under test, or it is moved progressively from 
point to point. At each location the traveling probe is moved along the 
matched line until a minimum (or null) is observed in the detector. 
From the distance in the matched line between the reference point and 
the location of the probe, the relative phase at the particular point or 
succession of points may be determined. 

Measurement of Dielectric Constants, Permeabilities, and Conductivities 
of Poorly Conducting Media: Drude’s Method. A theoretically simple 
method of measuring the dielectric constant « and the conductivity o of 
solids and liquids uses the material in question as the dielectric in a 
transmission line of coaxial or shielded-pair type. By determining the 
phase constant 6 and the attenuation constant a using methods described 
earlier in this chapter, formulas of Chap. II, Sec. 10, may be used to 
compute e and oc. If good conductors are used for the transmission line, 
the condition w%lc > rg is easily satisfied by the line constants J, ¢, 1, 
and g. It follows from Chap. II, Sec. 10, Eq. (16), that 


B= Ve f (hy) a=W Vile g(hy) (40) 
where, from Chap. IJ, Sec. 10, Eq. (8), 
by= 45-744 (41) 


we! wl) we wl 
For a low-loss line (as is here assumed) the following inequality must be 
satisfied : 

he «1 (42) 
so that flo) =1 gy) = 2 (43) 
After the substitution of (43) in (40) and the use of (42), the following 
expressions are obtained for the phase and attenuation constants of the 
line with a low-loss dielectric medium with real effective dielectric con- 
stant €. = €€er, conductivity o., and permeability w = pour: 


Be = 0 Jue, ae = Vibe (2 4 “) (44) 


2 Ee Mrllé 
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where y,lé = I is the inductance per unit length of the line. If the same 
line is evacuated so that o. = 0, u, = 1, and e., = 1, the constants are 


B=aovVJ/ueo a= V woco 7 (45) 


2 AG 
The combination of (44) and (45) gives 


’ oe 
Mr€er = Be o = 2 Rp @ — @ x) (46) 
B Hobr br 
If the medium is a dielectric with », = 1, (46) reduces to 
2 — 
om. B as Np (a — a V €er) (47) 


If 8, and 8 are measured, ¢., may be determined; if, in addition, a, and a 
are measured, o¢, may be evaluated. 
If the medium is a magnetic material with e,, = 1, 


“283 . Jz ( = “_) 
cdeee a ak ile ae (48) 


so that yu, and c, may be determined if 6., 8, ae, and a are known. 

Although theoretically simple, the method referred to above for meas- 
uring dielectric constants, permeabilities, and conductivities is not always 
convenient from the experimental point of view. This is primarily due 
to the large sample of dielectric required to fill the entire line and the 
high over-all attenuation with an even slightly conducting medium. It 
may be added that transmission-line measurements in a dielectric-filled 
lme are often awkward. Other methods without these difficulties are 
described in Chap. V. 


PROBLEMS 


1. A low-loss transmission line (R. = 300 ohms, ¢ = a/8 = 10-3, s = 4.2 m) 
connects a generator (Zo. = 10 + j0 ohms, Vj = 100 volts, f = 300 Mc/sec) to a 
load (Zsa = 4,000 + 70 ohms). Determine the following: 

(a) The currents in the generator and the load. 

(6) The current and the voltage on the line halfway between the generator and 
the load. 

(c) The location and magnitude of each maximum and minimum of current along 
the line. 

(d) The standing-wave ratio. 

(e) The efficiency of power transmission to the load. 

2. A two-wire line of characteristic impedance Z. + R, = 300 ohms is loaded at 
one end by an antenna with impedance Z, = 90 +345 ohms. At a distance of 
one-half wavelength from the load a second, identical antenna is connected across 
the line. Determine the standing-wave ratio and the distribution of current on the 
main line and on the section between the two antennas. Neglect losses in the line 
and assume terminal-zone effects to be negligible. 
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3. An impedance of 800 — 750 ohms is measured on a transmission line for which 
Z. = R, = 400 ohms and a = 107 neper/m. The frequency is 100 Mc/sec. 

(a) Where is the voltage minimum nearest the load? What is the standing-wave 
ratio? 

(b) What is the width of the resonance curve obtained by varying the length of the 
line about the peak occurring at the next to the shortest length of line? 

4, An apparent impedance Z,. = 100 — j40 ohms is to be measured by the distribu- 
tion-curve-dip method on a low-loss line for which Z, = R. = 50 ohms. Neglecting 
line losses, predict the distance from the load and the half-power width of the current 
distribution-curve dip. 

5. The frequency of a generator is determined accurately to six significant figures 
at a value near 300 Mc/sec. Describe a method for determining experimentally the 
phase velocity of propagation along a coaxial line. Select practical values for the 
line constants and determine the accuracy with which such a measurement might 
be made. 

6. A coaxial line is terminated in its characteristic impedance Z. = R, = 50 ohms 
by a series transformer connected between the end of the line and a resistive load 
of 800 ohms. Neglecting losses in the line and junction effects, determine and plot 
the distribution of the magnitude of the normalized current along the line and along 
the transformer. 

7. A two-wire line is terminated in its characteristic impedance Z, = R, = 400 ohms 
by a single-stub matching network inserted between the line and a resistive load of 
50 ohms. Determine the normalized currents on the line and in the two parts of the 
matching circuit. Neglect losses in the line and in the matching section, and assume 
junction effects to be negligible. Use a closed or open stub, whichever is shorter. 

8 A copper two-wire line is placed symmetrically in a brass pipe to form a shielded- 
pair line. The pipe is to be filled with water in order to measure the dielectric con- 
stant by moving a copper-wire bridge along the two-wire line to determine the location 
of successive resonances. The wires are No. 9 separated 2 cm between centers; the 
pipe is 8 cm in diameter. Investigate the accuracy of the results to be expected by 
determining the sharpness of two successive resonance curves. This may be done 
by comparing the half-power widths when the pipe is filled successively with air and 
with water. Use o = 2 X 10-4 mho/m (e, = 81) for distilled water, o = 5.65 X 107 
mhos/m for copper, and ¢ = 1.5 X 10’ mhos/m for brass. 

9. Repeat Prob. 8 for lake water with o = 10-? mho/m and e, = 81. 


CHAPTER V 


DISCONTINUITIES AND NONUNIFORMITIES 
IN TRANSMISSION LINES 


1. Two-terminal-pair Networks in Transmission Lines.° The con- 
tinuity of a uniform transmission line may be interrupted in numerous 
ways. In earlier chapters shunt and series sections of line and combi- 
nations of these are considered under the ideal conditions in which 


M8 1(s;) a > 4,(0) 
+ 
Bonn hs 
lye Line 1 2 Line 2 
01 VY, Ze ana pair Yo, Zc2 
(a) 
1 2,,-Z: foo- lyre 
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Fig. 1.1. (a) Two-terminal pair joining two lines. (b) T network as common load 
for two lines. (c) I network as common load for two lines. 


terminal-zone and junction-zone effects are negligible, so that the formu- 
lation of uniform-line theory may be applied to each section as if isolated. 
In general, the uniformity of a transmission line may be interrupted by 
an arbitrary network that has two pairs of terminals. Such a network 
is a special case of a general four-terminal network; it may be called a 
two-terminal pair or a transducer. Three independent parameters are 
required to describe its electrical properties provided nonreciprocal cir- 
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cuit elements such as gyrators are excluded. In its most general form 
it connects two different but individually uniform lines, as illustrated in 
Fig. 1.la. The properties of such a network may be represented by the 
input and output currents and voltages associated with the two pairs of 
terminals, as in Fig. 1.la; by an equivalent T section, as in Fig. 1.1b; 
or by an equivalent II section, as in Fig. 1.1c. In each case the sign and 
direction conventions for voltages and currents are different. The choice 
in Fig. 1.la is that characteristic of a continuing transmission line. In 
Fig. 1.16 the currents and voltages are those characteristic of two lines 
for which the two pairs of terminals of the T section constitute the load. 
Note that this choice makes the currents maintained by the two gener- 
ators codirectional in the mutual element Z,.. In Fig. 1.1c the currents 
and voltages at terminals 2 are reversed as compared with Fig. 1.1b, so 
that the currents maintained by the two generators are codirectional in 
the mutual element Y;2. Note that 


I,(0) = —I, = 1 and V2(0) = V, = —-V, 
Balanced T and IL networks for use with balanced lines are shown in 


$(Zy1- Zio) 3 (Zo2—Z,2) 


n \ é I, 2¥i2 I, 
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7 (2-22) © (Zyp—Zya) (¥%i-Y2) 1 S(Hoo— Yio) 
(a) (b) 
Fic. 1.2a. Balanced T network as com- Fria. 1.2b. Balanced 0 network as com- 
mon load for two balanced lines. mon load for two balanced lines. 


Fig. 1.2a¢ and 6. The same equations apply to these figures as to Fig. 
1.1b and c. 

Input-Output Current-Voltage Equations. The input and output cur- 
rents and voltages in Fig. 1.1a and b are related as follows: 


Vi(s) = Vi = V2(0)A + 12(0)B = ViA — LB = —ViA4+T,B (1a) 
I(s) = h = V2(0)C + 200)D = V.C — LD = —ViC+1,D_ (1b) 


These equations may be inverted and solved for Vz and Iz. With the 
relation 


I 


AD ~ BC =1 (2) 

(which applies to all reciprocal circuits and is derived very readily by 

application of the reciprocal theorem to the circuit of Fig. 1.1a) the results 
are 

V.(0) = V> = -—Vi => DY, = BI, (3a) 

I,(0) = -—h = I, = —CV, + AL (3b) 

These expressions may be written in matrix form as follows fonly for- 


mulas for V2 and I; for use in Fig. 1.10 are given, but the substitutions 
V.(0) = Ve and 12(0) = —I, or Vi, = —Ve2 and lh = —I, may be made 
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to adapt the formulation to Fig. 1.1a or c]: 
Vi _ A B Ve 
il-Lé AA " 
Ve| |D Bil Vi 
in} -Le Alb 7) 
As given in (2), it is necessary that the determinant 
A Bl _|D B 
Cc D| \c A 


if the reciprocal theorem is to be satisfied. 
It is clear from (4) and (5) that a symmetrical four-terminal network is 
defined by 


=1 (6) 


D=A (7) 


An ideal transformer of N turns connected to step up the voltage by a 
factor N and step down the current by a factor 1/N from terminals 1 to 
terminals 2 is given by 


1 
EF 5|-|8 4 (8a) 
0 N 
sothnt Vi= a lL = Nh (8b) 


This is illustrated in Fig. 1.3. 
The T network of Fig. 1.1b is conveniently represented by the voltage 
equations 


Vi = 2 + [nhie (9a) 

Ve = Za + [2222 (9b) 

where the relation corresponding to (6) and defining a reciprocal circuit is 
Zi2 — 221 (10) 


H(s) 1:N — 2(0) 


The matrix equivalent is 
Line) = *¥A(s)) 3 B ¥,(0)* — Line 2 o 


Vil [Zn Ziel | hh 
Fig. 1.3. Ideal step-up transformer. Vol Zee Zool (11) 
If (9a,b) or (11) is solved for the currents, the results are 
I, = Vili — Ve¥ie (12a) 
Ip = —ViYoai + V2Yoe2 (12b) 
= 222 
where Yu — J aLes a Lieder (13a) 
Zi2 
Y.3 = 
2 Zyl — Zr2%01 30) 
Yoo Zu (13c) 


- £1222 a Zy2.L21 
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Note that (12a,b) may be written with all plus signs, if the sign of Y1. in 
(136) is reversed. Alternatively, if the sign convention is changed from 
that of Fig. 1.16 to that of Fig. 1.le by substituting Vi, = —V2 and 
I’, = —I, in (12a,b), only plus signs appear with Y1»2, as defined in (130). 
In this case the 2’s are defined for the conventions of Fig. 1.1b, and the 
Y’s for the conventions of Fig. 1.1c. 

The II network of Fig. 1.1c¢ may be represented by the following current 
equations: 


i, > Vila + ViV ie (14a) 
i = Vila; + Vi 22 (140) 
where Yo. = Vio (15) 
The matrix equivalent is 
ae eae 
i 1 ¥n Yost LV (16) 
If (14a,b) are solved for V; and V‘, the results are 
Vi, = hh2Zy — Li (17a) 
Vs = —1,Z91 + Z01 (17b) 
_ Yoo 
where Zu = VuYu — Yu¥u (18a) 
= Yi2 
aaa Gi NESS 2 7 ane?) 
Zx2 = se (18c) 


YiuiY 20 a Yi2¥o1 


Note that (17a,b) may be made formally like (9a,b) if Zi. is changed to 
the negative of the value defined in (18b). Alternatively the sign con- 
vention may be changed from that in Fig. 1.1¢ to that in Fig. 1.16 by 
introducing Ve = —V} and I, = —J,, which changes (17a,b) into (9a,b) 
and leaves (18b) unchanged. In this case, however, the Y’s are all defined 
using the conventions of Fig. 1.1c, the Z’s using the convention of Fig. 
1.10. 

The relations between the elements of the impedance and admittance 
matrices and the ABCD coefficients are obtained by substituting (9a,b) 
and (14a,b) in the appropriate forms of (la,b). The results are 


Zi Y2. 


7,7 A= yn (19a) 
_ 92 
fees = Bay (190) 
12 12 
1 7 — YiiYo. — Y?, 
Z7 C= nae ae (19c) 
eee pea (194) 


Zis Fis 
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Note that the equations on the left imply the “impedance” sign con- 
ventions of Fig. 1.1b, and those on the right, the “admittance” sign con- 
ventions of Fig. 1.le. If the “impedance” conventions are to be used 
throughout and (12a,b) are to be written with the plus signs, negative 
signs must be attached to Yi. in (19b,c). Similarly, if the “‘admittance”’ 
convention is to be used throughout and (17a,b) are to be written with 
plus signs, negative signs must be attached to 212 in (19b,c). 

As a consequence of the reciprocal relations (2), (10), and (15), only 
three instead of four parameters are required in order to specify the 
properties of the two-terminal-pair network. These may be any three 
of the ABCD coefficients—usually A, D, and B or C; Zi, Zi2, and Z22; or 
Yu, Yi2, and Yoo. 

The impedance or admittance looking into the network at terminals 11 
when terminals 22 are connected to an arbitrary load Z, = 1/Y, (or vice 
versa) may be expressed in terms of the ABCD coefficients, the imped- 
ance coefficients, or the admittance coefficients. 

Proceeding from (1a,b) using the ‘‘impedance”’ or ‘‘admittance”’ con- 
ventions of Fig. 1.16 or 1.1c and setting 


V2 = —hL, or I, = —ViY, (20) 
the input impedance and admittance at terminals 11 are 


z., = 41 -Am-B_ 1 
"Tt CZ,—D Vin 


(21) 


The ABCD coefficients may be expressed in terms of the impedance or 
admittance coefficients using (19a,b,c,d), or (9a,b) and (14a,b) may be 
solved directly to obtain the following equivalent formulas: 


= - Lirkrr 
Liin ={ Zi Fis a Z (22) 
Yi2Yo1 
ets ee 


Ziin and Yin are, of course, independent of the convention adopted for 
the directions of the currents and voltages. 

If the two-terminal-pair network is driven from terminals 22 and the 
load Z, is connected across terminals 11, the input impedance and admit- 
tance are 


_DZ,-B_ 1 
Lain = CZ, = A = Vic (24) 
_ = Zoho 
Loin = Z22 Zu ie Zz; (25) 
Yon = Yoo Yu¥'n (26) 


= Yu + b 


Sec. 1] DISCONTINUITIES AND NONUNIFORMITIES 293 


In order to determine three coefficients using (21) and (24), (22) and 
(25), or (23) and (26), convenient values of the arbitrary load Z, may be 
selected. In general, these are the short- and open-circuit values Z, = 0 
and Z;, = ©, although any other values may be selected. Consider the 
following values: 


For Z, = » and Y, = 0: 


Lin = Lise = a =2, Vin = Vie = futy — Ys (27a) 

Li Dang = a = ZZ.  Yoin = Yoor = sate — is (27b) 
For Z, = 0Oand Y, = ~: 

Ziin = 2a = 5 = Fed = Yue = Yu (280) 

Zain = Zoe = 5 = fakes — Zhe Yoin = Yoo = Yoo (280) 


With (2) it follows that 


Live 7 AD — Lee (29) 
Vise _ Voce 
Also Vine = Y>. (30) 


It is clear that, if any three of the four quantities Z1oc., Zac, Zisc, and 
Z- are determined, the ABCD coefficients, the impedance coefficients, 
and the admittance coefficients can be evaluated, and with these the input 
impedance and admittance of reciprocal networks. 

If the network is purely reactive, it follows from (19a,b,c,d) that A and 
D must be real, B and C imaginary. 

Symmetrical Networks. 'The representation of two-terminal-pair net- 
works is readily specialized to the important case of symmetrical net- 
works by setting, in addition to Z2,; = Zi. and Yo, = Yio, 


A=D Zi, = Zo Yui = Yue (31) 


An alternative representation of a symmetrical network makes use of 
the resolution of the total currents and voltages into symmetrical and 
antisymmetrical combinations referred to the plane through the center of 
the network. It has already been shown in Chap. III, Sec. 12, that the 
elements of the impedance matrix of a symmetrical T section may be 
expressed as follows: 

Z1= ZY + Z2] (32a) 
4,2, = — 31Z2 — Z2] (32b) 


Z; is the input impedance at either pair of terminals when (a) equal 
voltages in phase are applied simultaneously across both pairs of termi- 
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nals, as in Fig. 1.4a, or (b) the T section is short-circuited across its 
center, as in Fig. 1.4b. Zi? is the input impedance at either pair of 
terminals when (a) equal voltages in phase opposition are applied simul- 
taneously across both pairs of terminals, as in Fig. 1.4c, or (b) the T sec- 
tion is open-circuited across its center, as in Fig. 1.4d. 

In Chap. III, Sec. 12, the elements of the T section were calculated to 
represent a length 2d of smooth line. Obviously the same procedure and 


7 2-22 21-212 


Z.- _ ( 
Pr u-Zi2 21-412 a I i 
t . V 2Z,,2| 22242 
ve) Zio ve = 
rs 3 Short circuit 
(a) (b) 
es 2-22 Z,-Z 2 
qe Zy- 22 2-242 ri I bg 
+ yo) 2212 2212 
yo Zi2 yo a 
ve < Open circuit 
(c) (d) 


Fig. 1.4. (a) Circuit for determining Z. (6) Equivalent circuit for determining Z. 
(c) Circuit for determining Z™. (d) Equivalent circuit for determining Z. 


set of formulas apply to any symmetrical network for which an equiva- 
lent T section is to be determined. 

The corresponding formulas for the elements of a symmetrical II section 
are 


Yu _ alY a Yi? (33a) 
Yu=— Yi? — YY] (33d) 


where Y‘? = 1/Z and YS? = 1/Z. 

2. Equivalent Transformer for Two-terminal-pair Network that 
Includes Sections of Transmission Line. Weissfloch Tangent Rela- 
tion.'5.33.137 A simple and useful transformation of the general for- 
mula [Sec. 1, Eq. (21)] for the input impedance of a two-terminal-pair 
network may be carried out if this network includes sections of trans- 
mission line of adequate length. Consider the circuit in Fig. 2.1, in 
which an arbitrary two-terminal-pair network is connected between two 
transmission lines that may have different characteristics. Let the input 
terminals 11 be located in line 1 at an adequate but arbitrary distance 
from the network; let the output terminals be at 22 in line 2, also at an 
adequate distance from the network. The input impedance is given by 
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Sec. 1, Eq. (21), in the form 
AZ, — B _ (A/C)Z, — B/C 1 
CZ,-D~ Z,—-D/C (1) 


where the output impedance Z; is the impedance looking into a line of 
length S terminated in an arbitrary impedance Z7. The characteristic 


Luin = 


i+ Sorts So} le~ Sq $-Sy—4 
t 


Hh 3 ; 2m 4 H 
Line 1 1 | Arbitrary > Line 2 
Zot Zan 41 Zo, 347 
1 3 | 2 4 ' 


1 
i sof ——— re 
Fig. 2.1. Arbitrary two-terminal-pair network connecting two transmission lines. 


impedances and propagation constants of the two lines are Z,1, Z,2 and 
1, Y2. It follows that 


Zi = Z.2 coth (y28 + Or) = Z2 tanh (y2S + 6/,) (2) 
where 6, = tanh—! (Z,/Z,2)._ For convenience let 
A B D 
Cra Crea Ola 2 


Also let 
Ziin = Ze1 coth (ns +oatj *) = Z., tanh (18 + p1) (4) 


where s is the distance from the input terminals 11 to the point between 
these terminals and the network at which the current has its maximum. 
The impedance looking to the right at this point is characterized by 
01 = pi -+- ju/ 2. 

If (2), (3), and (4) are substituted in (1), this becomes 


_ atanh (y2S + 6,) — b 
tanh (yis + pi) = tanh (2S + 0.) —e (5) 


Now let the reference plane in line 1 be shifted from 11 to 33, a distance 
S) nearer the current maximum. The input impedance looking toward 
the load at 33 is given by 

7 7 tanh (y1s + pi) — tanh 189 
Zin = Ze, tanh [yi(s — 80) + pil = Ze 1 — tanh (y18 + pi) tanh 189 (6) 


The substitution of (5) in (6) leads to the equation 


_ _ (a — fo) tanh (y2S + 6,) — (0 — ofo) 

tanh [yi(s — 80) + pi] = bh — ¢ — (@fo — 1) tanh (72S F0,) (7) 
where fo = tanh 189 (8) 
This expression may be rearranged as follows: 


_ a@—fo tanh (y2S + 6,) — tanh y2So 
tanh [ri(s 7 $0) + p1] i bfo —cl — tanh v250 tanh (72S + 67) (9) 
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where the substitutions 

b— cho  afo—1 _ 
cof ene 
have been made as a definition of the complex distance So. The com- 
plex quantity po is defined in (10). It is assumed that so and So can be 
so determined that (10) may be satisfied. For convenience let 


tanh 7280 = (10) 


a— fo 
k= ese (11) 
With (10) and (11), (9) reduces to the simple form 
tanh [yi(s — so) + pi] = & tanh [y2(S — So) + 07] (12) 


If the three new coefficients fo, fo, and k are determined experimentally, 
the three parameters a, b, and c in the original Eq. (5) may be obtained 
by solving the following three equations simultaneously [these are 
obtained from (10) and (11)]: 


afo — bfopo + cho = 1 
apo — b + cho = fobo (18) 
a — bfok + ck = fo 


The solutions are 
- pe —k pate pok ~ fobok —1 
bo—fok 9 ~ po—fok ° ~ po fk ae) 
Alternatively, is a, b, and c are given, the three parameters fo, fo, and k 


may be evaluated. The parameter fy is easily obtained from the middle 
equation in (10). This reduces to 


1+a?—c?— Bb? 


fi — fo mE be +1=0 (15a) 
so that 
= aw 0 = ¢* 1 +a? — b? — c?|’ : 
qe (a — be) * {| 2(a — bc) | = 7 OP) 


With f,) obtained from (15b), fo and Rk can be evaluated directly from 
(10) and (11). Note that, in general, fo, fo, and Rk are complex and 
whereas 8» is a real distance, So is complex and not a physically meaning- 
ful distance. The + sign in (15b) indicates two possible values of fo and 
hence of k and po. 

The coefficients a, b, and ¢ can be expressed directly in terms of the 
impedance elements of a T section or the admittance elements of a II sec- 
tion using Sec. 1, Eqs. (19a,b,c,d), together with (3). Thus, for the T 
section, 

Zu b = Zi1222 a 2, c= Lo 
Ze1 Ler c2 Lee 


a= 


(16) 


fo = tanh yiso fo = tanh y2So 
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The corresponding relations for the r section are easily derived. They 
are 


a Yu b= YuiYoo — ¥;, ae Yo. 
Yor Yo e2 Yi2 (17) 
a — 
fo = coth y189 Po = coth y2So k= bf. fe 


Reactive Network. The most important special case is that of a purely 
reactive two-terminal-pair network connected between two essentially 
lossless transmission lines. The following simplifications apply: 


2 = jXu 21. = jX12 Lo = jX2» pi = O 
Zea = Rey Zee = Ree v1 = jb Y2 = jBe2 0, = j®, 


With (18), the fundamental Eq. (12) reduces to the Weissfloch tangent 
relation :33:!87 


(18) 


tan 8i(s — 8) = k tan [6208S — So) + 4] (19) 


In the original Weissfloch form #/, = 0, since a perfect short circuit is 
assumed to be the termination of line 2. For the tangent relation (19), 
which involves only real quantities, the general formulas (16) reduce to 


— 2 
a=jan jh papa Snkn Xho Kj Xe 
Vel clllc2 c2 (20) 
fo = ifo = tan Bit fo = jpo = jtan BS, k= k= Fe 


The real quantities a, b, and c may be expressed in terms of the real 
parameters fo, po, and k as follows: 


g = iPotk h = 10 = Dok c = Lt fopok 
Po — fok Po — fok Po — fok 


The relation corresponding to (15b) is 


(21) 


wa he Aare 1 — a? — b? 4+ ¢? |? : 
fo = 2(a — be) + | 2(a — be) | - 7 vee 


With fy) determined from a, b, and ¢ in (22a), k may be determined from 
(20), and py fromt 


_ tl _ b+efo 
° bfo —e¢ fo—a 


Note that the + sign indicates two possible values of fy and hence of k 


(22b) 


and po. Since po = jpo is a pure imaginary, So = So is real. 
The significance of the tangent relation (19) is that its left side is the 
normalized input impedance at terminals 3 looking toward the network 


t Note that b and ¢ are the negative of the corresponding parameters in the original 
paper of Weissfloch. 
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on the right (Fig. 2.1), whereas the right side is k times the normalized 
impedance looking toward the right at terminals 4. That is, 


Zins = JXins = JRer tan Bi(s — 80) (23a) 
Zia = jX14 = j Rex tan [20S — So) + ¥7] (23d) 


It follows that the input impedance at terminals 33 is a constant n? times 
the output impedance at terminals 4: 
Zin3 = X ina R. 


a — cl 2 
Zi Ka Ra (24) 


Accordingly the entire network between terminals 33 in line 1 and termi- 
nals 44 in line 2 is equivalent to an ideal transformer with ratio of turns n. 
This is illustrated in Fig. 2.2. 

Owing to the fact that So in (12) is complex and not a physically 

measurable distance, a dissipative 

3 4 network cannot be represented by 

ZY ng E 1 Line? a simple transformer, and no simple 
cut x * ce interpretation of (12) is available. 
Fig. 2.2. Ideal transformer equivalent to Since there are other more conven- 
network between terminals 33 and 44 of ient procedures for determining the 
Fig. 2.1. equivalent 7 or II of a dissipative 
two-terminal-pair network than us- 

ing (12), only the simple relation (19) for reactive networks is considered. 

The theoretical results obtained for the reactive network may be sum- 
marized as follows: Given an arbitrary reactive network with two pairs 
of terminals to which are connected uniform transmission lines, it is 
always possible to locate input and output terminals so as to include 
with the original network sections of the transmission lines of appropri- 
ate lengths, so that the thus augmented network can be replaced in its 
entirety by an equivalent ideal transformer. Moreover for each network 
there are two possible combinations of added sections of line and trans- 
former ratios. This is Weissfloch’s transformer theorem. The practical 
importance of the theorem depends on the experimental or theoretical 
determination of the three essential parameters, namely, the locations of 
the input and output terminals along the feeding and loading lines (which 
permits the replacement of the included network by a transformer) and 
the factor k that determines the transformer ratio. 

3. Experimental Determination of an Equivalent Ideal Transformer 
for a Reactive Network.'***37 In order to combine suitable sections 
of transmission line with an arbitrary reactive network so that the proper- 
ties of the combination are those of an ideal transformer, it is necessary to 
locate the new input and output terminals (33 and 44 in Figs. 2.1 and 2.2) 
and determine the ratio n of the equivalent transformer. The experi- 
mental determination of these unknowns depends on certain simple 
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properties of the functional relationship between the variables S and s. 
As illustrated in Fig. 2.1, S is the distance between the arbitrary output 
terminals 22 in line 2 and the reactive termination Zr = j7Xr, which has 
the phase constant 7; s is the distance between the arbitrary input ter- 
minals 11 and the location of a voltage minimum or current maximum 
between these terminals and the reactive network under test. 


tan 3,(s—s,)=k tan [22(S-S,)—- $7] 


Slope=25 5 
at 


—T —W/2 0 1/2 T 
P2(S-So)+ $7 


Fic. 3.1. Plot of 8(s — so) as a function of B(S — So) — ®f. 


If the electrical length 6,(s — so) is plotted as a function of 82(S — So) 
+ , according to the fundamental relation [Sec. 2, Eq. (19)], viz., 


tan 61(s — 8) = k tan [@2(S — So) + #4] (1) 


where 8180, 8259, and ©, are constants, the curves in Fig. 3.1 are obtained 
for arbitrarily chosen values of the constant parameter k ranging from 
1 to infinity. For k = 1 the curve is the straight 45° line; for k = © 
it is a series of vertical and horizontal lines zigzagging across the 45° line. 
For all intermediate values of k the curve oscillates symmetrically along 
the 45° line. 

It is now easily proved that the origin of coordinates in Fig. 3.1, viz., 
the points where 62.8 = 62S 9 — #/, and 8:s = B80, occurs at the point of 
maximum slope and that this maximum slope is precisely k. This is 
accomplished by writing (1) in the more compact form 


tan (y — yo) = k tan (4 — 20) (2) 
where y = B18, Yo = 8180, Z = B2S, and x = B2So — ®,, and differenti- 
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ating with respect to # in order to obtain the slope of the curve. The 
result is 
dy i cos? (y — Yo) _k 1 + tan? (x — 2X0) 
x cos? (x — 2) 1 + k? tan? (« — 20) 
=k 1 + k7 tan? (y — yo) 
1 + tan?’ (y — yo) 


(3) 


The several forms in (3) are obtained by elimination of y — yoor 7 — 2 
using (2). The extreme values of this slope are obtained by equating 
d*y/dx? to zero. The results are 


Xo and y = Yo (4a) 


oe 

| 
NS” 

ll 

= 

| 

> 

oO 

rs 

R 

ll 


I 


dy _ il 
(#4) = k when x 


where it is assumed thatk = 1. (If k < 1, the maximum and minimum 
values are interchanged.) The minimum value is obtained using the 
second and third forms of (3). 

The following significant conclusions may be drawn: If S is varied 
experimentally with respect to arbitrarily selected output terminals (22 in 
Fig. 2.1) by moving a reactive termination of known and constant $, 
(preferably a short circuit for which ©, = 0) and if the corresponding 
distances s from the arbitrary input terminals (11 in Fig. 2.1) to a voltage 
minimum are determined, s may be plotted as a function of S. The 
resulting curve must fall between the limiting curves k = 1 and k = 
in Fig. 3.1. By locating the point of maximum slope, values of 889 and 
B2So — &, are determined. Since 6: and 2 as well as &, are known, 
so and S,) are determined. By measuring the maximum slope of the curve 
through the point Bis = 8180, B2S = B2So — ©, k is determined. It fol- 
lows that, by locating the input terminals 33 at s = so along line 1 and 
the output terminals 44 at S = Sp along line 2, the two sections of line 
and the reactive network lying between these pairs of terminals may be 
replaced by an ideal transformer with n? = kR.:/R.2. The characteristic 
resistances R,, and R,2 of the two lines are assumed to be known. 

Since the determination of the maximum slope k directly from the 
oscillating curve cannot always be achieved with sufficient accuracy, 
especially if k is large, an alternative and more accurate procedure is 
desirable. This depends on the determination of the amplitude and 
location of the maximum excursion of the oscillating curve from the 45° 
line. Referring to Fig. 3.2 (which shows an enlarged and simplified sec- 
tion of Fig. 3.1), the point of maximum excursion is located by the coordi- 
nates (in radians) B1Sm and 625m — ®, along the two axes. The distance 
(in radians) between lines through the maximum and minimum excursions 


zo +5 andy =yts (4b) 


Sec. 3] DISCONTINUITIES AND NONUNIFORMITIES 301 


from the parallel to the 45° line is D. It follows by plane geometry that 


B84 —S= am soe 


a (65) 


Since the slope of the oscillating curve at the point of maximum excursion 
is 1, it follows from (3) that 


dy _ 1 + tan? (a, — Xo) 24 BAS 
dx (1+ k? tan? (tm — Zo) 


where tm = B2Sm — ®) and 2x) = 
B2xSo — &,. This equation may be 
solved for k to give 


k = cot? (am — 2p) 


cot? (; ou v2) (7) = 
(B2S0- 7 — 7) (B2So- 7 — 5 


Thus, by determining the distance (B2So- Py) (B2Sm— Pr) 
D from the measured curve, it is Fig. 3.2. Section of Fig. 3.1. 
possible to calculate k using (7). 
Usually D is more easily determined accurately than is the maximum 
slope k directly. 

If the reference point is shifted from the point of maximum slope 
B18, B2So — &, to the point of minimum slope Bis, = Bis + 7/2, 
B2Sp — Bp = BxSo — ©, + «/2, the fundamental Eq. (1) becomes 


us 


Hides s f tan [a.(8 — S,) + #4] (8) 


which is like (1) except that the minimum slope 1/k replaces the maxi- 
mum slope k. It follows that the input impedance at the terminals 
defined by 1s, (at a distance \o/4 from 33) is n? times the output imped- 
ance at the terminals defined by 62S, (at a distance \o/4 from 44), where 
now 

Re 
~ KRee (9) 


n? 


Thus, if the input and output terminals are at the points 8,8) and B2So 
locating a maximum slope in the Bis vs. 62S curve, the equivalent trans- 
former for the lines and network between these terminals must have 
nm? = Reak/Re2, where k is the maximum slope. Alternatively, if the 
input and output terminals are at the points 6s, and 62S, locating a mini- 
mum slope, the equivalent transformer must have n? = R.i/kR.2, where 
1/k is the minimum slope. 
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Alternative Procedure for Movable Reactive Network. If the reactive 
network under test is movable along a uniform line and the terminating 
reactance X,7 and the arbitrary input terminals 11 (Fig. 2.1) are fixed in 
position, a slightly different formula is convenient. In addition to the 
obvious simplifications resulting from the fact that both sections of line 
are alike, so that B2 = 61 = 8 and Z.. = Zi = Z,, the dependent vari- 
able in the input line is not s, as previously defined, but 


l=s—S (10) 


Evidently, as the entire reactive network is moved toward the input 
terminals 11, the output terminals 22 move along with the network, so 
that S is increased. Insofar as the output line is concerned, it makes no 
difference whether S is varied by moving the terminating reactance Xr 
with the reactive network fixed or by moving the reactive network with 
Xr fixed. However, if S is increased by moving the reactive network 
toward the input terminals 11 instead of by moving Xr away from the 
reactive network, a voltage maximum occurs at a distance 1 = s — 8 
instead of s from terminals 11. Also the point corresponding to Bs = B80 
when BS = BSo — ®}, occurs at Bl = Blo = B(so — So) + Pp. 

The relationship between | and S is readily established using the well- 
known formula for the tangent of the difference of two quantities—in 
this case 6(s — so) and B(S — So) + ®;. Thus 


tan B(s — 8s) — tan [@(S — So) + 7] 
1 — tan B(s — 80) tan [8(S — So) + 5] 
(1 — k) tan [8(S — So) + &4] 


= T— & tan? (a(S — So) + ei (11) 


tan B(l — lo) 


The second step in (11) follows when tan 6(s — 89) is eliminated using (1) 
with Bo = Bx = B and Lo2 = Li = Ze: 

If B(l — lo) is plotted as a function of BOS — So) + &/,, as defined in 
(11), the curve in Fig. 3.3 is obtained. It is seen that re is a curve that 
oscillates about the horizontal B(l — lo) = 0 axis instead of about the 
45° line. Since the values of B(S — So) + ® are the same as in Fig. 3.1, 
the location of the point of maximum slope is still at BOS — So) + ®, = 0. 
This occurs when @(I — lo) = 0. It is readily verified by differentiation 
that the slope of the curve defined by (11) is given by 


ou — k tan? x 


= (1 — k) (sec? x) tT tanto) (12) 


where y = B(l — I) and x = B(S — So) + ®7. Since it is known that 
the maximum slope is at 1 = 0, z = 0 and the minimum slope at / = 0, 
a = +7/2, formulas for these extreme values are obtained directly from 
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(12). They are 


d. 
Mm, = (#) - 1—k aty = 0,7 =0 (13a) 
_ (dy kat = _ 
m2 = (¥) a aty = 0,7 = 5 (130) 


These values are illustrated in Fig. 3.3. 

The equivalent ideal transformer of a reactive network which can be 
moved along a uniform line may be determined as follows: First, input 
terminals 11 are fixed at an arbitrary point, and a reactive termination 


tan pt tmtgy= |= tan [ =n 


1—k tan? (8 (S—Sp)+ $4] 


m,=1-1/k Slope i bac ia 


Nix 


—-T -1/2 i?) 


Fig. 3.3. Plot of @(1 — lo) = B(s — 80) — B(S — So) — Sp against B(S — So) + 7. 


Xr is located at a convenient fixed point. Output terminals 22 are speci- 
fied at an arbitrary distance from the reactive network and are imagined 
to move with the network. The distance from the movable output ter- 
minals 22 to the termination X7 is S. The distance from the fixed input 
terminals 11 to a voltage minimum or current maximum isl. S is next 
varied in steps by moving the reactive network, and the distance J from 
the input terminals to a voltage minimum is determined. A curve of 
Gl as a function of BS is plotted. The point of maximum slope locates 
Bl = Blo and BS = BSy — #7. Since ©, is assumed known, Sp is deter- 
mined. The terminals of the ideal transformer are at so and So. The 
transformer ratio is n? = k = 1 — mi, where m, is the maximum slope 
determined from the curve. 

The point of minimum slope also may be used to determine an alterna- 
tive ideal transformer. 
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The method of moving the reactive network is convenient, especially 
when this consists of a piece of dielectric for which an equivalent ideal 
transformer is required. 

4, Deschamps’s Graphical Method for Determining the Scattering 
Matrix and Equivalent Circuit of a Junction. A graphical method for 
determining the electrical behavior of a two-terminal-pair network has 
been described by Deschamps.''* 185 Consider the arbitrary passive net- 
work connected between two pairs of terminals, as shown in Fig. 1.la 
or 4.1. The input terminals 11 are driven from transmission line | with 


t q, 
input 7 7 punicHon Z pa Output 
terminals 1 “cl network c2 - terminals 


Fig. 4.1. Junction or network connecting two transmission lines. 


characteristic impedance Z,,; the output terminals 22 are connected to 
the loaded transmission line 2 with characteristic impedance Z,2.. As 
discussed in Sec. 1, the complete specification of the electrical proper- 
ties of the network at a given frequency involves a knowledge of the 
relations between the input current and voltage (J; and V,) and the out- 
put current and voltage (J, and V2). If the network is represented by 
an equivalent T section, these relations are contained in the simultaneous 
equations 


V7, = 2 + Lie (1a) 
Va = [Za + [nZ22 (1b) 
or in the equivalent matrix equation 
V =I1Z (2a) 
_|" _ [Zn a _ B 
where V= § Z= | Zn Zo I= 7, (2b) 


The series elements of the T section are Z1: — Zi. and 222 — Zi2; the 
shunt element is Ze; = Zie. 

It is shown in Chap. III, Sec. 12, that a section of transmission line 
may be represented by an equivalent T section using an impedance repre- 
sentation, by an equivalent II section using an admittance representation, 
or in terms of reflection and transmission coefficients in a traveling-wave 
representation. This is also true of an arbitrary two-terminal-pair net- 
work. In Chap. III, Sec. 12, a traveling wave of complex amplitude A, 
reaching terminals 11 from the left and a similar wave of amplitude A» 
reaching terminals 22 from the right were related to the outgoing travel- 
ing waves of complex amplitudes B, leaving terminals 11 toward the left 
and By leaving terminals 22 toward the right. The appropriate equa- 
tions are Chap. III, Sec. 12, Eqs. (19a,b), or 


B, = SyAi + Si2A2 (3a) 
Bz = SoiAy + S22Ae (3b) 
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The matrix equivalent is 
B= SA (4a) 


B, B =| ee 
= = A = 
where B 2 Ss 6. 8 : (4b) 


The matrix elements may be interpreted as in Chap. III, Sec. 12. 
S11 (S22) is the complex amplitude of the reflected wave at terminals 11 
(22) due to a wave of unit amplitude incident on terminals 11 (22). The 
equation Se. = Si; is true only if the network is symmetrical. Sy. (S21) 
is the complex amplitude of the transmitted wave at terminals 11 (22) 
due to a wave of unit amplitude incident on terminals 22 (11). The rela- 
tion Sei = S12 is true for all reciprocal networks. Sj is often denoted by 
T and called the transmission coefficient of the junction or network. 

The relations between the complex amplitudes A, and A, of the travel- 
ing wave and the input and output voltages and currents are like those 
given in Chap. III, Sec. 12, except that the characteristic impedances of 
the two lines are now not necessarily equal. The appropriately general- 
ized formulas for two different transmission lines are 


Vi = V Zoi [1 + Si1)Ai + Si2A2] (5a) 
V2 = VZe2 [S241 + (1 + S22) A] (5b) 
i= VY ei [1 — Si1)Ai — Si2A9] (6a) 
Tk = VYe2 [~Sa1di + (1 — Soo) Ao] (6b) 


If (6a) and (6b) are solved for A; and A; and the values so obtained are 
substituted in (54,0), the voltage Eqs. (1a) and (1b) are obtained with 


4, = as [1 + Si)(1 — S22) + S12S2:] 22 = BE ELE Siz (7) 
Zo. = “a [(1 — Sir)(1 + See) + S282] 22 = REET Sea (8) 
where D= (1 = Si) = S22) a Si2S01 (9) 


The matrix form of these equations is readily derived. First let the 
following diagonal matrices be defined: 


zi, 0 y?, 0 = 
— el = el its 4 
‘= E 21, Y= E ”,| a 
With (10) the matrix forms of (5a,b) and (6a,b) are 
V=Z)(0+S)A (11) 
I= yi(U — S)A (12) 


where U is the unit matrix; V, I, and A are column matrices, as defined 
in Chap. III, Sec. 12, Eq. (86); and S is the scattering matrix 


= Su | 
s = |S Soo (13) 


By premultiplying both sides of (12), first with Z? and then with 
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(U — S)~', and substituting the expression so obtained for A in (11), 
the matrix equation corresponding to (la,b) is obtained. It relates the 
impedance matrix 


z= [7 7 a 
in V = ZI to the scattering matrix: 
Z=Z(U0 + S)(U — 8)" 2} (152) 
The inverse relation is 
Ss = (yizy' — u)(yvyizy? + U)- (15b) 


An alternative formulation of the general relations (5a,b) and (6a,b) 
is obtained by introducing the following transformed voltage and current 
at the output terminals 22: 


VY,=4? h=hN (16) 

where N= (17) 
If (5b) is divided by N and (6b) is aan by N, they become 

= VZe1 [S241 + (1 + Soe) Ad] (18) 

6 = VV [—Saidi + (1 — S22) Ao] (19) 


These are the equations for the network connected between two identical 
lines with characteristic impedance Z,.;. On the other hand, the rela- 
tions (16) coincide with Sec. 1, Eq. (8b), for an ideal transformer for 
which N is real. Since ¢, in Z = R.(1 — jd.) is an extremely small 
quantity in low-loss lines, N may be taken to be real. It follows that 
the circuit of Fig. 4.1 may be replaced by that of Fig. 4.2, where the 


Za Ze2 
, I, 
1e¢ Junction . 
Input oy 7 is ie y, Output 
terminals) g- 7° hetwork Z, terminals 


2 1:N 

N=4 Z¢2/Zc1 

Fic. 4.2. Junction or network together with an ideal transformer connecting two 
transmission lines. 

same unknown junction or network is now connected between lines of 
equal characteristic impedance. 

The method of Deschamps is based on the measurement of the com- 
plex reflection coefficient r, = Te” at the terminals 11 in Fig. 4.1 when 
terminals 22 are connected to a line of variable length | terminated in a 
short circuit. The effective load impedance across 22 is Z,, and this is 
also the input impedance of the short-circuited line. (If a perfect short 
circuit is not available, any reactive termination of known reactance may 
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be used, since it is equivalent to a short circuit at a known distance 
from it.) 

Referring to Fig. 4.8 and Eqs. (3a,b), consider a wave of complex 
amplitude A; incident on the terminals 11 from the left. The complex 


2 
ae OS (MMi RSIS 
2-5 


Gp (locus of Ty for 
lossless junction 
as fl is varied ) 


(locus of Fy for 
dissipative junction 
as /3l is varied ) 


Fie. 4.3. Loci of the complex reflection coefficient Fr, as a function of Bl. 
amplitude of the outgoing wave traveling toward the right at terminals 
22 is given by (3b), viz., 

B, = So1A1 + S2oAo (20) 
where A: is the complex amplitude of the wave reaching the terminals 22 


from the right, i.e., reflected from the input impedance Z, of line 2. By 
definition of I, 


A, = TB, (21) 
If (21) is substituted in (20) and this is solved for Bo, the result is 
B, mat Sei = (22) 


A, 1— Sx¥, 
The complex amplitude of the wave traveling to the left from terminals 
11 is given by (3a). It is 
B, = SyAi + SA (23) 
With (21) and (22), (23) may be expressed as follows: 
SieSeil, 
1 — SoeFz 
For a reciprocal junction this may be rearranged into 
(S?. — SiSe2)P. + Su 
—So2oI, + 1 
which is the well-known bilinear form usually expressed as follows: 


_Az+B 
~ Cz+D 


When RF, = 0, the magnitude I, of the reflection coefficient I; is unity, 


B, 


B 
r, = a = $1, + S.ir, A = Sit (24) 


r, = 


(25) 


(26) 
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so that, as its angle y, is varied, F, describes a circle of unit radius in 
the complex plane. It is a fundamental property of the bilinear trans- 
formation that circles in the z plane (fF, plane) are mapped into circles 
in the w plane (I, plane). Therefore the locus of Fr, as I, is varied (by 
changing 1) is also a circle such as Gp (Fig. 4.3) if the junction is lossless 
and |r,| = 1, or a displaced and smaller circle such as G if the junction 
is dissipative. 

Using theorems of non-Euclidean geometry and the well-known proper- 
ties of the bilinear transformation, Deschamps has derived!!* graphical 
procedures for determining the magnitude and angle of the three matrix 
elements S11, S22, and Si. in (25). Simplified proofs based on plane 
geometry have also been derived,!** together with modified procedures. 
Since the details of the proof and interpretation of the geometrical con- 
structions are long and not directly related to transmission-line theory, 
they are omitted. The steps in the application of Deschamps’s method 
are as follows: 

a. Determination of Reflection Coefficients. The output terminals 22 
(Fig. 4.1) of the network or junction under test are connected to a short- 
circuited line 2 of electrical length 6/1. The complex coefficient of reflec- 
tion I, of the terminal impedance Z, presented to the driving line 1 by 
the network at its input terminals 11 is measured for each of four electri- 
cal lengths 61; of the line. These electrical lengths are chosen in pairs 
to have the following values: 6l,, Ble, Bl; = Bli + 7/2, Bly = Ble + 7/2. 
Although the values of 61, and 61, are arbitrary, it is advisable to select 
Bl2 so that Bl, = Bl, + 7/4. In this manner the four lengths are equally 
spaced along a half wavelength of line 2. The reflection coefficients are 
measured using a method described in Chap. IV, Sec. 13, e.g., by deter- 
mining the standing-wave ratio and the locations of current or voltage 
minima relative to the terminals 11. 

b. Construction of Circle. The four complex reflection coefficients T.:, 
with i = 1, 2, 3, 4, are plotted at P; in the complex plane, as shown in 
Fig. 4.3. The center C of the circle G upon which the four points must lie 
is obtained by drawing the line P1P; and P2P, and erecting their perpen- 
dicular bisectors. The desired center is the point of intersection of these 
bisectors. With C located, the circle G with radius r may be drawn. 
If the junction is lossless, the four points must lie on Go, and C is at 0. 

c. Graphical Determination of S11. The point of intersection Sj, of the 
lines PiP3 and P2P, is called the crossover point. In order to determine 
Si, the following construction is made: The line S},C is drawn (Fig. 4.4). 
On opposite sides of this line, beginning at Sj, and C, perpendiculars are 
erected which intersect the circle G at A and B. The line AB is drawn. 
Its intersection with S{,C at Si: is known as the iconocenter. The com- 
plex number corresponding to this point in the complex plane is the coef- 
ficient S,, of the scattering matrix. 
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d. Graphical Determination of Si. and Sx. The determination of Si. 
and Se: is facilitated if one of the points P; corresponds to an electrical 
length pl, which locates the short circuit exactly a quarter wavelength 
from the output terminals 22 (this is equivalent to an open circuit at 


P; (l,=1/2) 


Fia. 4.4. Constructions in the determination of the elements of the scattering matrix. 


these terminals). If 61, is chosen to be zero, so that point P, corresponds 
to a short circuit directly across the terminals 22, P3 at Bl; = Bl; + 2/2 
is the desired particular point. Referring to Fig. 4.4, let the line P3Si1 
be drawn and extended to intersect the circle G at K. From K the 
diameter KCP; may be drawn. Next the perpendicular to the line S/,C 
at S,, is drawn; it intersects the circle G at EH near P3. Using the known 
radius r of the measured circle G, the following values are true. For the 
sake of completeness the value of Si; is also included. Let S = |S\e/® 
' with appropriate subscripts. Then, referring to Fig. 4.4, the elements 
of the scattering matrix are 


Su |Sia| = O8y Ou = Z(OP,O811) 
Sis ‘|Sul = A 12 = 4L(OP,CPS) (27) 
Soe: | Seo = Bul Oe2 = Z(Siu0,CP3) 


Each of the angles defined in (27) is that through which the first line 
segment in the parentheses must be turned in order to make it coincide 
with the second line segment in the parentheses. The sign is positive 
if the rotation is counterclockwise and negative if the rotation is clock- 
wise. The angle 612 of Siz is indeterminate by 7. 
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With the scattering matrix S known, the impedance or admittance 
matrix and the elements of a T or II section that is electrically equivalent 
to the unknown junction or network may be determined. 

If the movable impedance Z, terminating line 2 is not a perfect short 
circuit, as has been assumed, and the construction to determine the matrix 
elements is carried out as for Z, = 0, the values determined are S,, S43, 
and Sj. These are related to the correct values as follows: 


Si = Su (Sis)? = —V1S?, Soo = —FiS22 (28) 


where I; is the complex reflection coefficient of Z,. Evidently a knowl- 
edge of Fz is required if S12. and S22 are to be determined from S{4 and S45. 
On the other hand, the ratio 


a ? 
Soe Ag 


is available without a knowledge of Iz, and this makes the determination 
of Sie and S22 possible without Fz in two special cases: (a2) Symmetrical 
junction: If the junction or network is symmetrical, So. = S11, so that 
(29) can be solved for Sie. (6) Reversible junction: If the junction or 
network can be reversed so that terminals 22 are the input and termi- 
nals 11 are the output, both Si; and Sz can be determined successively 
together with the ratio (29). In this case two independent values of Sj2 
may be obtained, the one serving as a check on the other. 

If a junction or network is not reciprocal, so that So: # Sis, the entire 


Deschamps technique is still valid except that +~/S2iSi2 is determined 
instead of So; = Sie. In order to determine Si. and Sz: it is necessary 
to perform at least one additional measurement, and this cannot be car- 
ried out on just one side of the junction since any measurement that 
involves the transmission through a junction in both directions succes- 
sively is incapable of resolving the effect of its nonreciprocal property. 
Possible measurements include the determination of the magnitude and 
phase of the voltage or the current on both sides of the junction when 
driven from one side. An alternative procedure makes use of symmetri- 
cal and identical generators on each side of the junction. A voltage 
measurement (magnitude and phase) is made on one side or preferably 
on both sides of the junction. In this case it follows from (3a,b), with 
A, = A, equal incident voltages on each side, that 


B B 
4, = Sut Sn A, = Su + Sx 


By measuring these two reflection coefficients of the junction when driven 
simultaneously and equally from both sides, Si. and S:: may be evalu- 
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ated, since S,, and S22. are assumed known. Evidently one of the meas- 


urements is sufficient if ~/S12S2: is also known. However, since S12 and 
Se, may be quite different in order of magnitude—for some devices involv- 
ing ferrites S,,; may be extremely small whereas S;2 is near unity—inde- 
pendent determinations of S2; and S,2. may be preferred. 

A valuable feature of the Deschamps method is the opportunity it 
provides for estimating errors in the experimental data. This is illus- 
trated in the following example: 


Nlustrative Example.{| The experimental data in this example are derived from 
standing-wave measurements obtained using a dissipative junction in the circuit of 
Fig. 4.5. In the example to be described the junction is symmetrical, but this does 
not need to be the case in order that the method may be applied. 

The reflection coefficients I, at the input terminals were determined experimentally, 
with the short-circuiting piston at the following values of fl: 0, 1/8, r/4, 3r/8, r/2, 


Input terminals Output terminals 


Standing Symmetrical Short 
Oscillator | | wave ree dissipative + circuit 
detector junction 2 


Fia. 4.5. Circuit for measuring the reflection coefficient of a junction. 


59/8, 30/4, 7r/8. The value Bl = 0 corresponds to a short circuit, and the value 
Bl = x/2 corresponds to an open circuit across 22. Eight points rather than four 
were used in order to estimate the experimental errors involved. The eight experi- 
mentally determined reflection coefficients are shown plotted in Fig. 4.6. (If a Smith 
chart with superimposed reflection-coefficient circles is available, the impedance Z, 
may be determined experimentally and plotted as such using the RX coordinates of 
the chart. These plotted points are the desired reflection coefficients using the 
T,y coordinates.) Since the accuracy of the elements of the scattering matrix which 
are to be determined depends on the accuracy of the graphical constructions, it is 
advantageous to use a large-scale chart of the reflection coefficient. Since only con- 
centric circles and radial lines are involved, an appropriate chart is readily constructed. 

Following the procedure outlined in general earlier in this section, the pairs of 
points for which pl = 0, 1/2; 1/8, 54/8; 1/4, 34/4; and 3/8, 77/8 are joined by 
straight lines. Theoretically these chords should intersect at the crossover point S),. 
Owing to possible experimental error they may not, and the degree to which their 
intersections define a point is a measure of the consistency of the experimental data. 
For the experimental data under study the enlarged view of the crossover region in 
Fig. 4.7 indicates that the chord defined by the points x/8, 57/8 is not consistent with 
the other three, which satisfactorily locate the point S,, at the center of a very small 
triangle. The center C of the circle G that should be the locus of the eight reflection 
coefficients is readily determined as the point of intersection of the perpendicular 
bisectors of the three chords that virtually intersect at S’. It is found that a circle 
can be drawn through seven of the eight points by using as radius the average of the 
distances from C to the plotted points. It may be concluded that the point for 
fl = /8, which alone lies off the circle G, is in error and is responsible for the failure 
of the fourth chord to intersect the other three at S,, in Fig. 4.7. Since two extra 
pairs of points have been determined, this point may be disregarded. 


{ This example is adapted from Ref. 135. 


312 [Chap. V 


Short circuit at 
output terminals 


Fic. 4.7. Enlarged section of the crossover region. 


matrix. 
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With S;, and C located and the circle G drawn, the graphical constructions previ- 
ously described may be performed to determine the magnitudes and angles of the 
scattering-matrix elements. For three-place accuracy a reflection-coefficient chart 
1 m in diameter was used. The constructions are shown in Figs. 4.8 and 4.9. The 
values obtained for the matrix elements S = Se/® are 


Siu = O81, = 0.331 61 = Z(OP,O8i1) = 135° (30a) 
Suk ——, 
Siow Vr = 0.808 612 = ¥Z(OP,CP;) = 70.6° or 109.4° (30b) 
Tr 
Sud a a raat 
S22 = —— = 0,328 622 = £(SiiC,CP;,) = 132.8° (30c) 


r 


The angle 6,2 of Siz is indeterminate by 180°, so that there are two possible values. 

Since the junction is known to be symmetrical, Si: and S22. should be equal. The 
results obtained are in good agreement in view of the fact that the distances required 
are measurable only within 0.001 unit. 

In most cases only the magnitudes Si:, Si2, and Sez.are necessary. The angles are 
not required in order to calculate the division of power due to the junction. Since 
the power reflected at the input terminals 11 is proportional to S?, and the trans- 
mitted power is proportional to S?,, the following results are obtained: 

Power reflected: Si, X 100% = 11.0% (31a) 
Power transmitted to matched load: S?, X 100% = 65.3% (31b) 
Power dissipated in the junction: (1 — Si, — S3,) X 100% = 23.7%  (31c) 


If it is desired to design a matching network to eliminate the reflected power, the 
angle 6:, of S:: must be known. All three angles are required in order to calculate 
the equivalent impedance matrix and the elements of an equivalent T section (Chap. 
Ill, Fig. 12.3). Formulas for the latter are given in Chap. III, Sec. 12. For the 
symmetrical case the normalized series and shunt impedances are obtained from 
Chap. III, Sec. 12, Eqs. (32b) and (33). They are 


_4u-— 242 1+8iu — Sr 
Lic 1 — Si + Sie 
Zi2 2Si2 


ZZ, © Sot Sy 


(32a) 


rat 


22 = (32d) 


Since there is an indeterminacy of 180° in 612, two equally valid T sections are obtained. 
It is usually advantageous to select the representation in which the resistive elements 
of the impedances are positive. The two possible sets of values are 


{ 0.190 — 70.414 7 { —0.095 + 70.729 
1 — 2 = 


0 + 791.0197 0.095 — 0.729 (33) 


where the upper values belong together, as do the lower ones. 


5. Measurement of Impedance and Reflection Coefficient through a 
Junction.t If an unknown impedance is connected to a measuring line 
through an adapting section or other junction, the problem arises to 
determine this impedance or its reflection coefficient from observations 
made on the measuring line. That is, measurements are to be made 

t This section is based on Ref. 135. 
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through a junction. This is possible by an extension of the graphical 
method of Deschamps described in the preceding section. 

Consider the circuit represented schematically in Fig. 5.1. The 
adapting section or junction is between terminals 11 and 22. The 
measuring line 1 is attached at the left of 11, so that the impedance Z, 
looking into the junction at 11 is : ‘ 
the load terminating the measuring Ze. Ps 
line. Its coefficient of reflection is : snnetion 7h 3 
r, =T,e. Ontheright an unknown : 2 
impedance is connected to the output Fig. 5.1. Junction terminated in an un- 

P . A known load. 
terminals 22; it presents an imped- 
ance Z, with reflection coefficient [, = T'ze#. The problem is to deter- 
mine Z, or Fr, from measurements on line 1. 

The first part of the measurement consists in replacing Zz by a lossless 
line terminated in a movable short circuit and proceeding as if to deter- 
mine the scattering matrix of the junction, just as described in the pre- 
ceding section. The steps include the measurement of the four reflection 
coefficients and from them the deter- 
mination of the crossover point S{,, the 
center C' of the circle G, and the icono- 
center Si, Just as in Figs. 4.6 to 4.8. 
These points and the circle are shown 
in Fig. 5.2. 

The next step is to reconnect the un- 
known impedance Z, across terminals 
22 and measure the reflection coefficient 
r, = T,e* now terminating line 1 at 
terminals 11. This is plotted on the 
complex reflection-coefficient plane, as 
shown in Fig. 5.2. Referring to this 
figure, the following constructions are 
now carried out: Draw S{,A perpen- 
dicular to ${,C. Draw CD perpendicu- 
lar to Sj,C. Draw DA extended to meet CSi; (extended) at Q. Draw 
Qr, and Sul,. It then follows that Pr, = Tze is given by 


Fig. 5.2. Construction for determin- 
ing ry. 


Sul, 
a =6- 40 1 
L (OF.) Sos Wr 22 ( ) 


where Soo = Se2e* is the element of the scattering matrix determined in 
Sec. 4 and the angle 6 is as shown in Fig. 5.2. 

It is to be noted that this method requires the previous determination 
of Sex. Note also that, as S{, approaches C, the point Q moves farther 
and farther away. If for a certain junction and a certain load the point 
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Q is too far away for practical use, an alternative construction is avail- 
able. This construction may be used in all cases. 
Referring to Fig. 5.3, the lines Dr, and CY, are drawn. From the 
point U where QC intersects the circle G, a line is drawn parallel to AD, 
intersecting CD at V. Through V an- 
f- “y other line is drawn parallel to Dr, and 
intersecting CI, at Y. 
It can be shown that 


A (QY,)S2 = UY (2) 
/ 6 = L(QV.,Suk,) = ZUY,Sut.) (3) 
Ff G sso that 

/ ec 
/ # Tr, = Sul, vr = 6 — Ooo (3) 

/ ae UY 
a Mlustrative Example. Let the junction be 
Q that investigated in the numerical example 


in Sec. 4. After its properties have been de- 
termined using a variable length of short-cir- 
cuited line, let an unknown impedance Zz, be 
attached to its output terminals 22. The reflection coefficient Fr, = 0.70e7®” is meas- 
ured at the input terminals and plotted in Fig. 5.4. After the construction outlined 
in the second method described above and indicated in Fig. 5.4 is performed, the 


Fig. 5.3. Alternative construction 
for determining Ir,. 


Fia. 5.4. Graphical method for obtaining the reflection coefficient of a load terminating 
& symmetrical junction. 
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reflection coefficient Pz, = I'ze’¥ is found to be 


Suls 


Tx = Ty = 0.787 WL = §— O22 = —115.8° (5) 
where 6 = Z(UY,Su0,). The normalized impedance is given by 
ZL 14+T, 


44 = Zz = es a = 0.165 — j0.615 (6) 

6. Theory of a Dielectric and Magnetic Slab or Bead in a Transmission 
Line.+ In most applications transmission lines are not uniform along 
their entire length. Usually junctions, connectors, or supports occur at 
intervals. It follows that the analysis of a line in which a length d is 
characterized by parameters that differ from those along the rest of the 
line is of practical importance. The modified section may continue from 
a given point all the way to the load, or it may be a short piece inserted 
between the generator and the load. As shown in Fig. 6.1, such a sec- 
tion may differ from the rest of the line in various ways: (a) The metallic 
conductors in the section are identical with those outside but are 
immersed in a different dielectric medium. (b) The dielectric medium 
in the section is the same as for the rest of the line, but the cross-sectional 
dimensions and spacing of the conductors are different. (c) Both the 
dielectric and the conductors in the section of length d differ from those 
elsewhere along the line. (d) The section consists of a symmetrical 
recurrent network of approximately lumped reactive elements distributed 
uniformly along the length d. 

The principal and common characteristic of these four types of circuit 
is that the parameters of the line in the length d (region 1) are not the 
same as elsewhere along the line, so that the propagation constant 
1 = a1 + j@1 and the characteristic impedance Z,.; = R.i(1 — j¢e1) differ 
from the values y = a + j8 and Z, = R,(1 — j¢-) in the rest of the line. 
Owing to end and coupling effects it is to be expected that the behavior 
of a smooth line that is interrupted by a section of length d with physical 
properties such as those described in (a) to (d) may not be represented 
completely and accurately simply by assuming uniform but different line 
constants on the main line and in the section of length d. In general, 
junction effects resulting from the nonuniformity of line parameters and 
from transverse conducting surfaces at the junctions actually obtain 
except in case a. However, since such effects can be represented by 
equivalent lumped elements at the junctions, account may be taken of 
them after the effect of changes in y and Z, has been determined. It 


t It is implicit in the analysis in this section that the TEM mode is the only 
propagating mode. For the coaxial line this means that the inner circumference of 
the outer conductor is less than the TEM wavelength in the line. Note that 
Arem = 27/8 = 2n/w Spe. 
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follows that, although the complete analysis of Fig. 6.1a is the specific 
purpose of this section, the results of such an analysis may be generalized 
to apply to Fig. 6.1b, c, and d by substituting appropriate values of +: 
and Z,, and supplementing these later with the analyses of the junction 
problems. 


B A 
Y 
To acs Gp WY 
“Zenerator i ' }2a 2b -»To 


wo iG 
Ef, 0 Y, Y 
(c) }2a, |20 2b 


GZ 
).Z. Y Y 


1,2 oe a 


Fia. 6.1. Section of a coaxial line involving changes in the parameters. (a) Dielectric 
slab in a uniform line. (6) Section with inner conductor of reduced size. (c) Under- 
cut section with dielectric. (d) Section with added capacitance and change in size of 
inner conductor. The left-hand boundary B is at z’ = 0, the right-hand boundary 
A at 2’ =d. 

Consider a long transmission line that has air (any other good dielectric 
may be used with small changes in notation) as its dielectric everywhere 
except in a section (region 1) between A and B (Fig. 6.1) which contains 
a homogeneous medium of thickness d which may be characterized by a 
complex dielectric factor: 


f= a —% = a(l — jhe) (1a) 


and a complex reluctivity v; (or permeability yw: = 1/v): 
vi = vi(1 + ghm) wi = wi(l — jhm) (1b) 
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It is assumed that the medium in region 1 involves only small losses, 
so that the dielectric factor and the reluctivity are predominantly real. 
Since €; and o, in (la) may stand for the real effective dielectric constant 
and conductivity, ohmic losses arising from time lags in polarization 
response as well as from actual conduction are included. The imaginary 
part of (1b) represents ohmic losses arising from time lags in magneti- 
zation. The assumed restrictions 


<i n<i1 (1c) 


although not necessary in the analysis, lead to considerable algebraic 
simplification. 

The sides of the slab of materia] of thickness d are plane, parallel, and 
perpendicular to the conductors of the transmission line. In the case of 
Fig. 6.la the conductors pierce the slab of material without change in 
cross-sectional size or shape. Let it be assumed that they are so highly 
conducting that the electromagnetic field in the surrounding medium 
differs negligibly from that with perfect conductors. This implies that 
the axial component of the electric field is negligible, that is, E, = 0, 
in the determination of the transverse field. It can be shown that under 
these assumptions the boundary conditions for the electromagnetic field 
are satisfied when the inductance, capacitance, and leakage conductance 
of each section of line are assumed to be the same as if the entire line 
were like that section. For example, in the case of a coaxial line, the 
constants of the air-filled parts are given in Chap. I, Sec. 6. To avoid 
confusion with regions 1 and 2, the radii of the conductors of the coaxial 
line are a and b instead of a, and az: 


. _ Ho, 8 a reo = 
Drugeig oan, oe (2) 


For the dielectric-filled section in which yw: = u,o and €1 = é€0, 


2001 


H = url? cy = tas gi = in (6/a) (3a) 
With Chap. I, Sec. 4, Eqs. (38a) to (40), it follows that 
$ = ple(1 — jhm) ¢ = pl? n=rt+olh, (3b) 


Since the conductors themselves are uniform, the small internal imped- 
ance per unit length 2‘ = r‘ + jwl' is the same in all sections of the line. 

The proof that the boundary conditions for the electric and magnetic 
fields are satisfied is readily given. Consider the coaxial line as a typical 
example. The fields in a homogeneous dielectric-filled line are given in 
Chap. I, Sec. 3. For determining the transverse field they may be 
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assumed to consist of the following two components: 


_— 1 _ ot 
En = 2réir Bos = 2rvir (4) 
For an air-filled line the fields are 
cased _ tL 
Bee Qareor oye Qrvor 6) 


The boundary conditions on the electromagnetic field between the air 
and the imperfect dielectric (region 1), on the one hand, and between 
each of these and the conductors (assumed perfect for this purpose), on 
the other hand, are as follows: The surface density of charge is described 
by n; the surface density of current on a perfect conductor is denoted 
by 1; the charge per unit length is g; the total axial current is J. Between 
the two dielectric media the tangential electric field is continuous; the 
tangential magnetic B-field is discontinuous: 


2’ = 0, d a < r < b E. = E.1 voBo = viBo: (6a) 


Between the air and the conductors the normal electric field is discon- 
tinuous; the tangential magnetic field is discontinuous: 


= nog, 2 4 ae oe 

zs0 r=a 6oE, = 1 = ae voBy = 1, = ara (6b) 
= —I 

2 s0 r=b ek, = —n, = = yBo = —-l = Onb (6c) 


Between the dielectric medium and the conductors the normal electric 
field is discontinuous, as is the tangential magnetic field: 


O0s2 sd r=a EB = me = oe viBs = bes = gt 
(6d) 

(2825 22) Ceeeseeee abe" 

Szs r orb 2nb 


The substitution of (4) and (5) in (6a) leads to the following relations 
between the charge per unit length g; and current J, in the conductors 
when in the dielectric medium and the corresponding values gq and I 
when the conductors are in air: 

gat (FSa (7) 


€0 


If these values are substituted in (6b) to (6e), all equations are found to be 
consistent with (6a). Since, from Chap. I, Sec. 10, Eqs. (10) and (11), 


A, = =—In- (8) 
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it follows that, with (7), 


$1 =o viA1, = 0A, (9a) 
so that Vi = (ba — )1 = V = ba — (9b) 
vi Wi. = vi (Aza _ Az)1 = voW, =: v9( Aza = A.) 


Significantly both V and I are continuous across the boundaries at 2’ = 0 
and z’ = d, whereas both g and W, are discontinuous. 

Since the boundary conditions are satisfied if the line constants [*, c, 
and g = 0 are used outside the slab and [f, c:, and gi, as given in (3), 
are used inside the slab, it follows that the conventional line equations 
may be used throughout, with V and J continuous at 2’ = 0 and d, with 
y=a+jé6 and Z, = R.(1 — jd.) as the propagation constant and 
characteristic impedance outside the slab, and with y1 = a; + jf: and 
Zea = Rei(l — joei) as the corresponding quantities inside the slab. 

Referring to Fig. 6.1, the admittance looking to the right into the line 
at its junction with region 1 at A is Y4 = Y, coth 6, where 


0, = pa + j®, = ys + 0, = as + pr + j(Bs + BF) 


The admittance terminating the line at a distance s from the nearest 
point of the slab is Yr = Gr + jB7; its terminal function is 


Y; 


6, = pr + j®, = coth" Y 


(10) 
The characteristic admittance and propagation constant of the air-filled 
sections are Y, = G.(1 + j¢.) and y = a + jf. 

At the same junction but with reference to the characteristic admittance 
of the dielectric-filled line, the admittance terminating the dielectric-filled 
line is 


Y, = Y.1 coth 64, (11a) 
where 6,, = pa1 + j®4, is defined by (11a) in the form 
g Y, Y. 
64, = coth" Y, = coth" (¥ 7) = coth™! (r, coth 64) (116) 


where the ratio of characteristic admittances is 


Yur Le R. 1 ~~ j&. 


a YY, a A Ra 1 — joe = re(1 + jor) (11c) 
See a Ba ee ea | ee ee 6S 
(11d) 


In most cases the dielectric materials are sufficiently poor conductors to 
permit the neglect of ¢.and $1. Thatis, ¢ «1, ¢1 «1, and ¢¢. < 1. 
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The important ratio r, has the following significance for the coaxial line 
illustrated in Fig. 6.1c: 
pe Ver In (b/a) (12a) 
V Mir In (b/a1) 


For Fig. 6.1a, a1 = a, sothatr, = Yeir/mir. For Fig. 6.10, ex = wir = 1, 
so that r, is simply the ratio of the logarithms. It is significant to note 
that 


t= 1 for Vu in = Ver in? (12b) 
k 
or a= b (7) k = V €1rV ir = ae (12c) 
1r 


If, as in Fig. 6.1a, ai = a, then 7, = 1 when pi, = «1,3 also 7, > 1 when 
€1r > Mir, and r, < 1 when e1, < wir. If wi, = 1 and the dielectric is an 
undercut slab or bead, as in Fig. 6.1c, r, = 1 when ai = b(a/b)' and 
k = -~V/e,. Junction effects owing to the change in size of the inner 
conductor are neglected. 

The admittance looking to the right into the dielectric slab of thick- 
ness d at its input junction with the line at B in Fig. 6.1 is 


Yz = Le coth (yid + OD) = TeV - coth (yid + CD) (13a) 


The same admittance viewed as the termination of the air-filled line to 
the left of the dielectric slab and referred to the characteristic admittance 
of the line in air is 


Yz = Y, coth 6, (13b) 
By equating (13a) to (13b) and using (116), it follows that 
6, = coth—! {r, coth [yid + coth™! (rz! coth 6/)]} (14) 
Use is now made of the identity 
coth (x + y) = ++ cots cory eee (15) 
in order to transform (14) into 
Oa Og Sa oak ie (16) 
In logarithmic form using the identity 
cotht x = $m 2+ ts (17) 
(16) is 
pea tih coth 6, + 1 + (r;! coth 6, + 17.) tanh yid (18) 


coth 06, — 1 — (rz! coth 64, — r.) tanh yid 


By separating the real and imaginary parts of the expression on the right 
in (18), formulas for pz and #, may be obtained. Since these are long in 
the general case, they are not written out. 
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Matched Line with Dielectric and Magnetic Slab. Considerable simpli- 
fication results if the line is matched at its final termination and the 
distortion factors ¢.1 of the dielectric and ¢, of the air-filled line are suf- 
ficiently small. Let these conditions be expressed as follows: 


Y, = Y, so that 6, = ©, 6, = ~,andcothe, =1 (19a) 
or = ci — be K 1 so that r, = fr, (19d) 


Subject to these conditions, (18) may be reduced to 


2+ (re + 771) tanh yid 
(re — rz1) tanh yid 


0, = ps + j®, = 5 In (20) 
The real and imaginary parts of the logarithm may be separated using 
the identity 

tanh x + j tan y 


i a 7 Rea peer gen reg Pe 


(21) 


The final results for the matched line are 


= — (2 + AT)? + (ki + 27)? 
pp=azlnA A= | AT? + BS (22a) 
> as 1 ~j ky + 21 1 | f% 
&, = q + 5 tan (eae one) + 5 tan ; (22b) 
where n = 1 for r, < 1 and n = 3 forr, > 1. The following abbrevi- 
ations have been used: 


ky =r. +751 ke =r — 1G} (22c) 
T = tanh aid t = tan Bid (22d) 
The corresponding formulas for the reflection coefficient 
1 _ Paes — (Ys — ¥.) 
1 A T ze? (Ys a Y,) 
are obtained directly. They are 
a (22e) 
The voltage or current standing-wave ratio is 
S = coth ps = coth (fn A) = 4 +4 (22f) 


The power standing-wave ratio is S?. 

Matched Line Unaffected by Dielectric Slab. An important special case 
of (22a,b) is obtained when r, = 1. This occurs under conditions speci- 
fied in (12a,b,c). Of these, the most practical is the undercut dielectric 
bead. In this case k; = 2 and ky = 0, so that pp = ©, Tp = e-2”2 = Q, 
and S = 1. Since there is no reflection, the phase function &, and 
the phase angle ¥, = —2, of the complex reflection coefficient are 
meaningless. 
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Matched Low-loss Line with Dielectric and Magnetic Slab. If the 
attenuation constant a; of the dielectric medium is sufficiently small 
so that the following inequalities are good approximations: 


. —1 
T = tanh ad = ad X re am = ue (23) 
(22a) and (22b) reduce to simpler forms. These are 
1)2 2 4 
if + (re + 171)? tan? Bid] (24a) 


pa \(re — r,1) tan Bid| 
eee 4 1 tan-! hes (r. + rz}) tan aa | n=Lr<t (24D) 
BO 4° 2 2*° n=3,7r-7>1 
(re — r,1) tan Aid| 
~ (4+ (re + 7,1)? tan? Bid]! 
The power standing-wave ratio S? = coth? ps, with ps obtained from 
(24a), is plotted in Fig. 6.2 as a function of 6,d/2r for a nonmagnetic 


T's (24c) 


100 


50 


Fia. 6.2. Power standing-wave ratio produced by a dielectric bead of length d in a 
coaxial line. 


dielectric bead. With p, = 1 it follows that r, = ~/e, and B, = V/e8, 
so that Bid/2r = +/e,d/. The parameter in Fig. 6.2 is the relative 
dielectric constant e,. It is seen that the maximum effect of the bead 
occurs when its electrical length is an integral odd multiple of a quarter 
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wavelength, and that the minimum effect (actually zero effect for a loss- 


less dielectric) occurs when its electrical length is an integral multiple of 


a half wavelength. 
a. Thin Slab in Matched Line. In the case of an electrically short low- 


loss bead defined by 
a1 


2 
(6:d)? «1 (r. + 151)*Bid? K 4 (2) «1 (25) 


the following expressions are good approximations: 


aod 
PB z In Ire oe r>|Bid 


2 — 
1 = = 
z In fj = Ded for u, = landr, = We, 


= 1 
x In aa for e«, = l andr, = Vi (26a) 
00 forr, = 1 
2 Thiet ad 
Sr + J (e+ 1ed for u, = landr, = We, 
mil (ur + 1)@d for ¢- = landr, = = ee 
4°44 V br 
(where n = 1 forr, < 1 and n = 3 forr. > 1) 
x(e, — 1)Bd for ny = landr, = Ve, 
Psalro— re [Bid = ) 3(u, — 1)Bd = for eg = l andr, = (26c) 
0 forr, = 1 n 


6. Quarter-wave Slab in Matched Line. In the special case of a low- 
loss bead or slab having an electrical length of exactly a quarter wave- 
length, that is, Bid = 1/2 and ¢t = tan Bid = ©, the following formulas 
may be obtained from the general relations (22a,b) [it is assumed that 
(23) is satisfied]: 


Te + rt 
ps = 31 T. —1;) 
rt1. 
zin ots = coth™! e, for we = landr, = Ve, 
1 In Hr +1 — eoth- f = landr, = (27a) 
z Mr or €, andr, 
Mr — 1 V br 


forr. = 1 
forr, >1 


ioe) 
us 
®, = |: forr. <1 (27b) 
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Sion) for wu, = landr, = Ve, 


r r} ee 
| ae ec le = _ 
t= eet | ns fore = Land re = = (27c) 
0 forr, = 1 
T Ve, for u, = l andr, = ~/e, 
1 
S = coth pp =1r, = ( Vu, fore, = landr, = —— (27d) 
Vit, 
1 for r, = 1 


c. Half-wave Slab in Matched Line. The formulas for a low-loss slab 
that has an electrical length of exactly a half wavelength, that is, 6id = 7, 
so that ¢ = tan 6id = 0, are obtained from the general formulas (22a,b). 
They are 


pp = ¥ in sled = 0 for aid small (28a) 
T forr. > 1 

*, = 5 forr. <1 (280) 

I’ = 3|r. — rojaid = 0 for aid small (28c) 


Since pp = © and I = 0, it follows that the dielectric slab has no sig- 
nificant effect and the line remains matched. 

Ideal Open Circuit at End of Dielectric and Magnetic Slab. If the sec- 
tion of line to the right of the slab in Fig. 6.1 is adjusted to make the 
impedance looking into it at A extremely great, so that it is approxi- 
mately equivalent to an ideal open circuit for which 6, = 0 + ja/2 and 
coth 6, = 0, the general expression (18) for the terminal function 6) 
reduces to the following much simpler form: 


1 + fr, tanh vid . 
Ps ats it 7 
Ono. = 910 G — r, tanh yid - ) 29) 


Using standard identities, it follows that 


tanh a,d sec? Bid + 7 tan Bid sech? aid (30) 
1 + tanh? aid tan? Bid 


tanh vid = 


If the losses in the dielectric slab are at least moderately low, so that the 
following inequality is a good approximation: 

(aid)? <1 (31) 
the relation (30) reduces approximately to 


tanh yid = aid sec? Bid + 7 tan Bid (32a) 
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provided §,d is not near an odd multiple of 7/2. When $id = 7/2, (30) 
reduces to 
Load 


tanh yid = tanh ad = aad (32b) 
With (32a) and (11c), together with the shorthand notation 
Hy = aid sec? Bid — ¢, tan Bid (33) 
O50 = PBo + JPeo in (29) becomes 
conte ts 
_ pie 8 ag (34) 


Since 69 as defined in (34) is small compared with unity, the logarithm 
may be expanded in series to give 


. 50 rH 
po = 3 TF ri tan Bid (85a) 
r 1 -1 tan Bid , tan Aid ) T 
Pro = 5 tan 4+ Het ‘nH, +5 
= tan—! (rz! tan 6.d) + 5 (35b) 
Interesting special cases are summarized as follows: 
pro = 7'Hy = Bud (2 _ és) (36a) 
For (6:4)? 1: ad e \B 
os us 
P50 = 7 + 3 (365) 
For Bid = 7: pao = aud Py. = 2 (37) 
For fd = 3: peo * me = (38) 


Ideal Short Circuit at End of Dielectric. If the section of line to the 
right of the slab in Fig. 6.1 is adjusted to make the impedance looking 
into it at A extremely small, so that it approximates an ideal short cir- 
cuit (in a coaxial line the dielectric slab may be placed in contact with 
the short-circuiting piston), it follows that 6, = 0 and coth 6, = ©, and 
(18) reduces to 
1 + rz} tanh vid 


855 = zl 7 yi tanh eA 
1— Te tanh vid 


(39) 


Since r, = r.(1 + j¢,) and rz! = r,1(1 — j¢,), it follows that, aside from 
the added term jx/2, (39) is like (29) except that rz! occurs in place of 
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r, and — ¢, in place of ¢,. With these changes (35a) and (35b) apply to 
(39). The results are 


— rH s 
pas ~ 93 + tan? bid ou) 
, _, tan Bid tan Bid \ , 
— i 1 —1 _ —1 

ns = 3 (tan role He + tan =a id) tan—! (r, tan Bid) (40b) 
where Hs = aid sec? Bid + ¢, tan Bid (40c) 
For the special cases the following are obtained: 
For (61d)? <K 1: pas = 1 Bid (2 + ++) ©) 5 = 7 Bid (41) 
For Bid = 7: pas = adr, Pas = 0 (42) 
For Bid = a pas = audr, @5 = 5 (43) 


Lumped Capacitance in Matched Line. The particular values of ps 
and &/ when a lumped capacitance C is connected across the transmission 
line at B may be derived from the formulas for the dielectric slab by 
taking the limit as the thickness d approaches zero. If c is the capaci- 
tance per unit length of the air-filled line and c; = ¢,c is that of the 
dielectric-filled line, the capacitance per unit length added by the dielec- 
tric is 

C = (ce: — c)d = cd(e, — 1) (44) 
Any derived lumped constant may be represented in this equation as the 
assigned constant value of C in the limit as d— 0 ande,—> ». 

Consider the value of 


wR, = wed(e, — 1)R, = wd(e, — 1) Vle = Bd(e, — 1) (45) 
In the limit as d— 0 and e, — © this becomes 
wR, — Bde = Bid Ve, (46) 


Thus the values of ps and 3 may be obtained from the general ones for 
a dielectric slab by substituting wR, for Bid a/e, and then letting 6 — 6 
and e,— ©. This procedure is illustrated below, beginning with (22a) 
specialized for a lossless line: 


ees [4 + (r. + 171)? tan? Bid 
ps3 In (rr. — r;})? tan? Bid (47) 


where retro = Vet WA — Ver aS & —> © (48a) 
€r 


nee €, AS &p > © (48b) 


re ee (48c) 
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Note that 


lim (r, + 7r;1)? tan? Bid = lim ~/e, tan? OR: 
ea 0 €r—> © 


Ve 


= w0?R? (49) 


i+ rR 2 \ 
Hence ps = ¥ In oR? =iln E + (Ge) | (50a) 
— 1 CR, 
o, = or + 5 tan- ( Ve, tan aa) = on +5 tan? =" (506) 


If the condition (wCR.)? « 1 is satisfied, the following simpler formulas 
give the phase and attenuation functions introduced into a matched line 
by a simple lumped capacitance: 


2 , 39 , wtR, 
@ R, ee Was 4 


(51) 


pp = 5 In 


Line Loaded with Uniformly Distributed Lumped Capacitances or 
Inductances. If N approximately lumped shunt capacitances C, or 
series inductances Li are connected in a line in a section of length d 
(Fig. 6.1d), the line may be analyzed by assuming that the effective 
capacitance and inductance per unit length of line are augmented by 
the amounts NC,/d and NL,/d, so that the effective capacitance and 
inductance per unit length between A and B in Fig. 6.1d are 


NC, 


a2 i ar Large 


d 


(52) 


where c, and U, are the values with the lumped elements absent. The 
characteristic impedance Z,, and propagation constant vi for the length 
d are defined as usual. By proper choice of C, or L; or both, a loaded 
line with various properties can be obtained. For example, at suf- 
ficiently low frequencies 1 may be increased sufficiently by lumped series 
inductances L, so that r/l = g/c and the distortion factor ¢, vanishes. 
At high frequencies variable reactive tuners may be constructed for use 
on open-wire or shielded-pair lines by providing small capacitor plates 
that may be rotated from closely meshed positions to widely separated 
ones.’?° Alternatively the reactance of ordinary variable capacitors may 
be determined at high frequencies by analyzing them as sections of 
capacitively loaded transmission line in which the stack and rotor rods 
are the parallel conductors. !25 

7. The Maximum-Minimum-shift Method for Determining Dielectric 
Constants and Permeabilities of Solids and Liquids and Equivalent Sec- 
tions of Transmission Line for Symmetrical Two-terminal-pair Net- 
works.'?3.129.130 A simple direct procedure for determining both the 
dielectric constant and the permeability of a slab of material of con- 
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venient thickness is available in the maximum-minimum-shift method. f 
In its original form it was described only for measuring relative dielectric 
constants. However, it is extended without difficulty to the determi- 
nation of the relative permeability. 

The fundamental principle of the method is simple. In effect, it 
involves the successive measurement of the impedance of a section of 
transmission line when immersed in the material under test when termi- 
nated in an open and a short circuit. Since the sample to be used may 
be chosen to be symmetrical, it is convenient to make use of the sym- 
metrical and antisymmetrical combinations involving, respectively, an 
open circuit and a short circuit in the plane through the center of the slab 
(see Chap. III, Sec. 12). 

A location in which a voltage maximum and a current null are at the 
center of the slab is symmetrical with respect to the voltage and anti- 
symmetrical with respect to the current. It is equivalent to an open 
circuit at the center. A location in which a voltage null and a current 
maximum are at the center of the slab is antisymmetrical with respect to 
the voltage and symmetrical with respect to the current. It is equiva- 
lent to a short circuit at the center. Actually, completely symmetrical 
distributions of current and voltage (in which current or voltage nulls 
rather than minima occur at the center of the slab) are achieved only if 
the slab itself is exactly at the center of a resonant symmetrical section 
of line that is driven by identical generators loosely coupled at both ends. 
If the generators are in phase, there is a voltage null at the center of 
the slab; if they are 180° out of phase, there is a current null at the center 
of the slab. In practice, the slab may be placed with its center at a 
voltage or current maximum, with sections of low-loss line on each side. 
Only one of these sections need be driven by a loosely coupled generator 
if the material in the slab is not highly dissipative, as indicated by the 
sharpness of the resonance curves. Preferably the detector should be 
coupled to the same section as the generator. 

Mathematical Formulation. The first step in deriving the tangent 
relation on which the maximum-minimum-shift method depends is to 
compare the input admittance of two sections of transmission line. Of 
these, the first (Fig. 7.1a) has only air (vacuum) as the dielectric from 
the arbitrarily located input terminals at 2’ = 0 to the reactive termi- 
nation with admittance Yr = j7Br at 2’ = s’. The second section of line 
(Fig. 7.1b) is immersed in a medium with complex dielectric factor &, 
and complex permeability y, from z’ = 0 (plane B in Fig. 6.1a) to 2’ = d 


} It is implicit in the analysis given in this section that the TEM mode is the only 
propagating mode. For the coaxial line this means that the inner circumference of 
the outer conductor is less than the TEM wavelength in the line. Note that 
Arem = 20/8 = 2r/wr/pe. If uw = wom, or € = ever differs greatly from po or eo, the 
cross-sectional size of the line may have to be very small. 
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(plane A in Fig. 6.1a) and in air from z’ = d to z’ = d+ s, where it is 


terminated in Yr = jBr. 


discussed in conjunction with Sec. 6, Eqs. (1a,b,c). 


The material parameters have the properties 


It is assumed that 


the two sections of line are identical except for the added presence of the 


dielectric medium in the second section. 


are made successively on the same 
section of line with and without the 
slab.) Both lines are highly con- 
ducting, and the conductivity of the 


(In practice the measurements 


Yin 
ee ay, 


(a) 


dielectric or magnetic sample is suffi- 
ciently small so that Sec. 6, condi- 
tion (lc), is satisfied. If the me- 
dium is a liquid, retaining walls are 


g Region 1 (€),/44,9) 


required. These may be ignored if bie se as 
made of a material like Polyfoam (d) 
which has a relative dielectric con- Region 1 (€,,),04) 


stant and a relative permeability Cw 
differing negligibly from 1. If they 
are made of a solid dielectric, they Yin 
may be sufficiently thin to permit (c) 
their analytical representation as 


small lumped admittances 
Y, = jBy = —joCw 


at 2’ =0 and 2’ =d (Fig. 7.1c). 
In the following the more general 
problem involving a liquid enclosed in thin, solid retaining walls is formu- 
lated, since the results are readily specialized to the simpler and more 
important cases involving liquids with Polyfoam walls or a solid dielectric 
with no additional walls by setting B,, = 0. 

The input admittance Y’ for the section of line in Fig. 7.1a is 


—JG. cot (Bs’ + #7) 


Cw ete 


' 

A 

‘ 
std 


Fie. 7.1. Sections of transmission line. 
(a) Uniform section. (b) Slab of dielec- 
tric of length d along otherwise uniform 
line. (c) Slab of fluid dielectric between 
thin walls represented by lumped capaci- 
tances along otherwise uniform line. 


Y’ = G’ + jB’ = Y, coth (ys’ + 0%) = (1) 


The characteristic admittance of the line is Y, = G. = 1/R.; the propa- 
gation constant is y = a + j8. The terminal function of Y. 7 is 


O, = pr + j®, = J, 


for an ideal short-circuit 6;, = 0. The values following the approxi- 
mately equal sign in (1) and the related definitions apply only if the 
attenuation of the line is neglected and the termination is a pure 
reactance. 

The input admittance Y~ of the section of line of length s in Fig. 7.1¢ 
in parallel with the lumped admittance Y, = jB. of the right-hand 
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retaining wall is 

Y; = G2 + jB2 = Y, + Y. coth (ys + 6;) = j[Bu — G. cot (8s + S7)] (2) 
The input admittance Y of the entire line in Fig. 7.1c is 


Y2 coth vid + Y.1 (3) 
: Y2 + Yo coth vid 


where Y,1 = Gei(1 + jdc1) is the characteristic admittance and 


Y=@+jB=Y.t+ Y. 


Yi = + jB1 


is the propagation constant of the line when immersed in the slab of 
material medium between z = 0 and z = d. 

The fundamental step in the derivation of the desired equation is to 
require the lengths s’ and s to be so related that the input susceptances 
B and B’ are equal. Thus 


B= B’ or Im Y = Im Y’ (4) 


The properties of the dielectric material are represented by y: and 2.1; 
its thickness d is arbitrary. 

It is readily verified, using (1) and (3) with (2), that (4) may be 
transformed into the following general equation: 


Re {C,[coth (ys’ + 6;) — coth (ys + 6;)] 
+ coth (ys’ + 6,) coth (ys + 6;) — C2} = 0 (5) 


where Ci = Ci, + IC =f, coth vid + Y525 (6a) 
Co = Co, + jCa: = 7? + 27-YZ. coth yid + Y2Z2 (6b) 

; _ £, 
with =F (7) 


With these definitions of Ci and C2, it is the real part of (5) which is 
derived from the susceptance. It is readily verified that (5) with Y, = 0 
is obtained directly by equating Sec. 6, Eq. (13b), with Sec. 6, Eq. (16), 
to (3) with Y, = 0. Equation (5) expresses the relationship between all 
values of s’ and s for which the input susceptances of the two sections 
(the one of length s’ in air, the other of length d in the dielectric or mag- 
netic medium and length s in air) are equal. In the complete absence of 
the material medium (d = 0, B. = 0) the input admittances are equal 
when s’ = s;. If a dielectric or magnetic medium is present, d + s is 
taken to be less than s’. 

The greatest effect on the input susceptance B;, is produced by the 
material medium when it is so situated that the values of s’ and s which 
satisfy (5) are such that s’ — sis a maximum. With this combination 
of s’ and s the circuit reaches its greatest sensitivity to the reactive effect 
of a dielectric or magnetic sample, so that it represents the optimum 
condition for the precise measurement of ¢, or py. 


Sec. 7] DISCONTINUITIES AND NONUNIFORMITIES | 333 


The particular forms of Eq. (5) for which s’ — s has its extreme values 
are obtained by setting the derivative of s’ — s with respect to s’ equal 
to zero or, what is equivalent, by setting 

ds _ d(ys) _ 
ds’ com d(ys’) a 1 (8) 

Using familiar formulas, let (5) be transformed into the following 

equivalent expression: 


1+ C, 
2 
1—-C, 

53 2 


Re {—c, sinh y(s’ — s) + cosh y(s’ — s) 


cosh [y(s’ + s) + 2@7]} =0 (9) 


If (9) is differentiated with respect to s’ and (8) is imposed, the following 
condition is obtained: 


(C2. — 1) sinh [y(s’ + s) + 20/] = 0 (10) 


Since C, is not equal to unity, in general, (10) is equivalent to the 
following: 


sinh [a(s’ + s) + 2pr] cos [8(s’ + s) + 284] 

+ j cosh [a(s’ + s) + 2pr] sin [B(s’ + s) + 265] = 0 (11) 
where only the imaginary part is relevant for the condition (4). This 
part of (11) is satisfied when 

B(s' +s) +26,=kr k=0,1,2,... (12) 


Using (12) in (9), the following equation is obtained for the maximum 
and minimum values of s’ — s (indicated by the subscript m): 


Ci; sin B(s’ — 8)m + 3(1 + Cor) cos B(s’ — 8)m + $(1 — Coe) = 0 (13a) 


where the upper sign is for k even and the lower sign is for k odd in (12), 
and where C1; and C2, are the imaginary part of C; and the real part of 
C2, respectively. In deriving (13a) it is assumed that the following 
inequalities are good approximations: 


IC1| > |Ceia(s’ — s)| [a(s’ + 8s) + pr]?<1 (135) 

Equation (13a) is readily transformed into the following two equations: 
cot? A + 2C,; cot A — Co, = 0 k even in (12) (14a) 

tan? A — 2C1; tan A — Co, = 0 k odd in (12) (14d) 


where the notation 

A = 38(s' — 8)m = 38(d + Sm) (15) 
is introduced. In (15) S, is the maximum or minimum shift in the 
position of the termination when adjusted for resonance successively 
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without and with the material medium. The shift S is shown in Fig. 7.1. 
The solutions of (14a) and (14b) are 


cot A —Cy + JC; + Co, (16) 
tan A = Ci + VC}, + Co (17) 


where, for 2A = 8(s’ — s) positive and less than z, only the upper signs are 
relevant. The complex constants C) = Ci, + jC and Cz = Co + jCx 
are defined in (6a,b). Although the real and imaginary parts of C, and 
C, are separable, in general, without restricting the properties of the 
material in the slab under investigation, resonance curves are sharp only 
for materials that are not very good conductors. Accordingly it is con- 
venient to obtain the simpler formulas that apply to samples of moder- 
ately low effective conductivity. This is in agreement with Sec. 6, con- 
ditions (1c). Therefore let the following restrictions be imposed on the 
propagation constant 11 = a1 + j8: and the characteristic impedance 
Ler = Ral oo joer)? 
a1 


(aid)? «K 1 (2) <1 $3, K1 (18) 
Subject to these conditions, 
coth y:d = —j cot Bid + aid csc? Bid (19) 
provided the additional requirement 
tan? Bid > aid? (20) 
is satisfied. With (7) and (18) it follows [as in Sec. 6, Eqs. (11c,d)] that 


tr, = Ra(i 2 iden) = re(1 + oe) ro = dr ei ge 
(21) 


where e, and yp, are the relative dielectric constant and permeability of 
the material medium. Note that 


Bi=nB n= Ven, (22) 


where n is the index of refraction. In a nonmagnetic dielectric material 
uy = 1 and r, = n = Ve; in a nondielectric magnetic material ¢, = 1 


and r, = 1/-/u, = 1/n. 
With (18) to (22) it follows from (6a,b) that 


Cy = ByR, — r- cot nbd (23) 
Co, = r? + 2r.ByR, cot nBd — BER? (24) 
so that —Cu + VC?, + Co = —BuR. + re cot gngd (25) 


Cu + VC? + Cx = BuRe + 1. tan gnbd (26) 
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If (25) and (26) are substituted in (16) and (17), these may be expressed 
as follows: 
cot A; + BR. = r. cot ¢nbd k even in (12) (27a) 
tan A, — BR, = r. tan 3nBd k odd in (12) (27b) 


It is readily verified that condition (12), B(s’ + s) + 20, = ka, with 
k = 0,1,2, ... , ensures that the extreme values A; = 48(s — s’)m and 
A, = 76(s — 8’)m, occur when the current and voltage distribution pat- 
terns are symmetrical with respect to the center of the slab. With (12) 
the part of the susceptance B2 in (2) due to the line is given by 


Bain = Be — By = —G, cot [kx — (6s’ + &,)] = G, cot (Bs’ + 7) (28a) 


Since the susceptance B’ in (1) is equal to the susceptance B in (3) and 
since By, in (28a) is the negative of B’ in (1), it follows that, when 
located for extreme shift, Ba, = —B. However, since the entire circuit 
is adjusted for resonance, the susceptance B looking into the slab must 
be the negative of the susceptance at the same points but looking away 
from the slab back into the line: 


Bon = —B= B, (28b) 


That is, the susceptances looking into the line in both directions from 
the edges of the dielectric slab are the same. This is possible only when 
the current and voltage distributions are symmetrical with respect to the 
center of the slab. In particular, the extreme value A; defined in (27a) 
always occurs when the largest number of current maxima consistent 
with the electrical thickness n§d of the sample are contained within it. 
When nd is less than 7, this means a current maximum at the center of 
the slab. (When n@d is between x and 2z, it means voltage maximum 
at the center, with two symmetrically placed current maxima within the 
slab.) Alternatively the extreme value A, defined in (27b) occurs when 
the largest number of voltage or charge maxima are contained within 
the sample. For nd less than z, this means a voltage maxiraum at the 
center of the slab. The question as to which of the two extreme values 
A; and A, is a maximum and which is a minimum depends on the relative 
magnitudes of «, and u,. If wu, = 1 and e, > 1, A, is the maximum and 
A; is the minimum. If «, = 1 and yu, > 1, A; is the maximum and A, is 
the minimum. If, = y,, there is only one value of s’ — s for all positions 
of the slab, so that A, and A; are equal. 

Equations (27a) and (27b) may be solved for r. = ~/e,/u, and 
n = Vue. The square root of the product of (27a) and (27b) is 


RE = re = [cot A; tan A, + B,R,(tan A; — cot A.) — B2R?]! (29a) 
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The ratio of (27b) to (27a) yields 


Ae ue ee (a ee : 
VJ bre = N= ad tan" | a + BR. Fe (29b) 


If the sample includes no solid retaining walls, B,, = 0, and the following 
simpler expressions are obtained: 


= = r, = (cot A; tan A,)} (80a) 
V erly = N= 5 tan-! (tan A; tan A,)} (30b) 


It follows that 
6 = Tn = a (cot A; tan A,)? tan! (tan A; tan A,)} (31a) 


n _ 2 tan7! (tan A; tan A,)# 


by = — 


iP Bd cot A; tan A, (316) 


If the two extreme values (s’ — s); and (s’ — s), in A; and A, are deter- 
mined experimentally, the relative dielectric constant ¢, and the relative 
permeability u, of the sample may be determined from (29a,b) or from 
(31a,b). The only other quantities required are the thickness d of the 
sample and the wavelength \ in 6 = 2m/) for the line in air. Thus, since 
only four length measurements are involved, an absolute method for the 
determination of ¢, and y, is available. 

If a liquid material is contained between solid retaining walls for which 
B,, is not zero, B,R. may be determined experimentally using (27a) or 
(27b) with the cell empty. In this case r, = n = 1, so that 


B,,R, = tan A,. — tan $6d = cot s8d — cot A, (32a) 


where A,. = 38(s’ — 8)mv and Aj. = $8(s’ — 8)m for the cell empty. 
Alternatively the susceptance B, of the walls may be eliminated by 
subtracting the equations for the empty cell from those for the full cell. 
For (27b), for example, the result is 


tan A, — tan A,. + tan 46d = r, tan gnfd (32d) 


Important and very simple special forms of (31a) and (316) are obtained 
for a sufficiently thin sample. Subject to the condition (nfd)? « 1 and 
with B,, = 0, (27a) and (27b) reduce to 


n _ (8 = 8)mi 
= d 


— =4y, B(s’ + s) + 26, = kr Keven (33a) 


MM, =e = — B(s’ + 8) + 26, = kr k odd = (33b) 


It follows that for an electrically thin sample yu, can be determined directly 
from the one extreme shift, and e, from the other. The extreme shift for 
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determining yu, from (33a) occurs when the center of the sample is at a 
current maximum; that for determining ¢, from (33b) occurs when the 
center of the sample is at a voltage maximum. 

If un, = e,, the general Eq. (5) reduces to 


n= Vines = be = 6 = (34) 


In this case the shift S = s’ — s — d is constant for all locations of the 
cell. 

The locus of the extreme values (s’ — s)m a8 a function of s’ may be 
determined using the extremizing condition (12). The result is 


B(s’ — 8)m 

Bs’ + &, — kr/2 

Accordingly, if values of 8(s’ — s), for a range of possible values of n, r,, 

and d are plotted as a function of Bs’ + 1, — kw/2, all points must be 
on a line of slope 2._ This applies to both B(s’ — s)m. and B(s’ — 8) mi. 

Experimental Procedure. In order to measure dielectric constants and 

permeabilities by the extreme-shift method, a sample of the material of 


To 


2 (35) 


ey oe 4generator s’ b’ 
L | Y'—> =0 
‘Movable 
05 577 piston 
2 


(5) 


Fia. 7.2. (a) Location of piston at 6’ for resonance with no dielectric slab. (0) 
Location of piston at b for resonance with dielectric slab between z = landz = 1 +d. 


thickness d must be moved along a transmission line that has a loosely 
coupled generator and a loosely coupled detector fixed near one end and 
a movable reactive termination (e.g., a piston) Yr = jB, at the other, 
as shown in Fig. 7.2, with Yr = 0. The first operation is to locate the 
position 6’ (Fig. 7.2a) of the reactive termination at which the circuit 
without dielectric is tuned to resonance, as indicated by a maximum 
deflection of the detector. 


} If preferred, the dielectric may be fixed, and the detector, generator, and piston 
moved relative to it. For simplicity the procedure is described only for a movable 
dielectric slab. 
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The second operation is to move the slab of material (or the cell con- 
taining the liquid) from the point b’ toward the detector step by step, 
thus increasing the distance s’ between 6’ and the left-hand surface of 
the dielectric. For each position of the dielectric the reactive termi- 
nation is moved toward the dielectric to b, where the circuit is again 
tuned to resonance, as indicated by a maximum deflection of the detector. 
The distance between the termination at the resonant position b and the 
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Fig. 7.3. Shift curves: a—distilled water in cell of thickness 2.08 cm; a’—the same 
cell empty; c—distilled water in cell of thickness 0.52 cm; c/—the same cell empty. 
The large circles locate the maxima of the shift curves of water solutions of ethyl 


alcohol; 6 is one of these completely plotted; \ = 188.8 cm. 


right side of the dielectric is s. As s’ and s are increased step by step 
but, in general, at different rates, a ‘shift curve’’ may be plotted of the 
difference s’ — s as a function of the location along the line of the center 
of the slab. The origin of the linear scale along the line is arbitrary. 
Typical “‘shift curves” for water solutions of ethyl alcohol for which 
er > 1, with u, = 1, are shown in Fig. 7.3. 

As s’ is increased by moving the sample toward the detector, a point is 
reached where the reactive termination must be moved away from rather 
than toward the dielectric in order to tune the circuit to resonance. At 
this point a further increase in s’ results in a decrease in s’ — s—evidently 
the maximum value (s’ — 8)m, of s’ — s has been reached. For a certain 
range beyond this maximum, s’ — s decreases as s’ is increased. Then 
s’ — s reaches a minimum (s’ — s)m: and again starts increasing with 
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continually increasing s’. As indicated in Fig. 7.3, the center of the 
dielectric slab is at a voltage minimum when s’ — s is a minimum. If 
the reactive termination is a perfect short circuit (e.g., a piston) and the 
slab is electrically thin, the center of the dielectric is \/2 from b’ when 
s’ — sis a minimum. 

In order to determine the dielectric constant of a material with yp, = 1, 
it is sufficient to measure the maximum value (s’ — 8s)m, of s’ — s; it is 
not necessary to plot a complete shift curve like those in Fig. 7.3. Several 
experimentally determined maximum values (without the rest of the 
associated shift curves) are also shown in Fig. 7.3. Note also that they 


% ethyl alcohol by volume 


Fig. 7.4. Dielectric constant of water solutions of ethyl alcohol referred to water at 
15.5°C. The circles are experimental points obtained using the cell of thickness 
2.08 cm. Solid dots are from data given by Wyman [J. Am. Chem. Soc., 53: 3297 
(1931)]. Room temperatures, 


all lie on the straight line of slope 2, as required by (85) (in Fig, 7.3 
s’ increases from left to right). 

With (s’ — se)m» measured and 6 = 21/X known (or measured), 
n=r, = Ve, may be evaluated from (27b) with B, = 0 or from (34) if 
there are solid retaining walls. The values of e, obtained from the 
measurements represented in Fig. 7.3 are given in Fig. 7.4. 

The Size of the Sample. The mathematical theory assumes that the 
sample under test consists of a flat slab of thickness d with its parallel 
sides perpendicular to the axes of the conductors and completely filling 
the space between and around them. For use in a coaxial or shielded- 
pair line it consists of a disk that fits into the outer conductor or shield 
and has a hole or holes for the inner conductor or conductors. For use on 
an open-wire line the dielectric must ideally extend to infinity, although a 
relatively small properly shaped sample may be used if its relative dielec- 
tric constant or permeability is not too near 1 and a correction is made 
for the fraction of the field outside the sample.!28 In general, measure- 
ments are most convenient with a coaxial line. 
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In order to determine the most useful value for the thickness d of the 
sample, it is necessary to consider both the magnitude of the dielectric 
constant and permeability and the frequency at which it is to be meas- 
ured. In Fig. 7.5 theoretical curves are shown of the index of refraction 


n = ~/e, as a function of the argument A, = 36(s’ — s)m» for a range of 


10 
tan 3 A(s'—s),,=ntan in pd 


0 02 04 06 08 10 12 14 
; B('s-S),, 

Fia. 7.5. Theoretical curves of the index of refraction n as a function of 48(s’ — 8)m, 

with ied as parameter. 


1.8 


nL 


values of 38d as determined from the fundamental Eq. (276), with u, = 1 
and B, = 0: 


tan A, = n tan 9nd n = Ve, k odd in (12) (36) 


With the aid of these curves it is possible to estimate the thickness d of 
the sample required to produce an adequate maximum value of s’ — s, 
if the order of magnitude of the unknown dielectric constant is known 
as well as the frequency. 

If the dielectric constant of a liquid is to be measured, a closed movable 
cell is required. Its parallel sides may be of Polyfoam or very thin solid 
dielectric; its inner and outer circular walls should be metal sleeves that 
slide over the inner and into the outer conductor of the coaxial line. By 
means of metal tubes of the same sizes as the sleeves, the entire section 
of line from the front of the dielectric sample to the reactive termination 
(piston) at b may be made to have constant inner and outer radii. The 
fact that these differ from the values between the detector and the front 
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of the cell is immaterial, since only the distances s’, s, and d occur in the 
final formula. 


The determination of u, for materials with e, = | parallels the determi- 
nation of «, for materials with uy, = 1. With B, = 0 ande, = 1 in (27a), 
this becomes 


tan A; = n tan $n6d n = Vu, k even in (12) (37) 


Since this is the same as (36) except for a differently defined n and a 
different k in (12), the curves of Fig. 7.5 may be used. 

Since A, = $8(s’ — s)m» primarily depends on e, and A; = 48(s’ — 8) mi 
depends on u,, the curves of Fig. 7.5 are satisfactory for estimating the 
thickness d even in the general case when u, and e, both differ from unity. 
In general, (s’ — s), is the maximum and (s’ — s); the minimum shift 
when e¢, is greater than y,; (s’ — s); is the maximum and (s’ — s), the 
minimum shift when y, is greater than ¢,. As u, and e, approach each 
other, the maximum and minimum flatten until the shift curve is a 
straight line when yu, = ¢,. 

Measurement of Small Susceptances. The maximum-shift method is a 
highly sensitive procedure for measuring small lumped susceptances. 
The appropriate formula is obtained directly from (27b) by setting d = 0 
and combining the two lumped susceptances B,, into the single lumped 
susceptance to be measured. Thus, with B = 2B,, and d = 0, (27b) 
becomes 

B = 2G, tan $8(s’ — 8) max (38) 


where G, = 1/R, is the characteristic conductance of the line. For suf- 
ficiently small susceptances 


B = G.B(s’ — 8) max (39) 


The extreme-shift method permits the accurate experimental determi- 
nation of dielectric constants, permeabilities, and lumped susceptances 
from measurements of length, namely, (s’ — 8)msx, (s’ — 8)min, and d. 
The accuracy is enhanced by the fact that in measuring the dielectric 
constant the sample is located at a voltage maximum, where its effect is 
greatest; similarly, in measuring permeability, the sample is located at a 
current maximum, where its effect is again greatest. Incidentally 
the method may also be used to determine the reactive properties of 
loaded sections of transmission line and of variable capacitive tuners.!25 

The adaptation of the method to measure losses is described in the 
next section. 

8. Determination of Losses in Dielectric and Magnetic Materials 
Using the Maximum-shift Method. In the preceding section a method 
is described for determining the real effective dielectric constant €. = €0€er 
and the real permeability » = you, of a sample of material. Section 7, 
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conditions (18), require that this sample (region 1) have small (but not 
necessarily zero) attenuation constant a; and distortion factor ¢.1. These 
quantities are defined as follows for a moderately low-loss line: 


OE vie ifn. bad | ° 

Bi 2w (7: - ) (2: a a) 
2i(n 

wed (tB) qeact . 


In their usual application 7; involves only ohmic losses resulting from 
imperfect conductors, and g: involves the ohmic losses of an imperfect 
dielectric. As outlined in Chap. I, Sec. 4, losses in the line may result 
from time lags in the polarization response of a dielectric medium with a 
contribution to the effective conductivity and hence to gi, or from time 
lags in the magnetization response of a magnetic medium with a con- 
tribution to the effective resistance 7;. Time lags in the conduction 
response of a medium involve contributions to the effective dielectric 
constant as well as to the effective conductivity. All these possible 
effects are included in the following general formulas for moderately 
low-loss lines, as obtained from Chap. I, Secs. 3 and 4: 


Oe GO ga 
wo wl pp wl + hm (2a) 
Os a. OO ee Sie =h, (2b) 
We Wee we —a 


Note that, if the conductors are perfect, so that the ohmic resistance 
r* = 0, and the losses in the dielectric medium are not from conduction 
(o’ = o”’ = 0) but exclusively from time lags in polarization and mag- 
netization, (2a) and (2b) reduce to the following symmetrical forms: 

ee ee ce Se 

wl op’ we Ue he (3) 

It is assumed in the following that the imaginary parts of the complex 

permeability, complex dielectric constant, and complex conductivity are 
small compared with the real parts, so that these formulas are good 
approximations: 


= /y!? fp’? & yp’ (4a) 


we — je ze je” op 
e=e¢ — je’ = € — jel’ e= Vertes? (4b) 
6 =0' — jo” =a — jo" og = Vo? +02 = a/ (4c) 


It follows that 
he = op h =— = —; (5) 


By adding subscripts 1 and substituting appropriate quantities in 
(1a,b), the attenuation constant and distortion factor of the dielectric 
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and magnetic medium are 


. 2 
a. 7 a 
Bathe th (2) <1 (6a) 
der = - thm —he ¢%Ki (6b) 


For the same line in air (vacuum) the corresponding quantities are 


. 2 
a ca 


With these preliminary definitions summarized, attention can be 
directed to the evaluation of the effective terminal function p of the 


Dielectric Movable 
sla piston 


To ByA 


generator ~“— — 
PZZA_______Coaxial line 


le -++-—_—_— s ———_—>1 


Fia. 8.1. Dielectric slab in coaxial line terminated in a movable piston. 


section of line to the right of B (Fig. 8.1), including the dielectric and 
magnetic sample and the reactive section of length s. 

The admittance looking to the right at A in Fig. 8.1 is Ys, as defined in 
Sec. 7, Eq. (2). The admittance looking to the right at B is Y, as given 
in Sec. 7, Eq. (3). Since the effect of solid retaining walls (if the material 
under study is a liquid) is assumed to be purely reactive, there is no con- 
tribution to the dissipation, and it is adequate to treat only the simpler 
case without walls. This is obtained with Y,, = 0 in Sec. 7, Eqs. (2) 
and (3). The resulting expressions are 

Y, = G.+jB. = Y, coth (ys + 6,) = Y,(as esc? Bs — j cot Bs) (8) 
_ . _ Y. coth vid + Yui 
Y=G@+ 9B ~ Fe Y.+ Ye1 coth yid (9) 
The characteristic admittance of the line in the dielectric or magnetic 
medium is Y,,, and that with the line in air is Y.. The two quantities 
are given by 


Y, = G.(1 + j¢-) G. = RE (10) 


Yor = Gei(l + jc) Ga = I, = G. NE (11) 
where ¢,; and ¢, are as given in (6b) and (7) and ee = €-/eo and wy = p/po 
are the relative values of the real effective dielectric constant and the 
real permeability. 

When the dielectric or magnetic sample is in a position of extreme shift, 
the susceptance B, is the negative of B, as shown in Sec. 7, Eq. (28b). 
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That is, 
B, = —B (12) 

so that (9) becomes 

_ sR. (G2 + jB2) coth yid + Yer 

Q> Ba= Val Ge jBa + Ya eoth yd 


(13) 
Let the admittances be normalized by dividing by Y., the characteristic 
admittance of the air-filled line. As in Sec. 7, Eq. (21), let 


Ya _ R(l—jdd) 2 
7 = Y, —— Ra = jdbe1) r-(1 + jor) (14a) 


br = bei — be = Rin _ he ¢? K1 (146) 


With (14a,b), (13) becomes 
(g2 + jbz) coth yid + 1. 


g — jos de 92 + qbe + TY, coth vid (15) 
where g — jb. = Go: g2 + jbe = eawies (16) 


The real and imaginary parts may be separated using (14a) and Sec. 7, 
Eq. (19). For convenience let 


Cy +9Cy = 1. coth yid = r-(aid csc? Bid + ¢, cot Bid) — jr. cot Bid 
(17a) 


where use has been made of Sec. 7, Eq. (19), and a higher-order term 
with coefficient ai¢,d has been neglected. Also let 


Co + Cx = 72 = r2(1 + 72¢,) (17b) 


With this shorthand notation introduced in (15), the following funda- 
mental equations are obtained: 


b2 + 26.001; -— Co — C1-(ge = i) + 992 = 0 (18a) 
(g — g2)(be + Cis) — 2b2Cy — Cx = 0 (18b) 

Section 7, conditions (18), imply the following inequality: 
Cor > |Cir(g — g2) + gel (19) 

since, when (19) is satisfied and with Sec. 7, Eq. (15), and 
be = — cot (6s + ®,) = — cot (e - a) = an A | (20) 


(18a) reduces exactly to the fundamental equations [Sec. 7, Eqs. (14a,b)] 
for the conditions of extreme shift. By combining Sec. 7, Eqs. (14a,)), 
with (20) the following alternative expressions are obtained for be: 


1 
Haass r. cot eBid k even (21) 


—r, tan $6id k odd 
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The remaining equation, (18b), is to be used to determine g and, from 
it, p. Since the section of line to the right of the dielectric slab (Fig. 8.1) 
is essentially reactive, it may be assumed that ge is negligible compared 
with g. Hence 

2b + Co 


9-92-97 = bet Ox (22) 
With (17a,b) and (21), (22) may be expressed as follows: 


g = 2r{ (aid esc? Bid + ¢, cot Bid) cot 481d + ¢] sin Bid hk even 


(23a) 
g = 2r[ (ard esc? Bid + ¢, cot Bid) tan %6id — ¢,] sin Bid k odd 
(230) 
Use has been made of the identities 
tan 3¢ = csc x — cot x (24a) 
cot $2 = csc x + cot x (24b) 


The terminal attenuation function p of a moderately low-loss line may 
be determined from 
29 =~ 9 
i+b+gq 1486 
The substitution of (23a) or (23b) in (25), together with the appropriate 
formula from (20), leads to 


p = 3 tanh (25) 


_ 2r{(aid/2) sec? $6id + ¢, tan $814] 

7 r? + tan? 36d 

2r[(aid/2) sec? $6.1d — ¢, tan 38:d] 
1+ r? tan? $@id 


k even (26a) 


py = k odd (26b) 
(The subscripts 7 and v indicate p with current and voltage maximum, 
respectively, at the center of the slab.) In deriving (26a,b) use has been 
made of (24a) to express all arguments as 36.d. 

Since, with k even, the dielectric sample has a current maximum at its 
center (6:d < 7) and, with k odd, a voltage maximum, the values of p in 
(26a) and (26b) should be twice the values obtained by placing a slab of 
dielectric of thickness d/2 at an ideal short-circuited end and an ideal 
open end, respectively. That is, p in (26a) should be twice the value of 
pss in Sec. 6, Eq. (40a), and p in (26b) should be twice pzo in Sec. 6, 
Eq. (35a). It is readily verified that this is true. 

Since the circuit is always adjusted to resonance in determining the 
extreme shift, it is convenient to determine p; and p, using the resonance- 
curve method. Once these two quantities are known, a; and ¢, may be 
evaluated from (26a) and (26b), and from these h,, and h, using (6a,b) 
with (14b). It is assumed that the constants of the line in air are known, 
as well as R.1 and 6,1, which involve e, and p,. 
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9. The Double Bead and the Spacing of Beads for No Change in 
Impedance. Dielectric beads or slabs often must be placed at intervals 
along a transmission line in order to support one or more conductors and 
maintain the desired spacing. Since even a single dielectric bead dis- 
turbs a condition of match, a large number of beads distributed along a 
line might have a serious effect on the transmission properties if they 
happened to be so located that their effects were cumulative. In order 
to determine how the effect of a single bead may be magnified or reduced 
by the presence of other beads, let two identical slabs of dielectric, each 
of thickness d and separated an arbitrary distance v between adjacent 
parallel sides, be investigated. The configuration is shown in Fig. 9.1, 
where the slab nearer the load has its nearest side at a distance w from 
the load. 

For the air-filled sections of line the propagation constant is y = a + j8, 
and the characteristic impedance is Z, = R.(1 — j¢-). Although the 


Dielectric beads 


D 


ted pv ——e d+k— w------- > 


Fig. 9.1. Coaxial line with two dielectric beads. 


more general case can be analyzed, let it be assumed for simplicity that 
losses in the dielectric are negligible, so that ¢ is real and gi/wc: is negli- 
gible compared with ri/wl;. The propagation constant and characteristic 
impedance of the air-filled sections of line are 


2 


The parameters of the dielectric-filled sections are 


2 
1 =a1+ 781 Za = RL — jeer) () = $23<1 (1b) 


Since the dielectric is lossless, it follows that 
R. 
a=a Bi = ng Nea = n=Ve (2) 


In order that the section of line between A and E (in Fig. 9.1) which 
includes the two beads may have no effect on the impedance of the line, 
the impedance looking toward the load at EZ must be equal to the imped- 
ance looking toward the load at A for an arbitrary load. That is, 


Ze=Za (3) 
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Complex terminal functions may be defined for each impedance in terms 
of the characteristic impedance of either medium. Thus 


La => Z coth 04 => Let coth O41 = Zs coth O41 (4a) 


Zr = Le coth 62 = Let coth Oz; = Z: coth Oz (4b) 
Evidently (3) is equivalent to 
Ox = O04 or Oz: = 941 (5) 


The question, therefore, is whether (3) and (5) are possible and, if so, under 
what conditions. 

The first step is to obtain expressions for the complex electrical length 
vv (v is the distance between the adjacent surfaces of the two pieces of 
dielectric) in terms of the function @z; = 64: and the thickness d of each 
bead or slab. This is accomplished as follows: First note that, since 
6» = vv + 46s, it follows directly that 


vv = On — 43 (6) 
The next steps involve the evaluation of 6p and 0s. Since 
641 = 601 = yid + 601 (7) 
and Zp = Z, coth Op = 2: coth 0p (8a) 
it follows that 
®> = coth € coth on) = tanh! (n tanh 601) (8b) 


By solving (7) for 61 and substituting in (8b), the desired formula for 
®> is obtained. It is 


Op = tanh-! [n tanh (Oz ea 71d)| (9) 
Similarly, since 
621 = vid + O41 (10) 
and Z; = 2, coth 03 = 2: coth 621 (11a) 
so that 6, = coth! ( coth oss) = tanh! (n tanh 6,1) (11b) 
it follows that 
62 = tanh! [n tanh (04: + yid)] (12) 


The substitution of (9) and (12) in (6) gives the desired formula for yv: 
yu = tanh~! [n tanh (@2; — yid)] — tanh [n tanh (041 + yid)] (18) 
Using the identity 


tanh-! x + tanh-! y = tanh"! a (14) 


14+ xy 
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(13) may be transformed into 


yo = tanh" n{tanh (@2: — yid) — tanh (@41 + yid)] 
1 


— n* tanh (0x1 _ vid) tanh (O41 + vid) (15) 


Fach of the hyperbolic tangents in (15) may now be expanded using the 
identity 
tanh x + tanh y 


tanh (@ + y) = 1 + tanh x tanh y (16) 


After some algebraic manipulation the result is 


2n tanh yid (tanh? 64, — 1) 
17 
71d) (17) 


h yy = ———__ er ee eas 
tanh 1 — tanh? 64; tanh? yid — n?(tanh? 64; — tanh? 


This is a complex equation for yy = (a + j8)v. However, since (3) can- 
not actually be satisfied unless the losses in the section of line between 
E and A (Fig. 9.1) are negligible, it is convenient to reduce (17) to a 
single equation in fv by setting the attenuation equal to zero. Thus 


Y=j8 v1 = jBi = yng (18) 
With (18), (17) reduces to 


2n tan Bid (tanh?04, — 1) (19) 
1 + tanh? 64; tan? Bid — n*(tanh? 04; + tan? 6d) 


Since the left side of (19) is real, the right side must also be real. This is 
possible only if tanh @,, is either real or purely imaginary. In the latter 
case 041 = pa: + ja: must be imaginary, so that ps; must vanish. Since 
this possibility limits the load to a pure reactance, it must be rejected. 
The alternative is 


tan ~v = 


tanh PA + j tan Pa 


T+ tanh ps tan ©, 8 Te? (20) 


tanh 04 = 


For this equation there are two possible solutions. They are 
tanh 6, = tanh pa (21a) 
tanh 64 = coth pa (21b) 


Py = 7 
Tv 
2 
The condition 6, = 6, + @w = 7 means that the edge A of the dielectric 
(Fig. 9.1) is at a voltage maximum; the condition @, = ®, + Bw = 1/2 
means that A is at a current maximum. In general, ps = p, + aw. 
For a sufficiently small attenuation on the line it is possible to set 


®, = 


ps > aw Ps = Pa (22) 


With (22) and the notation 
S = coth p, (23) 


where S is the standing-wave ratio on the line between the edge A and 
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the load, the conditions (21a,b) become 


1 1 1 
’,=%0,+ pw=7 tanh 64 = & tanh 641 = ~ tanh 64 = —— 
(24a) 
$, = 8 + Bw =F tanh 6, = S tanh O41 = > tanh 0, = = 


(24b) 


If these values are substituted in (19) and the results are rearranged, the 
following expressions are obtained for the electrical distance Bu (note that 
n= Ve): 
n(n?S? — 1) sin 2ngd 
(n?S? — 1)(n? + 1) sin? nBd — n?(S? — 1) 
(25a) 


For 4 = 7: fv = tan! 


a n(n? — S?) sin 2nBd 
(n? — S?)(n? + 1) sin? n@d + n?2(S? — 1) 
(25b) 


Matched Line with Two Beads. If the line is matched, pz = ©, S = 1, 
and #, has nosignificance. Theelec- 
trical distance 6v between the two 
beads is 


Bv = tan“! (A. rq cot nga) (26) 


If nfd is sufficiently small so that 
cot nBd + 1/nBd, (26) reduces to 


1 
po = 5 — 5 Bd(n? +1) (27) 


for a matched line. In this case the 
electrical distance Bv, between the 
centers of the beads is 


gv. = B(v + d) = % — 5 pd(n? — 1) 
(28a) 


and Fig. 9.2. Square of standing-wave 


x ratio S in a matched line with two 
ve = 4793 S (a? — 1) (28d) dielectric beads, each of thickness 
d = 0.0635 cm and dielectric constant 


It is seen that two sufficiently thin « = 2-6, separated a distance », = 2.03 
beads must be spaced at a distance °™ Rebyeen renters: 

slightly less than a quarter wavelength along a nonresonant line. The 
square of the standing-wave ratio introduced in an originally matched line 
by two beads is shown in Fig. 9.2 as a function of wavelength. It is seen 
that the line is matched at two wavelengths that satisfy (26). 
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By arranging beads or dielectric supports in pairs, with each pair 
spaced a distance v, as given in (26) or (27), a matched line remains 
nonresonant along all sections between the pairs of beads. 

Resonant Line with Two Beads. If pa is small and the standing-wave 
ratio S is very great, so that the inequalities 


S?>1 eS? > 1 ZS? > 1 (29) 
are all satisfied, the general expressions (25a) and (25b) reduce to 
2n tan nbd 
= . = — —!1 
For $4 = 7: Bu = 7 — tan [ai tented (80a) 
_ oT, _. 4. 2n tan nBd 
For 4 = 3° 6v = 7 — tan = tan nee (80b) 
For sufficiently thin beads or slabs that satisfy the inequality 
(nBd)? K 1 (31) 


the following results are obtained: 
For 4 =r: 
py =7—-Qn'Bd v= x —~ Ind = x ~ d(2n? — 1) (32a) 
Lite 
5° 
r 


sv = x — 26d pad _og w=k—d (32b) 


For ®, = 


It is seen that for a resonant line the pair of beads must be placed almost 
a half wavelength apart. Note that v, is the distance between centers. 

Line with Two Lumped Shunt Capacitances. As considered in Sec. 6, 
a single lumped capacitance C may be represented analytically by a 
dielectric bead in the limit as its thickness vanishes and its dielectric 
constant becomes infinite. The relations are 


C = lim cd(n? — 1) = lim cdn? (83a) 
d—0 d—0 
wR, = lim Bd(n? — 1) = lim dn? (33b) 
sae a ; 
lim n tan n6d = lim n tan oR: = wR, (33c) 
d—0 n> 0 
With these relations (25a) and (25b) may be reduced to the following: 
- 2wCR, 
For 4 = 0: Bv = tan aOR i+ ls (34a) 
i _ a 20CR, 
For 64 = 5° Bv = tan CR? —1 483 (34b) 
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For the matched line with S = 1 these reduce to 


me _, oR. 
pv = 5 tan 9 (35a) 
with GOR <A. ood’ (35b) 
e 4 2c 
where c is the capacitance per unit length of the air-filled line. 
For the resonant line, 
For , = 0: bv = r — 2 tan—! (wT R.) (36a) 
with (WCR)?K1 y= d—2C (360) 
wT r 
For 4 = 5: 6v = 0,7, 27, ... v=a»A% +: (37) 


If the first capacitance is placed at a voltage maximum, the second 
capacitor must be somewhat less than \/2 from it. If the first capaci- 
tance is at a current maximum, the second capacitor must be exactly a 
half wavelength from it. 

10. The Double-slug Transformer.‘* A coaxial transmission line con- 
tains two identical slugs, each of length d, consisting either of dielectric 
material with relative dielectric constant ¢,, as shown in Fig. 10.1a, or of 
metal sleeves, as shown in Fig. 10.1b. The characteristic impedance of 


a E D B A 
generators —__ VZV > TIN 


— d —>K— v-—>«— d—1 


(6) 


Fie. 10.1. Double-slug transformers in a coaxial line. (a) Dielectric-slug transformer 
(Bid = /2). (b) Metal-sleeve transformer (6d = x/2). 


the main line and of the section of length v between the slugs is Z., and 
the propagation constant is y = a + j8. For the parts of the line con- 
stituting the slugs (regions 1), the parameters are Z.; and y1 = a1 + jf. 
Since the transformer is to serve as a reactive device, only good dielectrics 
and low-loss conductors are involved. For these the reactive properties 
are essentially the same as for perfect dielectrics and conductors, and the 
losses are negligible compared with the dissipation in the load. There- 
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fore it is adequate to neglect attenuation in the slugs and the region 
between by setting 
y = 38 Z= R. (1a) 
mi=3B:  21= Ra (1b) 


If the slugs are dielectric, 


Ro fe (2a) 
m 


bi=8 Ve Re = = 
Ve WV 
If the slug consists of metal sleeves of radius a; greater than the radius a 
of the inner conductor, 
fi=-8 Raa R, Oo) __F 


“In (6/a1) — 4/m 


The symbol m has been introduced in (2a) and (2b) to stand for either 
€, OF | 2 O/a0 @/ad | 
i In (b/a) 

The properties of the transformer may be studied by deriving a formula 
for the complex terminal function 6x of the arbitrarily loaded line to the 
right of EH in Fig. 10.1. Steps in the derivation are outlined below. 
The impedance looking toward the load at A is 


(2b) 


Zs, = Z. coth 04 = _ coth 041 (8a) 
so that tanh 041 = _ tanh 64 (3b) 


The impedance looking to the right at B is 


Z. 
Zp = Z. coth Oz = am coth O21 (4a) 
so that 0s = cothe? ( : coth on) (4b) 
m 
However, Oa1 = jBid + 941 (5) 


Let the length of the slugs be so chosen that 
Tv 
fd = % 6) 
If (6) is used in (5), it follows with (8b) that 
coth 63, = coth G + O41) = tanh 04; = Zo tanh 64 (7) 


/m 


By substituting (7) in (4b) the following result is obtained: 


62 = coth— (2 tanh 0.) (8) 
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By a similar procedure it is readily shown that 


6z = coth™! E tanh (j8v + 0) | (9) 
so that, with (8) in (7), 


82 = coth—! (2 tanh EE + coth-! (2 tanh 0.) | (10) 


_ This is the desired expression. By expanding the hyperbolic tangent of 
the sum, (10) may be transformed into 


1 + (j/m) tanh 6,4 tan pv 


= i = —1 
Os = ps + jPs = coth tanh 64 + jm tan Bv (11) 


If the normalized admittance looking to the right at A is introduced by 

setting 

tanh 64 = coth 6, = ys = ga + joa (12) 
sinh 2(aw + p,) 


where 94 ~ cosh 2(aw + p.) — cos 2(Bw + &) oe 
Cees — sin 2(Bw + #7) 
be = cosh Blew + p.) — cos 28a + &) coi 


and where, as usual, 

Ou = pat j@e = pat j® = be —F 
#, and p, are the terminal functions of the impedance Z, terminating a 
length w of line extending from the end of the slug at A to the load. 


If (12) is substituted in (11), the real and imaginary parts may be 
conveniently separated by introducing the following identity: 


x + 


coth! = 3 1n aa (14) 

The results are 
pe= glnA Bg = 3(yn + Yo) (15) 

where 
ree ie Id ea ea Ball” ayes 
~ ([1l — ga — (64/m) tan Bo]? + [ba + (m — ga/m) tan Bo]? 
— ten 1 04 + (m + ga/m) tan Bo 

vv = tan“ TZ pe Gs any a (160) 
Lee ere ba + (m — ga/m) tan Bv (16¢) 


1 — ga — (ba/m) tan Bv 
If the line is matched so that Z4 = Z, = Z., ga = 1, and b4 = O, great 
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simplification is achieved. Thus 


=A 4 + (m + 1/m)? tan? Bo 
pe =n Gm — 1/m)? tan? Bo ia) 
ee oe + 5 tan (nt im a ao) (176) 


The standing-wave ratio S = coth pz, with pz as in (17a), is shown in 

Fig. 10.2 as a function of 6v, with 

30 m as parameter. It is seen that by 

20 varying $v the double-slug trans- 

former can introduce a value of S in 

the matched line ranging from 1 when 

* Bv = 0 and pz = © to a maximum 

e S = m? when $v = 7/2 and pz = 

8 ¥ In [(m? + 1)/(m? — 1)] = coth m?. 

” The double-slug transformer may 

be adjusted in two ways: (a) The 

point midway between the slugs is 

fixed, and both slugs are moved simul- 

taneously toward or away from this 

) 20 40 60 80° ~=s- point, thus varyingv. (b) Bothslugs 
Av are moved in tandem with v fixed. 

Fie. 10.2. Standing-wave ratio intro- a. Center of Transformer Fixed; 

duced in a matched line by a double- Spacing of Slugs Varied. Let the 


slug transformer when its center is fixed 
and the electrical distance Bu between center of the transformer be fixed 


the slugs is varied. at a distance u from a convenient 
reference point between the trans- 


former and the generator. The phase function at the reference point is 


®, = B(u — d — 5v) + x (18) 


1 


When the slugs are in contact, v = 0, and 


(P.u)o-0 = B(u — d) + (Pz) 0-0 (19) 
The phase difference between (18) and (19) is 
A®, = (Pu) .=0 —-h& = (@z) 0 = Og + xAv (20) 


The value of (@z),-9 is obtained from the general formula (15) with 
(16b,c).. It is 


ba ba 
=i -1 =f 
(@z).-0 = 3 (tan ears + tan i -.) 


—2b 
ai to —i~ * ee 


_ tan“! 
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With (15) and (21) in (20), the phase difference is as follows: 


Ab, = O4 — 3(bw + Yn) + 360 (22) 
For the matched line 64 = 37/4, so that 
Ad, = 5 E — tan7! (ee tan av) | (23) 


This function is represented in Fig. 10.3 as a function of 6v, with m as 


parameter. 

The electrical separation fv of the 
slugs for the maximum value of A®, 
for a given m is obtained by equating 
the derivative of A®, in (23) with 
respect to Bv to zero. The result is 


es 2 
Bmx = tan f m+ 1/m (24) 


If this value of 6v is substituted in 
(23), the maximum phase shift turns 
out to be 


2 
rare = 
(A®,) max =s (tn 1 Javon 
ere eo 
2 


ve 


ss Wis @ 


The locus of maximum values of A®,, 
is indicated in Fig. 10.3. 

Note that the change in the phase 
function produced by the double- 
slug transformer, when its center is 
fixed in position in a matched line 
and the two slugs are moved together, 
is relatively small in comparison with 
the rather large change in attenuation 
function and standing-wave ratio. 
It is for this reason that the adjust- 
ment of the transformer by varying 


20° 


15° 


Locus of maxima 


10° 


4®, 


5° 


0° 20° 40° 60° 80° 
fv 
Fic. 10.3. Change in the phase function 
®, introduced in a matched line by a 
double-slug transformer when its center 
is fixed and the electrical distance fv 
between the slugs is varied. 


v, with the location of its center fixed, is significant primarily as a means 
for varying the attenuation function pz rather than ®,. 

b. Spacing of Slugs Fixed; Entire Transformer Moved. In order to 
investigate the effect of moving the entire transformer along the line, 
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consider an arbitrary reference point P, at a distance u from the left 
side E (Fig. 10.1) of the transformer. Let the complex terminal func- 
tion of the line to the right of P, (Fig. 10.4) be 6 = pu +j®.. The 
length of line from the right side A of the transformer to the load Z, is w, 


Double - slug 
transformer 
Zz, BR “i 
To «2 
(load) 
jp ——— u Ay typ —— w 
dud 


Fie. 10.4. Double-slug transformer with the distance v between slugs fixed and the 
entire transformer moved between a fixed load Z, and a fixed reference point Py. 


so that the distance from the reference point P,, to the load is 
& =ut%Wd+ovt+w (26) 


This distance is kept constant as u and w are varied equally and oppo- 
sitely. Evidently u + w is also constant for any given value of v. 
The phase function ©, is given by 


&, = Bu + bz = But a(bw + ve) (27) 


where #z is given by (15) with (16b,c). In order to examine %, as u 
and w are varied, it is necessary to express the normalized admittance 
ya = ga + jb. in terms of the distance w. The appropriate formulas are 
(13a) and (130). 

Since, when the line is matched (Z, = Z., p, = ©), the impedance 
terminating the transformer is always Z, for all values of w, it follows 
that there is no effect whatever on 6, as the transformer is moved, with 
v fixed, when the line is matched. When the line is sufficiently mis- 
matched so that p, is quite small, the following condition may be imposed: 


(aw + ps)? K1 (28) 

so that (13a,b) reduce to the following: 
ga = (aw + p,) csc? (Bw + 8) = (aw + p.) sec? (Bw +) (29) 
ba = — cot (Bw + #1) = tan (6w + 4,) (80) 


Except over a small range near Bw + ©, = nz, ga is small and may be 
entirely neglected in determining the general nature of the variation in 
,. If (30) is used in (16b,c) and ga is set equal to zero, the following 
expression is obtained for ®,, as defined in (27): 


m tan Bv — cot (Bw + #8) 
1 + (1/m) tan Bv cot (Bw + #) 
When fv = 0, & = B(u + w) + &,, which is constant for all values of 
u and w which have a constant sum. For all other values of fv, ©, varies 


@, = Bu + tan! (31) 
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significantly with u and w when u + w = constant. For example, when 


po = 4/2, 
@, = Bu + tan—! [m? tan (Bw + #/)] (32) 


This formula is studied conveniently 70° 
if the constant quantity 


Buo = Bu+w) +, 
is introduced. Note that, with 
Buy = &.(Bw + &; = 0) 


the change in phase function may be 
defined as follows: 


Abd = G, — ©, (Bw + & = 0) 
tan—! [m? tan (Bw + #%)] 
— (6w+) (33) 


This function is plotted in Fig. 10.5 
with Bw + © as the variable and mas 
parameter. Clearly, if the load is far 
from matched, the phase furiction ©, 0° 30° 40? 60° BO 


may be varied over a wide range by Auwt+ % 
moving a double-slug transformer for Fie. 10.5. Phase change introduced by 
which m need not even be great. moving a double-slug transformer 


It follows directly from (15) with With slugs separated a quarter wave- 
(16a) that pz is small if gs is small. eer erie nace Saeee: 
This is conveniently shown by expressing (16a) as follows: 


4a, [P4294 _ P+ 296 


P—2g,  +/P* — 493 


(34) 
where 
P = (1 + gi + 03) cos? pu 

+ 2b. (m _ +) sin By cos Bu + (23 + os + n*) sin? Bv (35) 


When ga is small, the following inequality is valid: 


Sg, ” (36) 
so that (34) reduces to A = 1 + 294/P and 
2 
px = 4in(1 +) 2 & (37) 


It follows that pz is small and that therefore p, = au + pz also is small, 
since the attenuation au of the section of line is assumed to be insignifi- 
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cant. By inserting (30) in (85) and neglecting g?, it follows with (32) 


Ps (cos Bu + sin? av) cot? (Bw + £/) 
— (m _ *) sin 28v cot (@w + ©!) + cos? Bv + m? sin? Bv (38) 


The variation of pz with Bw + & is conveniently studied with Bv = 7/2. 
In this case 


P=m+ cot? Gu + ®;) (39) 
so that, with (29), 


pr = sin? (Gw + 8) 4 (1/m®) cos® (Bw + ®) 


This formula shows that p, = pz + au = pz ranges between m?(aw + ps) 
and (aw + p,)/m? as the transformer is moved an electrical distance 1/2. 
Note that, for moderate values of m, p, is small over the entire range. 
11, Lossy Terminations for Nonresonant Shielded Lines. ‘Two types 
of termination which result in matched lines with standing-wave ratios 
S = 1 are useful. They are a relatively thin disk or slab of material 
with large leakage conductance placed at a quarter wavelength from a 
highly conducting piston, and a rather long section of line with a dielectric 
medium characterized by a moder- 
Short-circuiting plug ately small leakage conductance. 
Resistive Disk. The properties of 
the resistive-disk termination may be 
derived directly from Sec. 6, in which 
the general formulas for a dielectric 
slab at an arbitrary location along a 
Fic. 11.1. Resistive disk with high- transmission line are given. The 
impedance stub terminating a coaxial ; A 
line. complex terminal function 6s = ps 
-+ 7&', of a section of line of length d, 
propagation constant +1, and characteristic impedance Z.1 between the 
planes B and A (Fig. 11.1) along an arbitrarily terminated line is given in 
Sec. 6, Eq. (18), in the form 


eo. = 2 In coth 6, + 1 + (77! coth 6, + r.) tanh yid (1) 
5 ~~ 2” coth 64 — 1 — (171 coth 64 — 7.) tanh yid 

where, in the general case here considered, r, = Z,/Z.1 and coth 6/, is the 

admittance looking toward the load at surface A normalized to the char- 

acteristic impedance Z, of the main line. If the section of line to the 
right of the disk in Fig. 11.1 is essentially reactive and adjusted for maxi- 
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mum input impedance, 6, = pa + j®, = jx/2, so that 


coth 6, = 0 (2) 
It follows that 
Paige (3) 


r, tanh yid — 1 


Since the thickness d of the resistive disk may be kept very small, the 


conditions 
(aid)?«K1 (6:d)?<«1 (4) 


are appropriate. With them the hyperbolic tangent in (3) may be 
replaced by its argument. Since the leakage conductance of the slab 
must be quite high, the condition g? > wc? is appropriate. The param- 
eters for this case are given in Chap. II, Sec. 13, Eqs. (476). They are 


a, = By = aH (5a) 
_y._ feria 
Ra aes Xe 291 gu (5b) 
It follows that 
tanh yid = yid = a.d(1 +7) (6a) 
— zZ. oe R. 2 Pass Regi 
hes Za Ra(l + 7) ai(l +9) (66) 
With (6a) and (6b), (3) becomes 
. R.gid te 1 
ri Fes A bad £ ese 
6; = PB + j®, Ts. gin R.gid = 4 (7) 


Three cases arise as follows (note that S is the standing-wave ratio): 
For R.gid > 1: 
; R. d + 1 fot 
6, =0 pp = 3ln Rael = coth— R.gid S = Rgid (8a) 
For R.gid < 1: 


1 + R.gid 1 


/ = us = 1 = —1 = 
D, 9 ps = x In l= Ra tanh R.gid S Raa (8b) 
For R.gid = 1: 
, us 
$;, = 4 pa = © S=1 (8c) 


A comparison of these results with those for a predominantly resistive 
termination in Chap. IJ shows that the thin disk is equivalent to a lumped 
resistance 

1 


Rs = gid (9) 
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Lossy Line. If the losses are not primarily confined to a thin disk of 
relatively high leakage conductance but to a rather long section of line 
of length d (Fig. 11.2) with an imperfect dielectric, formula (1) is also 
applicable. Let it be assumed that the lossy section is terminated in a 
conducting plug, so that 6, = pa + j®, = 0. In this case coth 6, = ~, 

so that (1) reduces to 
Short- circuiting plug 


Lossy line 
ee ee 
ce ee 


1 + 1;' tanh yid 


| eS 
8p =sinj — r-! tanh yid 


(10) 

A 

Since the lossy section is to be quite 

PE long, it is possible to have the attenu- 

Fie. 11.2. Lossy line terminating a ation per unit length moderately low, 

oan ine. so that Chap. II, Sec. 13, formulas (1) 

to (9), apply. If r/wl is negligible 

compared with g/wc, Chap. II, Sec. 13, formulas (46d), are applicable. In 
either case Sec. 6, Eqs. (11c,d), apply in the form 


_ _ Rk era anata ae, ta OT a 
~= re(1 + jor) rr. = Rar br = c1 oe = x ( , ) (11) 


It is assumed that ¢? < 1. 
In order to separate real and imaginary parts in (10), note that 


1 — e~Pade?8d 1 — 5 
tanh vid = Tf en tade itd = i+s (12) 


where 8 = 6, +75; = e~2™4e—72814 = e—2™4 (cos 281d — 7 sin 28,d) (13) 
For sufficient attenuation it is necessary that d be long enough so that 
62 = ett KI aid = 0.6 (14) 
If (11) and (12) are substituted in (10) and only the leading and first- 
order small terms are retained, the following results are obtained: 


— ro +1 + 6,(r. — 1) 

peal th FD) ) 

5; (Te oe 1) ae or 5:(Te + 1) a or (16) 
rot 1+ 6(re — 1) ro —- 1+ 6,(re + 1) 


Neglected terms have the coefficients 6,¢,, 6:¢,, ¢7, and 63. 


In order to have the main line exactly matched to the lossy section at B, 
it is necessary that p; become infinite. This requires the following 
condition: 


$f, = 5 tan“! — % tan"! 


1—f, 
1l+r, 
By solving this expression for e?«4 and then taking the logarithm of both 
sides, the following equation is obtained: 


r, = tan-! r, -+ In cos 26.d (18) 


6, = e214 cos 281d = (17) 
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Alternatively, from (17), 


_k 1-6 1 —e 4 cos 26id (19) 
re" Ra 1+6, 1 +e" cos 26d 

Evidently 2.1 must be somewhat greater than R, depending on the length 
d of the short-circuited lossy section of line and its attenuation constant 

a, and phase constant A. : 
Coaxial Resistor. Since the resistive-disk termination must be \/4 in 
length and the lossy line considerably longer, both are physically cumber- 
some except at very short wavelengths. This is not true of the coaxial 


(b) 


Fia. 11.3. Coaxial resistor terminating a coaxial line. 


resistor,!!5:128 which may be quite short (less than 0.1\ in length) and 
yet maintain a standing-wave ratio as low as 1.01 over a wide frequency 
band. 

In its simplest form the coaxial resistor consists of a short section of 
coaxial transmission line of length s, terminated in a short circuit, as 
shown in Fig. 11.3a. The inner conductor of this section consists of a 
cylinder coated with a layer of resistive material. This coating can be 
made so thin (e.g., of the order of 10-5 mm) that skin effect is negligible 
and its resistance per unit length is virtually independent of frequency 
up to 10,000 Mc/sec. It follows that the d-c resistance Ro of this cylin- 
der is also its high-frequency resistance in the sense that the resistance 
per unit length of the inner conductor is r, = Ro/s, independent of the 
frequency. The outer conductor may be assumed to be lossless, since its 
contribution to the resistance per unit length is negligible. The charac- 
teristic impedance and the propagation constants of the coaxial line form- 
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ing the resistor (subscript 7) and of the main line are 


L te =— ee 
y= 0, +i = je Vie 72 y= i= Jove 1) 


where the line constants are defined in the usual manner. For simplicity 
the main line is assumed to be lossless. Note that in the absence of mag- 
netic and dielectric materials Ic = l,c, = 1/v2, so that 


B= 0 Vie, = 0 Vle 
Let it be required that the resistance Ro of the coaxial cylinder be made 
equal to the characteristic resistance of the main line. That is, 


Ro = R. (22) 
For convenience, let the following ratio factor be introduced: 
_ fle, _ Re Pe ee ee 
Te = tl.” Ree (7, = 0) = R., (r, = 0) (23) 


With (23), (20) and (21) may be expressed as follows: 


Leg 1 Ji- ae Bs, ‘ 
— =-,/1 — = =, /— —- 24 
a j 3s, TaN j (24) 
i~/r-Bs, |Bs. 
I, e 
The input impedance of the short-circuited coaxial resistor of length s, is 


Z, = Z., tanh y,s,. The normalized impedance terminating the main line 
referred to Z, is 


_% _ be ae ae eae 
Zy = Z7-Z tanh y-s, = Jame j tanh (; 1 BSy J oS 5 — 5) 


(26) 


Since the coaxial resistor is to be kept short compared with the wave- 
length (s, S$ 0.1)), it follows that 8s, is less than 1, so that (26) may be 


expanded in powers of fs, This leads to the formula! 
=1l+m-+gn (27) 


— 68 oo @ 
m = pat (3 — 2 2) + put (2 — 802+ 9%, rt) + (28a) 
n= Oli — Fae + ort ( — 212+ gh rt) 


2 34 62 1,382 
404 eee anda 4 = prt 6 eee 
Bee (3 105" + 567° — 155,992 *:) + (280) 
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In practice, r? lies in the range 4 < r? < 4.8, in which (27), with (28a) 
and (28b), is in error by less than 0.005 if s,/A < 0.1. If m and n are 
small, the standing-wave ratio on the main line when terminated in 2;, is 


S= 214 Vm pa (29) 


1-T 


where I = |(21, — 1)/(21, + 1)|. If m, n, and S are plotted as func- 
tions of Bs, or s,/A with r3 as a parameter, it is found that, in the range 
0 < s, < 0.1, m rises most slowly when r, = +/5 and that the initial 
slope of n can be made to vanish when r, = 1/3. The lowest standing- 
wave ratio occurs very nearly when r, = +/3, and this, then, is the 
optimum value for the simple coaxial resistor shown in Fig. 11.34. How- 
ever, even when r, = +/3, the standing-wave ratio increases with S/d 
from unity at s, = 0 to 1.11 when s,/A = 0.1. 

The condition r, = ~/3 is that for which the reactive part n of the 
normalized terminal impedance 21, has a zero initial slope. Clearly, if 
the reactance could be compensated by other means and r, were adjusted 
near the value +/5, for which m in (27) is virtually zero in the range 
0 <s,/X S$ 0.1, the condition of match could be improved greatly, and 
the standing-wave ratio kept much nearer 1 as } is varied in this range. 
One method of accomplishing this is to undercut the inner conductor of 
the main line for a length s., as shown in Fig. 11.3b. By applying the 
method outlined in Sec. 6, it can be shown that a normalized impedance 
21, = 1 + m + jn terminating the main line on the right of the undercut 
section (characteristic impedance Z,.) gives a normalized impedance 
212 = Z;/Z, terminating the main line on the left of the undercut section. 
This is given by 


Zip = (1 + m) E + 2n tan Bs. + ( — s) tan? pe. | 
+j {n - E — a tan as (30) 


where r, = R../R- > 1. The formula is a good approximation when 
re > 1.5, m < 0.1, n < 0.5, and tan Bs, < 0.3. 

Although both the resistive and reactive parts of the impedance termi- 
nating the main line are altered by the added undercut section, the change 
in the reactive part is much greater. Thus, by adjusting the under- 
cutting to make the reactance vanish and selecting r, to make the normal- 
ized resistance as near 1 as possible, a very low standing-wave ratio may 
be achieved. In general, this means a value of r, slightly greater than ~/5. 

The reactance vanishes when 

—n 


8 1 = 
x Be OO TF mF Wr, (1) 
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and the normalized impedance of the resistor becomes 


n? 


n? : 
-a|s-7e areal} 


Although r, may be chosen freely in theory and should preferably be large, 
practical limitations usually restrict it to the range 1.5 <r, S$ 2. Inthis 
manner a standing-wave ratio of 1.11 for a simple coaxial resistor (Fig. 
11.3a) may be reduced to 1.01 when s,/A = 0.1. 

The analysis of the undercut line which culminates in (32) ignores the 
junction effects resulting from nonuniformity in the parameters of the 
line over short distances on each side of the undercut section. It is 
shown in Sec. 14 that a change in radius of the inner conductor of a 
coaxial line may be expressed in terms of uniform-line theory on each 
side of the junction, provided a small lumped capacitance of appropriate 
magnitude is connected in parallel with the line at each discontinuity. 
Since these capacitances have been ignored in deriving (32), a further 
correction is required. This involves small changes in r, and the defi- 
nition of modified values of m and n. The design of a coaxial resistor 
that takes account of these effects is given in the literature,!!® as well as 
descriptions of other methods than undercutting for compensating the 
reactance. 

12. Closed and Open Ends as Reactive Terminations in Two-wire and 
Coaxial Lines.*?}°* An ideal closed end for a transmission line has zero 
impedance, or terminal functions p, = 0 and ®, = 7/2. Terminations 
of this kind are discussed in Chap. II, Sec. 21. 

By an analysis of a closed rectangle the apparent (measurable) induct- 
ance L.q of a bridge is determined in Chap. II, Sec. 20, as the sum 
Lea = L, + Lr of an ideal inductance L, of the bridge when terminating 
a fictitious line that is uniform even in the terminal zone and an induct- 
ance Lr that corrects for the difference between the actual nonuniform 
inductance in the terminal zone and the constant value assumed in con- 
ventional line theory. The ideal inductance L, of the bridge is given by 
Chap. II, Sec. 20, Eq. (9). The lumped corrective inductance Lr of a 
straight bridge may also be evaluated by the general method described in 
Chap. II, Sec. 4, where Lr is defined by Chap. II, Sec. 4, Eq. (8), with 
ai(w) = 0 (since there is no inductive coupling). That is, 


Zip = Ya = (1 + m) 1- 


—— f * Tle(w) — le] dw (1) 


where Ig(w) = au | (2) 
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ane anki alae 
ko(w) = sinh7! , sinh 7 + In - (3) 
1, b 
=k (w- oS emer ee (4) 


The integration of (1) is easily carried out using (2), (3), and (4), with 
d?>>b?. The result is 


(5) 


in agreement with Chap. IT, Sec. 20, Eq. (10). The approximate general 
method based on Chap. II, Sec. 4, Eq. (3), is thus verified in one special 
case. 

An experimental determination of the apparent terminal inductance 
Liq = L, + Lr has been made for three values of the radius a, of the 
terminating wire bridge, namely, a, = 0.0794, 0.1588, and 0.2382 cm. 
The ratio (L, + L7)/l¢ as a function 
of a, is given in Fig. 12.1. The 
experimental data are those of 
Tomiyasu; the theoretical values 
have been determined using Chap. 
IT, Sec. 20, Eqs. (9) and (10). The 
agreement is good for the smaller 
radii. For the larger radii the as- 
sumption of rotational symmetry 0.1 0.2 0.3 
for each conductor, with the cur- Radius ag of wire bridge 
rent concentrated along the axis in PES 
determining the vector potential, is Fie. 12.1. Apparent terminal inductance 

, : y of a wire bridge (Tomiyasu). 
not a good approximation near the 
corner. The mean current follows a somewhat shorter path that reduces 
the effective inductance L,. It is this decrease, not included in the theo- 
retical curve in Fig. 12.1, which accounts for the smaller measured value 
of (L, + Lr)/ls. 

An ideal open end for a transmission line is an infinite impedance, with 
ps = 0 and , = 0. In practice, an open end is obtained by providing 
no connections between the conductors. But such an open end is not 
ideal in the sense that the apparent (measurable) impedance terminating 
the line does not have X,. = © or &,, = 0, even though the theoretical 
reactance of the termination is X, = ©. Owing to the rise in capaci- 
tance per unit length as the open end is approached (Chap. II, Fig. 3.2), 
the use of conventional transmission-line formulas with X, = © does not 
lead to the correct apparent impedance. The lumped capacitance Cry 
required to correct the error introduced by the use of co instead of co(w) 
is given by Chap. II, Sec. 4, Eq. (4) [with ¢:(w) = 1, since there is no 


ae 
co) 


(Lo+L7) igem 
° 
(61) 


oO 
oO 
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coupling to a load], viz., 


Cr = [" feo(w) — co] dw 6) 
where, for the two-wire line, 
2re Te 
col) = Fan) Co = Co (w= 2) nie) (7) 


with ko(w) given by (8). 
For the coaxial line 


clu) = A = w= 2) = a 8) 


As shown in conjunction with Chap. II, Sec. 1, Eq. (32), ko(w) as given 
in (3) for the two-wire line is also a good approximation for the coaxial 
line if b is replaced by ae, the inner radius of the shield, and a by ai, 
the radius of the inner conductor. It follows that ko(w) in Chap II, 
Fig. 3.1, may be used for the coaxial line. 

Cr in (6) has not been evaluated in closed form, but specific cases may 
be computed numerically. As an example, consider a two-wire line with 
a = 0.1588 em and b = 2 em or a coaxial line with a; = 0.1588 cm and 
a. =2cm. For the two-wire line co = 10.96 uuf/cm, and for the coaxial 
line cy = 21.92 uuf/em. For both lines Cr = 0.416co. It follows that, 
insofar as measurements on the line at some distance from the end are 
concerned, an open end is not equivalent to an infinite reactance but 
rather to the reactance of a small capacitance C7. 

An approximate simple formula for Cr may be obtained in the form 
of a series in inverse powers of the quantity 2 In (6/a) for the two-wire 
line [or 2 In (a2/a:1) for the coaxial line]. The approximate formula is 
derived using ko(w), as defined in (3), in the following equivalent form: 


Kina 2® (2 in *) (9) 
_ In (w+ Vw? + 8?) — In (w+ Vw? + 2) 
where 6 = 2 In (b/a) (10) 
With (7) and (9) it follows that 
co(w) —c 86 om 
= a eee tek ae (11) 


Since 6 is always less than 1, the denominator in the middle term in (11) 
may be expanded in series as indicated on the right. If the leading term 
is retained as a fair approximation if 2 In (b/a) is sufficiently great, it 
follows from (6) that 

Cr = co f° 5dw (12) 


With d = 10b (so that b? and \? may be neglected compared with d*) 
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the integration of (12) with (10) leads to the following simple formula 
for the two-wire line: 


Cr = co(b — a) = ae(b — a) 

2In(b/a) [In (b/a)]? 
(The same formula applies to the coaxial line if az is substituted for b 
and a; fora.) For a = 0.1588 cm and b = 2 cm, the approximate for- 
mula (13) gives Cr = 0.365co, whereas the more accurate value obtained 
by numerical integration is Cr = 0.416cy. In this case b/a = 12.6. The 
accuracy of (13) is improved as b/a is increased. 

Cr was measured on a two-wire line (a = 0.1588 cm, b = 2 cm) with 
open end and by Tomiyasu using three types of ends: (1) flat closed ends, 
(2) hemispherical ends, and (3) open tubing. The measured capaci- 
tances in the form C7z/co are listed in Table 12.1; the smallest value is 
for hemispherical ends. This is to be expected since both the flat end 
surface and the interior of the tubing are charged near the ends. The 
theoretical value is Cr/co = 0.42 cm. If the length of line is measured 
along the surface instead of along the axis, Cr/cy = 0.58 cm, and this 
corrected value is in very good agreement with experiment, as shown in 
Table 12.1. In any event, small errors of the order of magnitude of the 
radius a of the conductors are to be expected in the quasi-one-dimensional 
analysis underlying these results. 


(13) 


TaBLe 12.1. Crp ror Two-wirE LIne 


Type of end Cr/co, em 
Flat closed.................0000.. 0.60 
Hemispherical................... 0.58 
Open tubing..................... 0.65 
Theoretical...................... 0.42 
Theoretical (corrected)............ 0.58 


It is interesting to examine the distributions of scalar and vector 
potential difference, charge per unit length, and current near an open 
end. A qualitative picture is readily obtained if the conductors are 
assumed to be perfect. It follows from Chap. I, Sec. 4, Eqs. (9a,b), 
that both V(w) and W,(w) satisfy the one-dimensional wave equation, 
so that both these functions are sinusoidally distributed even in the ter- 
minal zone. It follows that the known distribution of V(w) outside the 
terminal zone, as obtained with a termination Cr, may be extended into 
the terminal zone. Thus in Fig. 12.2b the function V(w) is shown as a 
cosine curve with its maximum at a distance Cr/cyo beyond the actual 
end of the line. For a dissipationless line it follows from Chap. I, Sec. 4, 
Bigs. (6a), (7), and (8), that 

1 dV(w) 
W.(w) = jos Oi (14) 


so that the curve for W,(w) is a cosine curve like that for V(w), but 
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shifted a quarter wavelength along the line (and a quarter period in time). 

Such a curve with an arbitrary amplitude is given in Fig. 12.20. 
The leading term in the distribution of charge per unit length is 
obtained from the relation g(w) = V(w)co(w), where co(w) rises rapidly 
for the terminal zone from a constant 


qo(w) co to 2co at w = 0, as shown in 
Vo(w) Chap. II, Fig. 3.2. An estimated 
I,(w) curve for g(w) is sketched in Fig. 12.2, 
with amplitude scaled to equal that 
W.o(w) of V(w) for convenient comparison. 
(a) The distribution of current may 
be derived from Chap. II, Sec. 3, 
1q(w) Eq. (14), which, with (14), may be 

/ expressed as follows: 

A W.(w) Bopo(w) 

L(w) = +5 Viw 15 
I(w) ( ) le(w) jusle(w) ( ) ( ) 

AU) ; ie ae 
w<| Cr Alternatively it is given by the equa- 

(b) Tt tion of continuity: 

Fig. 12.2. Distributions of scalar and dI,(w) _ . 

vector potentials, charge per unit dw jog (w) (16) 


length, and current near the end of a 


two-wire line. (a) Ideal distributions Actually it is readily sketched simply 


derived from uniform-line theory. (6) 
Actual distributions that take account 
of end effect. 


by noting that outside the terminal 
zone I,(w) = W.(w)/l* and that at 
w = Oitmust vanish. Anestimated 


curve of I(w) is shown in Fig. 12.2, with amplitude arbitrarily set equal 
to that of W(w). 

It is to be noted that the behavior of the potentials, current, and 
charge per unit length in Fig. 12.2b differs greatly from that at an zdeal 
open end, as shown in Fig. 12.2a. 

13. Junction of Two Open-wire Lines with Conductors of Different 
Radii. An open two-wire transmission line consists of a left-hand part 
extending from the generator at z = 0 to z = s; and a right-hand part 
extending from z = s, toaload atz = s. + s, = s. The distance between 
the centers of the wires in both parts is b; the radius of the conductors in 
the left-hand part is a;, and that in the right-hand part is a,. Without 
restricting the generality, let a; = a,. The line is shown in Figs. 13.1 
and 13.2. 

Consistent with the conditions imposed on the uniform two-wire line 
in Chap. I, Sec. 4, let the following inequalities be assumed satisfied: 


|ebi?<1 
b? < s? b? < s? 


(1) 
(2) 
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For the present, let the restriction 
a? S a} <b? (8) 


be imposed. The more general case in which 6 is not so restricted is 
introduced later in this section. 

At distances to the left and right of the junction JJ each part of the 
transmission line is uniform, with propagation constants y; and y, and 


ke ~ —w’— ——> 
——wW 
¢ 
Ra F, Pet Se 


a or ee 
® 2a, do’ / nae 7 ——————__f- ¥2a, 
/ “ 


' 

‘ 

[Ri = Ror 6 

/ Tie i 
aaa a ee ee 

Qa = 
F, 
Wae——}- —P 
2S) 


Fie. 13.1. Junction of two two-wire lines with conductors of different radii. 


z=0 ru z=8)+s,=8 
v t-A/2>4— A/2> y 
1 J 2 
3 Co es, 
Zi 1 J 2 
3(Zi-Zia)~ 7 (211-22) 


3(Z11-Zy2) 3 (2,-2.2) 


Fig. 13.2. Junction of two two-wire lines and equivalent T network of the junction. 


characteristic impedances Z. and Z,,. As the junction is approached. 
from each side, the inductance and capacitance per unit length become 
functions of the distances w and u from the junction owing to changes in 
cross-sectional dimensions and the existence of the new chargeable and 
current-carrying annular surfaces. In a region extending a distance 
d ~ 10b on each side of the junction, variable parameters y(w) and Z.(w) 
must be substituted for the constant parameters y and Z.. 

The purpose of the analysis is to replace the actual circuit, involving 
regions in which uniform-line theory is not applicable, with an idealized 
circuit that is electrically equivalent insofar as measurements on the lines 
outside a junction zone of length 2d are concerned. This is equivalent to 
replacing the section of line of length \ extending from 11 to 22 in Fig. 
13.2 by an equivalent T network, as shown. If the line were uniform 
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between 11 and 22, the series and shunt elements would be given by 
Chap. III, Sec. 12, Eqs. (7c,d). Neglecting losses in this length, the ele- 
ments are $(Z1, — Zi2) = O and Zy, = ©. That is, the section of loss- 
less uniform line of length has no effect; it may be included or omitted 
as desired. Evidently, by determining the inductance and capacitance 
per unit length for the line sections between 11 and 22, subtracting from 
these the respective constant values for the uniform lines, and integrating 
the differences over the junction region, the series and shunt elements of 
the equivalent T section may be obtained in the form 21 — Zi. = jolr 
and Zi. = —j/wC'r, where Lr and Cry are evaluated using the scalar and 
vector potential differences. 

Following the general method of Chap. I, Sec. 4, and Chap. IT, Sec. 1, 
the scalar potential difference between points F; on the two conductors 
(Fig. 13.1) at a distance w to the left of the junction may be evaluated 
as the sum of the following three parts: 

Vi(w) = Vu(w) + Vir(w) + Vi;(w) (4) 
where Vi(w) is the contribution from the charges in the left-hand section 
with a charge per unit length q:(w’), Vi-(w) is the contribution from the 
charges in the right-hand section with a charge per unit length q,(u’), 
and V;,;(w) is the contribution from the charges on the two annular sur- 
faces at the junction on which the charge density is n; (r’,6’). 

The axial component of the vector potential difference is made up of 
only two parts, as follows: 

Wi (w) = W.u(w) + War(w) (5) 
where the first term on the right is due to the current [,;(w’) to the left 
of the junction and the second term is due to J,,(u’) to the right of the 
junction. The primarily radial currents I,;(r’,6’) on the annular surfaces 
contribute nothing to the axial component of the vector potential differ- 
ence, since they are perpendicular to it. 

The several components are 


V(w) = oi [  gu(w!)Py(w,tw’) do! (6a) 

Vie(w) = ri i  ge(w’)Pae(ao,u!) du’ (6b) 

Wal) = 5 i " Ta(w’)Pu(w,wo") du! (7a) 

Wair(to) = 5 [  Teplu!)Pe(wwyu") lu’ (7b) 

where Py(w,w’) = a _ The oh - _ & (8a) 
Rata ee (8b) 


Rar Ror Ra Ro 
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As shown in Chap. II, Sec. 1, the approximations on the right in (8a,b) 
are justified if (1) is satisfied. The distances are 


Ra = V(w — wv’)? + a? Ru = V(w — w’)? + b? (9a) 
Ra = V(w + wu’)? + a? Ro = V(w + wv’)? +? (96) 


The contribution to V;(w) by the charges on the annular surfaces is 


2a a 
Vi;(w) = a / i ni(r’,0’)Pi(w,r’,6’)r’ dr’ de’ (10) 
if i 
where Py(wsw") = B- — Be (11) 
ay 


Ra is the distance from the point F; to an element of charge ni(r’,6’)r’ 
dr’ dé’ on the annular surface belonging to the same conductor as the 
point F;; Ry; is the distance from F; to the corresponding element of charge 
—nj(r’,6’)r’ dr’ dé’ on the other annular surface. 

In order to evaluate the potential differences, it is necessary to know 
the currents and charges on both sections of transmission line and on the 
annular surfaces at the junction. Since the lines are assumed to have 
low losses, the region near the junction may be treated as if lossless in 
determining Lz and C7, so that currents as well as charges are confined 
to surface layers. A convenient procedure for evaluating the external 
inductance [*(w) and capacitance c(w) per unit length is to resolve the 
problem into symmetrical (even currents and vector potentials, odd 
charges and scalar potentials) and antisymmetrical (odd currents and 
vector potentials, even charges and scalar potentials) parts, as in Chap. 
III, Sec. 12. The even and odd property is with respect to the plane 
through the junction perpendicular to the line. The symmetrical prob- 
lem is equivalent to providing a short circuit at 22. The antisymmetri- 
cal problem is equivalent to having an ideal open circuit at 22. 

Consider first the even currents and odd charges with the ideal short 
circuit as termination. In this case the currents must be continuous 
along the conductors at the junction, so that 


I, (w’ > 0) = —1,; (r’ > a) (12a) 
I, (u’ > 0) = —I,; (7 > a,) (12) 


where J,,;(r’) is the outward radial current on the annular surface. By 
integrating the 6 component of the magnetic field around one of the con- 
ductors at the junction, it is readily shown by successive application of 
the Maxwell-Ampére theorem’ that the total axial current entering the 
junction from the left must equal the current leaving on the right. It 
follows that (12a) and (12b) become 


In (w’ > 0) = —£,,(7') = 1, (u’ > 0) (13) 
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Important conclusions follow directly from (7b) with (13). Since 
P,,(w,u’) is the same as it would be with a, = a, it follows that, with 
(13), (7b) is exactly what it would be if there were no change in the 
radius of the conductors and no annular surfaces. Therefore, insofar as 
the inductance per unit length is concerned, it has the constant value 
i; from z = 0 to z = s; and the likewise constant value / from z = s; to 
z=s+s,=s. Note that 


(== ¢ = — In — (14) 


Thus there is no inductive junction effect, and no lumped inductance 
Lr is required on either side of the junction; Zi — Zi: = jwbr = 0. 
This means that the required lumped network can consist only of a shunt 
element. 

The problem of odd currents and even charges when the load side of 
the junction is terminated in an open circuit involves continuity of charge 
in the form . 

qi (w’ > 0) = [2ar’n(r’,6’)] a: (15a) 
qr (u’ > 0) = [2ar'n(7’,0’) 0, (15b) 


However, since the radial components of the electric field near the junc- 
tion depend on the charges on the annular surfaces as well as on the 
cylindrical conductors, the application of Gauss’s theorem does not lead 
to the conclusion that q, (w’ — 0) is equal to q, (u’ > 0). On the other 
hand, since the transverse dimensions of the conductors on both sides of 
the junction are small, as required by (2) and (4), the scalar potential 
difference between the two conductors of the two-wire line must be the 
same on both sides of the junction. Therefore 


Vi (w— 0) = V, (u— 0) (16) 


where V;(w) is given by (4), with (6a), (6b), and (10), and V,(u) is given 
by corresponding expressions, with u and w and subscripts r and I inter- 
changed. (Note that in the vicinity of the junction the amplitude of 
the periodically varying electric field is distributed essentially as if the 
two conductors were maintained at a constant, i.e., electrostatic, potential 
difference.) 

Outside the junction zone where uniform-line theory is valid, the ratio 
of charge to voltage on each line is 


io . In (b/a1) “o 
qr — — € on 
V,(u) ss In (6/a,) a 


Note that, with a; > a,, it follows that co. > Cor. It is satisfactory to 
use these values as approximations in the junction region in order to 
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determine Cr as a correction for conventional line theory. In other 
words, the uncorrected approximate distribution of charge is used in 
order to determine the correction. This means that, in evaluating Cr 
from V,(w), (16) is applied in (17a,b) in order to determine g,(u’) for 
use in (6b). The value is 


aw’) = qu’) 2 = qu(w') BLES as 


Also let it be assumed that the charge density on the annular surfaces is 
approximately rotationally symmetrical for each conductor, so that 
n(r’,0’) = n(r’). This function satisfies the conditions of continuity of 
charge (15a,b) if it is approximated as follows: 


gq: (w’ = 0) In (6/a) 
ar’ In (b/r’) 


In calculating the potential at any point F; (Fig. 13.1) just outside the 
surface of the cylindrical conductor due to the charges all along the con- 
ductor, the formulas (6a,b) based on the fundamental integral [Chap. I, 
Sec. 3, Eq. (30a)] are used. As indicated in the footnote discussing 
Chap. I, Sec. 3, Eq. (30a), this fundamental integral for the potential 
at the surface of a cylindrical conductor actually implies that the entire 
charge is concentrated in a thin line along the axis of each conductor 
rather than on the surface. It is a good approximation of the actual 
distribution along the surface if possible errors in the length of the trans- 
mission line of the order of magnitude +a are acceptable. A similar 
approximation involving errors in length of the same order of magnitude 
may be made in evaluating the potential due to the charges on the 
annular surfaces. That is, the total charge on each annular surface may 
be treated as if concentrated at the center in determining the potential 
at F,. This total charge is obtained by integrating (19) over the annulus: 


nj(r’,6’) = u(r’) = (19) 


= i a ’ = b me dr’/b 
= | 2rr'n;(r’) dr =a w= 0)bind [eh (20) 


By a change of variable to y = — In (r’/b), the integral in (20) becomes a 
tabulated exponential integral.t The result may be expressed as follows: 


= b 


Qj = qi (w = 0) (21) 


where co; is as defined in (17a) and where 


K = Ei (in «) —~ Ki (in *) (22) 


t “Tables of Sine, Cosine, and Exponential Integrals,” vol. I, W.P.A., National 
Bureau of Standards, 1940. 
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The exponential integral is 
Ei(x) = , — du (23) 


Since, in calculating V;;(w) from (10), the entire charge is to be treated 
as if concentrated on the axis at w = u = 0, (10) reduces to the follow- 
ing simple integrated form, which is a good approximation except when 
w is as small as a;: 


tp) — 23 1 a 1 
Vie) = See TarPah~ VEER) oe 


The potential difference between points F; (Fig. 13.1) is given by (4) 
in terms of (6a), (6b) with (18), and (24). As shown in Chap. I, it is a 
good approximation to set g(w) = g(w’) in the junction zone. By the 
same token and in the same range, gq: (w = 0) = qi(w). The results are 


—_ qi(w) . , as = 1 

Vu(w) = ee ; Py (w,w’) dw = qi(w) E | (25a) 

Vie(w) 7. a) 0 ne) as que ) Fea $200) 
Vis(w) * qu(w) SPY? (2c) 


where the variable capacitance per unit length ci(w) is defined by 


2re 
u OSS OSS 26 
6) Tiwtver/wtverrapyy OO 


and where the dimensionless function p;(w) 1s 


_b es 


The addition of (25a), (25b), and (25c) to obtain V;(w) and the definition 
of c; (w) as the ratio of charge per unit length to voltage give 


1 Vi(w) 1 Cor — Cor 
cw) qulw) Cor E culw) Ke) ao 
Clearly, when either of the conditions w? > 6b? or a, = a is satisfied, 
ci(w) = cov. 

The corresponding expression for c,(w) on the right of the junction is 
obtained by interchanging subscripts / and r where they occur explicitly 
in (27) and substituting u for w. [Note that the subscripts occurring in 
K as defined in (22) should not be interchanged.] The desired formula is 


1 _ Vu) _ } Cor — Cor 
hy = = h [1 + OS + Kove | - 
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where ¢:,(u) and p,(u). are given by (26a) and (26b), with the indicated 
changes and substitutions. Note that ci,(u) and p,(u) differ very little 
from cy (w) and p(w) except when b is as small as a). 

The total error in capacitance made along the left-hand section of line 
if co, is used in place of the true value c;(w) is given by 


Cr = f" fex(w) — co] dw (29a) 
The corresponding error on the right-hand section of line is 
= f * tc-(u) — con du (29b) 


In (29a,b) d has the order of magnitude 10b. The total shunt capaci- 
tance required to compensate for the use of uniform-line theory is the 
sum Cr, + Cr,. To this must be added the capacitance between the 
two annular rings C7;._ This may be obtained approximately as follows: 


was Q; : 
By definition, Cr; = V; (w = 0) = Ga V; (w = 0) (30a) 
In the evaluation of the small capacitance C7; it is adequate to assume 
that qi(w) and V,(w) are related according to uniform-line theory, namely, 
qi (w)/V; (w) = Co, SO that 
Cr, = weKb (300) 
where K is as in (22). 
The total lumped capacitance required in the equivalent network in 
Fig. 13.3 is 
Cr = Cr + Cre + Cr, (31) 


where the three terms on the right are as defined in (29a), (29b), and 
(30b). Note that, when a, is greater than a,, Cr; and C7; are positive, 
whereas Cr, is negative. The equiv- 

alent circuit shown in Fig. 13.3 OTT 
involves only uniform sections of TyZn Cr Nr 
line and a lumped capacitance to 
correct for the over-all error made 
in assuming constant capacitances 
per unit length at all points in both 
lines, including the region near the junction where actually they are 
variable. . 

Since a, is less than a;, the line to the left of the junction must behave 
in a manner intermediate between its behavior for a, = 0 and that for 
a, = a;. It has been shown in Sec. 12 that near an open end, which is 
equivalent tu a, = 0, the capacitance per unit length and with it the 
charge per unit length increase sharply. Therefore it is to be expected 
that a similar but smaller increase must occur as the junction with a line 


Fig. 13.3. Uniform lines with Cr to cor- 
rect for the junction-zone nonuni- 
formities. 
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of smaller size is approached. Account of this increase in charge may be 
taken by including a lumped positive capacitance, C7, at the end of a uni- 
form section with uniform capacitance per unit length Cot 

Since the uniform charge per unit length on the left-hand section of 
larger diameter is greater than on the right-hand section of smaller diam- 
eter, and since it is further increased near the junction, as just explained, 
it is evident that the contribution to the potential difference on the right 
by the charges on the left of the junction is relatively greater than when 
a, = a. Accordingly a smaller charge per unit length is required on the 
right. This decrease in charge corresponds to a decrease in capacitance 
per unit length below the uniform value c,. If the uniform value is to 
be used, a correction in the form of a negative lumped capacitance C7, is 
required. 

The actual evaluation of C7; and C7, has not been achieved but is 
unnecessary, since it is shown in Sec. 14 that Cr for the two-wire line 
may be determined from C7 for the coaxial line, for which graphs and 
tables are available. 

A better approximation of the ratio of charge per unit length on the 
two lines near the junction is obtained by equating V; (w = 0) in (27) 
to V, (u = 0) in (28). The result is 


Cor (2 *) 
qe (u = 0) _ Coren 1 2 a 6 
g(w=0) co cy oe ) 
cor 2 \a, 0b 


(32) 


Since co, > cor and a; > a,, it is clear that the correction factor [the final 
factor in (32)] is less than 1. Since 

j-——_—— , SS gr (u = 0) is less than the value for a 

| ——— b, ———> ! uniform line and gq; (w = 0) is greater 


el i than the value for a uniform line, this 
is as it should be. 
62) If the right-hand part of the condi- 
; tions (8) is not satisfied in the sense 
1 


that a: is not necessarily very small 
a compared with 6, the results obtained 
above may be modified by making use 
of the effective radius b., defined in 
Chap. I, Sec. 7, Eq. (40a). Since the 
surfaces of all conductors must be equipotentials, their effective separa- 
tion b, in Fig. 13.4 rather than the distances between centers must be the 


same. That is, 
bi bi\" —aa by b,\” | 
gt (*) a-atvig) —% (33) 


Fig. 13.4. Cross section of two two- 
wire lines at junction plane. 
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where b; and 6, are as shown in Fig. 13.4. If the two radii and b; are 
known, b, may be determined by solving (33) to give 


2 2 -1 
= H+ 4i(%) — a4 + a3] O 4 (:) - a | (34) 


If b;/a; is substituted for b/a:, and b,/a, for b/a, in the formulas derived 
subject to (3), they become approximations for use when b is not suf- 
ficiently great to satisfy (3), provided (33) is satisfied. 

14. Change of Radius in a Coaxial Line. If the radius of the inner 
conductor of a coaxial line changes from qa; to a, at z = s;, whereas the 
outer conductor has the uniform inner radius b, as shown in Fig. 14.1, 


z=8, 
Fia. 14.1. Junction of two coaxial lines with inner conductors of different radii. 


a problem arises resembling that in the preceding section. By consider- 
ing the general case in its separate symmetrical and antisymmetrical 
parts, as in Sec. 13, it follows that there is no inductive correction near 
the junction and that the values of the external inductance per unit 
length: 
1 b 1 b 

ieee ero , pe ae (1) 
characteristic of uniform lines are valid to the left and right, respectively, 
of the junction. It may be concluded, as in Sec. 13, that the entire 
corrective network at the junction consists of a shunt capacitance C7. 

In order to determine C7 it is necessary to evaluate the potential dif- 
ference V,(w) at an arbitrary distance w to the left of the junction of the 
two lines at z = s;. This is accomplished as follows: 

The potential }; at a point F; between the inner and outer conductors 
(Fig. 14.1) at a radius r and at a distance w from the junction may be 
evaluated in three parts, viz., the potential 6, due to charges on the 
left-hand section of line of radius a;, the potential :, due to charges on 
the right-hand section of radius a,, and the potential $,; due to charges 
on the annular ring at the junction. Thus 


o:(w) = bu(w) + o(w) + o7(w) (2) 
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The first two components are defined as follows: 


ou(w) = 2) » [" [PO Pateosu'0) aw (3a) 

oir(w) * me a ie ae i dy’ 2 (3b) 

where Puwwu 0!) =p — Fe (4a) 
P,-(w,u',0’) = z = in (4b) 


where Ry = V/(w’ — w)? +7? Ra = Vw’ — w)? + 8? (5a) 
Re = JV (Ww + w)? + 2? Ry = V(w + w)? + 8? (5b) 


s? = b? + r? — 2br cos & (5c) 


The integrations with respect to w’ and wu’ in (3a) and (3b) may be carried 
out as follows: 


w+ Vw? + s? 
a ed (6a) 
w+ Vw +r 
) ae d Pc w 4+. A / ap? + g? 
[ P,,(w,u’,@’) du’ = In ae a /qeeae area (6b) 


If these expressions are substituted in (2) using (3a) and (3b), the inte- 
gration with respect to 6’ which involves the term In (s/r) may be carried 
out just as in Chap. I, Sec. 6. The result is 


2a 2 2 U 
oo) = MO [ain [1 - B)ng rere [tec @ 


Cor 


[ Pu(w,w’,0’) dw’ = 2 1n Soin 
0 r 


In formulating (7) it has been assumed that the entire inner conductor 
near the junction is essentially an equipotential surface, so that 


$i(w) = o,(u) (8) 


It is also assumed that the charge per unit length characteristic of the 
uniform line may be used to determine the corrective capacitance Cr. 
That is, 


qr(u) . Cor 
qi(w) ” 
2rre 27 
where Cor = in (b/a,) Cor = in (b/a:) (10) 


are the capacitances per unit length characteristic of uniform lines with 
radii a, and a;, respectively. 
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Since @’ occurs only in s?, the potential difference 


Vi(w) = [:(w) ],—a; a [b:(w)]-—» 


is 
Vi(w) = 2) j2in 2 — (: - 2) in w+ Vw? + 0? 
4rre ay Col w+ w+ /w? + ae + a? 
2 
cor) [77 wt Vw? + 83 dé’ 

oes 11 
+(1 cw) f OR Fy ee Poa + V;(w) (11) 
where s2 = b? + a? — 2a) cos 0’ (12a) 


s? = 2b7(1 — cos 6’) (120) 


The logarithm in the integral in (11) has its largest value when w = 0 
and rapidly approaches unity as w increases. However, when w = 0, it 
is readily verified by direct integration (using Pierce 523) that the inte- 
gral vanishes. It may be concluded, therefore, that the last term within 
the brackets in (11) contributes negligibly to V;(w), so that 


a Cor wt Vw? +b 
Vi(w) = = [2m > -(1-&) net Ve Ee 


The potential difference V;(w) = [;(w)],-, — [¢;(w)], due to the charges 
on the annular ring in the junction plane may be evaluated as in Sec. 13, 
where there are two rings instead of one such ring. The result is like 
Sec. 18, Eq. (24), divided by 2, that is, 


+ Vj(w) (18) 


OEY a ee ie 
where Q; = areSt qi (w = 0) (15) 


where cy; is given by (10) and K is as in Sec. 13, Eq. (22). By defining 


Are 
Cu(w) = In [ [(w ae fw? + + b)/(w ay a/w? + a? (16a) 
SS eee coe 
piiw) = 9 (se Tern (160) 
the final form of (13) is 
Vi(w) _ 1 1 Cor — Cor 
qi(w) ~ Cw) Col E i Gr at Kpi(u) | (17) 


The corresponding expression for c,(u) on the right of the junction is 


V(u) _ 1 -;| cu 4 Kpatu) (18) 


Qr(u) — er(t) Cp 
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where c1,(u) and p,(u) are as given by (16a) and (16b), with the following 
substitutions: u for w and subscript r for l. 

Formulas (17) and (18) are the same in form as Sec. 13, Eqs. (27) and 
(28), for the open-wire line. However, all capacitances in (17) and (18) 
refer to the coaxial line with outer radius b and inner radii a; to the left 
and a, to the right of the junction. Since the formulas for the capaci- 
tances of a coaxial line differ from those for the open-wire line only by a 
factor 2, it follows that c:(w)/co: and c,(w)/cor are numerically the same 
for the coaxial and open-wire lines if the ratios b/a; and b/a, are the same. 
Accordingly C7/co, and C'r,/co,, as defined in Sec. 13, Eqs. (29a) and 
(29b), are also numerically the same for the coaxial and two-wire lines, 
with the same ratios of b/a; and b/a,. As in Sec. 13, the total lumped 
shunt capacitance required at the junction to compensate for the use of 
uniform-line theory on both sides of the junction is C7; + Cz,. To this 
must be added the capacitance C7; between the annular ring at the 
junction and the coaxial shield. This is given approximately by 


C= Fw =) ex Viw=0) “) 
where use has been made of (15). For the evaluation of this small 
capacitance it is adequate to assume that V; (w = 0) and q; (w = 0) 
are related, as predicted by uniform-line theory. That is, 


qi (w = 0) =¢ 
V; (w = 0) * 
Accordingly Cr; = 2reKb (20) 


where K is as given by Sec. 13, Eq. (22). Note that (20) differs from 
the corresponding formula [Sec. 13, Eq. (30b)] by a factor 2. 

The total lumped capacitance Cy required at the junction if uniform- 
line theory is used on each side is 


Cr = Cr + Cr, + Cr; (21) 


For the same ratios b/a; and b/a,, the value of Cz obtained from (21) 
for the coaxial line is double the value obtained from Sec. 13, Eq. (31), 
for the open-wire line. Since the lumped susceptance Br = wCr for the 
coaxial line has been determined by a variational analysis beyond the 
scope of this book, and since tables and graphs"* of numerical values are 
available for a range of values of b, a;, and a,, the analyses of this and the 
preceding sections serve to justify the use of these tables and graphs for 
the numerical evaluation of Cr for the two-wire line. 

Incidentally data for determining Br for a coaxial line with uniform 
inner conductor and an outer conductor that changes from b; to b, at z = s; 
are also available (Ref. 13, p. 311). 
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Bifurcation of Coaxial Line. A bifurcated coaxial line is shown in 
Fig. 14.2a. If junction effects are neglected, coaxial lines 1 and 2 with 
characteristic impedances Z,; and Z.2 are connected in series across 
coaxial line 0 with characteristic impedance Z,. Neglecting losses, the 
characteristic impedances are 


. a g a3 as = £ a3 = = ‘s Ge 
(22) 


where ¢ = 1207 ohms. 
An approximate analysis of the junction effects in the bifurcated line 
could be carried out with the method used in the first part of this section. 


——_ a3 


Meas Wea psa et ed as enial: 
Lumped network 


(0) 
Fig. 14.2. (a) Bifurcated coaxial line. (b) The same line with an equivalent network 
to take account of junction effects. 


However, since the results of a more rigorous analysis are available 
(Ref. 13, pp. 369-370), it is sufficient to repeat these. The equivalent 
lumped network consists of a shunt reactance across each line at the junc- 
tion plane, as shown in Fig. 14.2b. Formulas for the three reactances are 


== = ot = a2 — a 
Xo = —Rf, cot Bd XxX Re og, cot Bd Xo fe a a, Cot Ad 
(23) 
(24) 


wd ao OG eS ik Senile 


where = 
3 — ay a3 — ae a3 — Ae a3 — ay, ade — ay 


Note that Xo is negative, also that Xo = —(X1 + X.), so that there is 
no junction correction looking from line 0 toward lines 1 and 2. Curves 
of rd/(a3 — a1) as a function of (a3 — a2)/(a3 — a;), as well as formulas 
for higher-order terms for d, are available in the literature. The approxi- 
mation (24) is in error by less than 2 per cent, provided 2(a3 — a1) < 0.3A. 
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15. Bend in a Two-wire Line.'*.51_ When a two-wire line in the yz 
plane is bent through an angle @ from this plane, as shown in Fig. 15.1, 
the two wires remain identical, so that no unbalanced currents are gener- 
ated. However, the parameters of the line are not constant in the 
vicinity of the bend. Since resistance and leakage conductance per unit 
length are small, changes in them 
may be ignored. But this is not true 


—-- <- so of the external inductance per unit 
7 iQ length and the capacitance per unit 
\ 4=s% length. In order to evaluate these 


, Sy quantities near the bend, let the usual 


z2=0 2=8,;U=0 


; 


coordinate system be introduced. 
One part of the line extends from the 
generator at z = 0 to the bend at 
z = 81; for convenience the variable w = s; — z, measured from the bend 
toward the generator, is introduced. The second part of the line extends 
from the bend at u = 0 to the load at u = s,in a direction differing from 
the original one along the z axis by an arbitrary angle 6. As usual, the 
radius of the wires is a; their separation between centersisb. Itis assumed 
that the condition a? < b? is satisfied. 

The determination of /¢(w) and c(w) on one side of the junction and the 
equal quantities /°(u) and c(u) on the other side parallels the procedure in 
Chap. II, Sec. 1, where the two wires of the line flared outward. Chapter 
IT, Sec. 1, formulas (22a) and (22b), apply. The pertinent parts are 


Fie. 15.1. Bend in a two-wire line. 


Ie(w) = Ro(w) + Bon(w) (1) 
o(w) = (2) 


ko(w) + kor(w) 


where, as in Chap. II, Sec. 1, Eqs. (15b) and (26a), 


ko(w) = [ (Zt - x) dw’ = ko — F,(w) (3) 
_ b _~,,v¥tvw' + 0d? 
ko = 2In= Fi(w) =hos Vw ta (4) 
Ra = V(w' — vw)? +a Ry = V(w’ — w)? + 0? (5) 
Also kor(w) = [ ° (a - a) cos # du’ = F2(w) cos 6 (6) 
Ieeg(w) = i ( _ a) du! = F,(w) (7) 


w cos 6+ +/w? + Bb? 


where now F 2(w) = In w cos 6 + \/w + a (8) 
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and Rir = Vw? + uw’? + 2wu’ cos 6 + a? 
Ror = Vw? + u’? + 2wu’ cos 6 + b? (9) 


The distances R, and R, from the point Q on the surface of conductor 1 
at a distance w from the bend to the elements of integration dw’ along 
the axes of the two conductors at a ecteepceesl 
distance w’ toward the generator Ro w’----- +h 
from the bend are shown in Fig. 15.2, 
as are the distances Rir and Rez to 
the corresponding elements du’ on 
the other side of the bend. In (3), 
(6), and (7) the upper limits in the 
integration (s; or s,) are replaced by 
infinity, since it isassumed that both Fic. 15.2. Enlarged section of bend in a 
sections of line are sufficiently long becrwie nine: 
so that contributions from the parts that are far from the bend are negli- 
gible. The integrations are carried out using Pierce formula 160. 

It follows that 


Hn) S ko — Fi(w) Pw) cos 6 


2re 


ko — Fi(w) + F2(w) 


Since the inductance and capacitance per unit length of the uniform 
(infinitely long) line are 


(10a) 


c(w) = (106) 


_ ko _ 2re 

= co = To (11) 
it follows that the lumped inductance L7 and capacitance Cr required to 
yield the same total inductance and capacitance when (11) is used in the 
section of line between the bend and the generator, instead of (9) and 
(10), are given by 


Ly = fe (le(w) — le] dw = = [ [F2(w) cos 06 — Fi(w)] dw (12) 
0 wv JO 


= gs a 2re = F\(w) rae F.(w) 
Cr = i [c(w) — co] dw = Ko " ko — Fi(w) + Fa(w) dw (13) 
Exactly equal values are obtained for the section of line between the bend 
and the load by using (10a), (10b), (12), and (13), with u substituted for 
w, so that the total lumped series inductance at the bend is 2L,7 and the 
total lumped shunt capacitance is 2C7, as shown in the equivalent circuit 
of Fig. 15.3. 

The integrands in (12) and (13), as evaluated by Tomiyasu,!™ are 
given in Fig. 15.4 for three values of 6 and b = 2 cm and a = 0.1588 em. 
It is seen that the principal contributions occur in the range w < 10b. 
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The second integral in (12) may be evaluated by noting that 
t In (w cos 6 + +~/w? + 6?) dw 


- fom (w + Vw? +8) dw +b f° nf — K(z)] dx (14a) 
so that 
f ° F,(w) dw = f ” Fi(w) dw + (b — a) [ ° In [1 — K(x)] dx (146) 
Note that the shorthand 
K(x) = (1 — cos 0)2(/x? — 1 — 2) (14c) 
and the change of variable z = w/b have been introduced in (14a). It is 


now easily verified that K(x) ranges between the value 0 when x = 0 


1 
gLr gL 
Generator<— — Uniform tine Fic; Uniform line —>Load 
SL | 4Ly 


Lumped network 
at bend 


Fig. 15.3. Equivalent circuit for bent line. 


to $(1 — cos 6) when x = . Since, for 6 S$ 90°, K(x) < 0.5, the last 
logarithm in (14a) may be expanded in the series 


2 3 
FO) go FN a (15) 
2 3 

and integrated term by term. The first two terms give a satisfactory 
approximation, viz., 
i In [1 — K(x)] dx = 2(1 — cos 8) 

+ 75(1 — cos 6)? + 35(1 — cos #)? ++ --- (16) 
The first integral on the right in (14a) is readily integrated using Dwight 
formula 625. Thus 


In {1 — K(x)] = — | K(@) + 


[Pio dw =b -a (17) 
With (16) and (17) used in (12), the final formula for Lr is 
b-—a 
Lr = — a G(@) (18a) 


where, with only two terms retained in the series (15) and (16), 
G(6) = (1 — cos @)[1 — 3 cos 86 + 4% cos 6 (1 — cos 86)] 
= (1 — cos @)(1 — $ cos 6 — + cos? 6) (185) 


The function G(6), as calculated from (18b), is shown in Fig. 15.5 as a 
function of @ and is listed in Table 15.1. 
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F,(w) cos 0—F,(0) 


Fig. 15.4. Graphs of integrands in Eqs. (12) and (18). 


1.0 


G(6)=(1—cos 6) (1-4 cos 6-2 cos6) 


08+ M(0)=(1—cos 6) +2 (1—cos 6)°+ § (1—cos 0)? 


0.6 
G(@) 


0.4 


0.2 0.4 


0 
oe 10° «20° 30° 40° = 50° GO? 70°— 80" —«908 
7) 


Fie. 15.5. Graphs of the functions G(é) in Lr = —(b — a)G(@)/2rv and M(@) in 
Cr = —2zre(b — a)M(6)/3k? for a bend in a two-wire line. 


386 TRANSMISSION-LINE THEORY [Chap. V 


Tas_e 15.1. Toe Function G(6) 


8, deg G(6) 
0 0.00 
10 0.01 
20 0.04 
30 0.10 
40 0.18 
50 0.29 
60 0.43 
70 0.60 
80 0.80 
90 1.00 


The determination of Cr using (13) may be carried out by treating 
the difference 
H(w) = F.(w) — Fi(w) (19) 


[which occurs in both the numerator and the denominator of (13)] in a 
manner similar to that followed in the evaluation of F2(w) cos 6 — Fi(w) 
in (12). Thus 


H(w) — in West Vw th | w cos 6 + +/w? + a? 


w+ Sw? + BD? - wt Yu? +a? 


This may be expressed in the following form: 


noo refx ()]-m[-x(] 


where, as in (14c), 


K(x) = (1 — cos 0)x(V/x? + 1 — 2) (21) 


with x = w/b or w/a. 
As before, the logarithms in (20b) may be expanded in the series (15), 
with the result 


(20a) 


H(w) = x (2) +4K2(#) + 3x+(¥) Hs aa Nee 


ER E (?) 4+ 1K? (?) + 1K3 (?) +: | (22) 


Since K(x) < 0.5 for 6 < 90°, it is readily verified that, with the assumed 
condition b? >> a?, ko = 2 In (b/a) is sufficiently large so that the quantity 
H(w)/ko satisfies the condition 


H(w) — 4 (23) 
ko 


Subject to (23), the second integrand in (13) may be expanded in powers 
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of H(w)/ko, as follows: 
_ 2re °  H(w)/ko w 

ko Jo 1 — H(w)/ko. 

_ 2re | “| H(w) , A*(w) 4 H?(w) 
ko Jo ko k k 
The integrals in the leading term can be evaluated as in (140). The 

result is 


im “le dy = O— oe £25 11 + 8(1 — cos 8) 
+ g5(1 — cos 6)? + ++] (25a) 


The exact integration of the higher-order terms is complicated by the 
occurrence of cross-product terms of the form K*(w/a)K”(w/b). Since 
the contribution by the terms in K(w/a) is in any case small, these may 
be neglected in the higher-order terms, so that 


mo =[xQ) (0) +f @ em ()e-- 


(250) 


H¥(w) = Es (?) + 1K? (?) tors | = Ks (?) (25c) 


The integrations can now be carried out to give 


” Hw) b 


Cr = (24a) 


+ :: | dw = (24b) 


7 dw = 7; [Ys(1 — cos 6)? + &(1 — cos 6)? + -- ‘] (25d) 
0 kg 
” H?(w) . ob 
ok dw = ia as(1 — cos)? +--- (25e) 
With (25a,d,e) it follows that (24b) becomes 


_ 2mreo(b — a) 


Cr = Tp [1 — 0086+ $(1 +2) — cos 


3. 3 
+9(1 +243) (1 — cos | (26) 


Since the terms in a have been neglected in evaluating (25d) and (25e), 
the factor 6 occurs. Since, with 6? >> a®, b — a differs little from b, the 
factor b — a may be substituted for b in (25d) and (25e) with little error. 
For most purposes the leading terms in (26) are adequate; they permit 
the definition of a function of 6 which is independent of ko. The leading- 
term formula is 
Crs — Pre(h = a) M(6) (27a) 
0 

where M(6) = 1 — cos 6 + 2(1 — cos 6)? + gs(1 — cos 6)8 (27b) 
The function M(6) is plotted in Fig. 15.5 and tabulated in Table 15.2. 
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TaBLE 15.2. Toe Function M(6) 


6, deg M (6) 
0 0 

10 0.015 
20 0.061 
30 0.14 
40 0.26 
50 0.42 
60 0.62 
70 0.88 
80 1.20 
90 1.57 


Numerical values of L7/lg and Cr/co for a bend in a two-wire line, with 
b = 2cm and a = 0.1588 cm, are given in Table 15.3 for @ = 30, 60, and 
90°. Three columns are given for Cr/co: one is computed using the more 
complete formula (26); the second column makes use of the leading-term 
formula (27a); the third lists values reported by Tomiyasu!* which are 
determined by numerical methods. All three are in reasonably good 
agreement. Two columns are given for Lr/lg: one is computed from 
(18a); the other is evaluated by numerical methods by Tomiyasu.}%4 
The agreement is good. 

The experimental determination of the relatively small inductance 2Lr 
and capacitance 2C, (Fig. 15.3) may be carried out independently by 
adjusting a short-circuited section of line in length to have a current 
maximum at the bend when 2Z7 is measured and a charge or voltage 
maximum when 2C, is measured. Using a two-wire line for which 
b = 2cm and a = 0.1588 cm, Tomiyasu!™ determined the experimental 
curves shown in Fig. 15.6. The theoretical values of 2C’r/cy obtained 
from (26) and tabulated in Table 15.3 and those of 2L7/lé obtained from 
(18a) and tabulated in Table 15.3 are also shown in Fig. 15.6. It is seen 
that the theoretical curve for 2C r/co is in quite good agreement with the 
experimental one. On the other hand, whereas theoretical values of 
2L7/l¢ are all negative in Fig. 15.6, the experimental curve shows a small 


TasBLe 15.3. THEORETICAL VALUES FOR Cr/co AND Dr/lj ror BEND 
IN Two-wirE LINE, WITH b = 2 CM AND a = 0.1588 cm 


Cr/eo, cm Lr/l, cm 
6, deg : : 
, Numerical Numerical 
Eq. (26) Eq. (27a), integration t Ha: 8a) integration 
30 —0.017 —0.017 —0.016 —0.035 —0.033 
60 —0.081 —0.077 —0.071 —0.152 —0.141 
—0.189 —0.189 —0.353 —0.353 


t Reported by Tomiyasu.!% 
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positive value when @ is less than 60°. A correction for the theoretical 
curve has been obtained by Tomiyasu,!*4 who has shown that the dis- 
crepancy between the theoretical curve for 2Z7/l¢ and the experimental 
results is a consequence of the fact that the elementary analysis for Lr as 
carried out in this section assumes rotational 
symmetry for the current in, and the vector 
potential on, the surface of the two wires 
throughout the bend and also an abrupt 
change in the direction of the current at the 
bend. Actually, in the case of conductors 
with finite radius a, neither the current nor 
the vector potential is rotationally symmet- 
rical around the bend even when the condi- 
tion b? > a? is satisfied. The current is more 
concentrated in the bend, so that the con- 
ductor behaves as if it had a radius smaller 
than a. However, Tomiyasu has shown that 
a small positive inductance Ly must be added 
to 2L7. The analysis involves elliptic inte- 
grals, and for a line with b = 2 cm and 
a = 0.1588 cm, Tomiyasu obtained the value 


=, = 0.22 cm (28) 


for 9 = 30°. By adding this value to 2L7/l¢ 
to obtain a total inductive correction (2L7 + 
Ly)/l, a point at 6 = 30° is obtained which 
is in excellent agreement with experiment. Fic. 15.6. Comparison of theo- 
Owing to increasing complicationsas the bend ¢tical curves (solid lines) with 
is made sharper, Tomiyasu evaluated no points pase onesie ae eroken 
for 6 = 60 and 90° but merely assumed that a oe os 
(2Lr + Ly)/Ig (Tomiyasu). 

the same value of Ly given in (28) applies 

for 30° S$ 6 < 90°. A curve of (2L7 + Ly)/lg is shown in Fig. 15.6. It 
is seen to agree well with experiment. 

16. T Junction in a Two-wire Line. An important type of junction 
consists of three sections of similar two-wire line meeting ina T. Com- 
mon examples include (1) a matching or tuning stub connected at right 
angles to a transmission line, as shown in Fig. 16.1a; (2) a driven line 
that divides into two loaded sections in parallel, as in Fig. 16.16; (3) a 
line that makes a right-angle bend but is supported by an insulating stub, 
as in Fig. 16.1c. 

In the elementary analysis of the transmission line with a shunt stub 
or insulating support in Chap. III, it is assumed that conventional 
transmission-line formulas are valid at all points along all three sections 
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Supporting 1’ 
stub 


3’ 


(c) 
Generator 


Fic. 16.1. Three types of T junctions in a two-wire line. (a) Line with matching stub. 
(b) Single line driving two loaded lines. (c) Right-angle bend with supporting stub. 


1 1 
1 Kw) J; abn J gure J, H(~w) 2 
rae y ——=@ 
Line 1 Vi(w) V(-w) Line2 
ow —-—- = 7 . -——— ome 
1’ Ji 5L 72 J5 2’ 


| \ Line 3 


3° 
Fig. 16.2. Equivalent junction network for a shunt stub on a two-wire line. 


of line, including the regions close to the junction JJ’ (Fig. 16.1). Actu- 
ally the external inductance and the capacitance per unit length are not 
constant at the values /¢ and co in the junction zone. As a consequence, 
it is necessary to compensate for the inaccurate use of the constant values 
le and co by introducing a fictitious lumped network that consists of a 
series inductance L7 and a shunt capacitance Cr connected to each line 
at the common junction, as shown in Fig. 16.2. The values Lr and Cr 
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for each line are to be so evaluated that the impedances looking toward 
the junction JJ’ from 11’, 22’, and 33’ are the measurable apparent imped- 
ances when computed using conventional transmission-line formulas in 
conjunction with the lumped network. 

Since the network in the vicinity of the junction is symmetrical with 
respect to a plane through JJ’, J,J3, and 33’ (Fig. 16.2), the problem of 
determining the elements of the lumped network is simplified. It is clear 
that 

Lre = Dry Cre aoe Cr (1) 


The analysis may be carried out using even and odd currents and volt- 
ages. Let the origin of a system of coordinates be located midway 
between the terminals JJ’, as in Fig. 16.12. The coordinate w increases 
from JJ’ toward 11’ in line 1, so that currents and voltages to the left of 
JJ’ may be designated by J, = I(w) and V, = V(w), and those to the 
right of JJ’ in line 2, by I; = I(—w) and Ve = V(—w). The coordi- 
nate v increases toward 33’ in line 3, and the currents and voltages in the 
shunt or stub section are J; = I(v) and V3; = V(v). 

Let the currents and voltages in lines 1 and 2 be separated into even 
and odd parts to form symmetrical and antisymmetrical combinations, 
as follows: . 


I(w) = 19 (w) + I(w) (2a) 
V(w) = V(w) + V(w) (2b) 
K—w) = 19(w) — Iw) (3a) 
V(—w) = V(w) ~ V(w) (3b) 


By definition, let the symmetrical currents be even and the symmetrical 
voltages odd, so that 


1O(—w) =1(w) —— V(—w) = — VC) (4) 
1°(—w) = —1(w) — V(—w) = V(w) (5) 


It is readily verified that definitions (4) and (5) are consistent with (2a,b) 
and (3a,b) and with 


T®(w) = 3lI(w) + (—w)] = V(w) = a[V(w) — V(—w)] 6) 
TO(w) = 3l(w) — (—w)] VO (w) = a{V(w) + Vi—-w)]_— (7) 


Once the currents and voltages on lines 1 and 2 have been resolved 
into symmetrical and antisymmetrical components using (6) and (7), 
each set of currents and voltages may be determined independently, and 
a separate set of Lr’s and Cr’s defined for each. Note that, in general, 
junction-zone networks are not the same for symmetrical currents and 
voltages as for antisymmetrical ones. Let the junction zone be the 
region in all three lines within a distance d of the junction which is short 
compared with the wavelength and beyond which the line parameters 
may be assumed constant. Usually d is of the order of magnitude of 
100 or less. 


392 TRANSMISSION-LINE THEORY [Chap. V 


The Symmetrical Problem. A symmetrically driven T junction is shown 
in Fig. 16.3. The two symmetrical branches are excited by generators 
that maintain currents and voltages that satisfy (4). It follows that 

V™ (w= 0) = 0 (8) 


so that there may be no generator in line 3. Moreover, since the gener- 
ators in lines 1 and 2 maintain zero voltage across the junction points 


es rw) J I(-w)=M(w) _ 


ey” 
i + 


Fig. 16.3. Symmetrically driven T junction. 


1(w) J AM%=w)=-KNw) 


+ sese se 
A ames 7 ar 


Fig. 16.4. Antisymmetrically driven T junction. 


JJ’, all currents, charges per unit length, and voltages in the stub line 3 
are zero. Therefore lines 1 and 2 behave like a smooth line without the 
stub section, and 

CH=CH =0 Ly =Ly=0 (9) 
Since there are no currents or charges in line 3, it is unnecessary to 
introduce C3 and L}. 

The Antisymmetrical Problem. An antisymmetrically driven T junc- 
tion is shown in Fig. 16.4. In general, there may be generators in all 
three lines, but those in lines 1 and 2 must be so adjusted that (5) is 
satisfied. There are no restrictions on the generator in line 3. 

Kirchhoff’s current law applied at JJ’ in Fig. 16.4 gives 

I® (w = 0) = IM (—-w = 0) + I = 0) (10a) 

With (5) it follows that 
I(v = 0) = 21 (w = 0) (100) 
Since the junction zone is small compared with the wavelength, the lead- 
ing terms in Maclaurin expansions of the currents are adequate. That is, 


I@(w) = I@(—w) = 31(v) lw] S<d,vsd (11) 
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Similarly the voltages across the three conductors in the junction zone 
are essentially equal: 


V(w) = VO(—w) = Viv) jw] S$d,vusd (12) 


Note that the equations on the left in (11) and (12) are exact and those 
on the right are approximate for nonzero values of b/A. 

Capacitance per Unit Length. The scalar potential differences across 
the three lines in the junction zone may be expressed as follows: 


VO(w) = Visl(w) + Vio(w) + Vis(w) = VO(—w) (13) 
V(v) = V31(v) + Veo(v) + V33(v) (14) 


where Vj;(w) is the contribution to V(w) by the charge per unit length 
g®(w) on line 1, Vi2(w) is the contribution to V©(w) by g@(—w) on 
line 2, and V,;(w) is the contribution to V@(w) by q(v) on line 3. Simi- 
larly Vsi(v) is the contribution to V(v) by g@(w) on line 1, Vse(v) is the 
contribution to V(v) by g@(—w) on line 2, and V33:(v) is the contribution 
to V(v) by g(v) on line 3. As in Chap. II, Sec. 1, the expressions for 
these several voltages are as follows: 


Vii(w) + Vir(w) = - J q® (w')Pi(w,w’) dw’ (15a) 
1 wo 
Vi3(w) = a f q(v’)Pr(w,v’) dv’ (15d) 
Vai(v) + Vae(v) = al qg® (w’)P.(v,w’) dw’ (16a) 
1 ° / f f 
Va3(v) = Dre [ g(v')Px(v,v') dv (160) 
where P,(w,w’) = = _ Ra = Vv (w’ — w)? + a? (17a) 
om Ry = Vw — w+ 
Od 1 — ft pt 
Paw!) = p — Rr = Vo twita aay 
6 Rr = v/v? + w? + 0b? 
~. dood = Jette 
P.0,w!) = 5 - x Kia = Vwi rv +a aa) 
ea ab Ry = Vw"? +0? + 6? 
es | R, = /@ 0) +a! 
Pi(v,v’) = R. RB, vo ° (17d) 


R= VO oF th 


In carrying out the integration in (15a,b) the charge per unit length is 
expanded in a Taylor series about the charge per unit length at w. Simi- 
larly in (16a,b) the charge per unit length is expanded about the charge 
per unit length at v. As in Chap. II, Sec. 1, only the leading terms need 
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be retained. Using Chap. II, Sec. 1, Eqs. (15b) and (26a), the following 
formulas may be obtained: 


Vastu) + Vastu) = © g (180) 
_ qr) = 1+ VED) 
V33(v) TS eg « In Wane a arog Vi + at (18b) 
where ko = 21n ¥ (19) 


The following additional results are obtained if use is made of Sec. 15, 
Eq. (8), with @ = 1/2: 


WwW 
Vis(w) = me ora al (20) 
Similarly Vii tice peo (21) 


Qrre vy? + @? 


The variable capacitances per unit length of line may now be defined 
as follows. For lines 1 and 2 


ep cog (=m). _ gw) 
| c(—w) = Ve(—w) ~ cw) = VO(w) (22a) 
2re 
where c(w) = icra (22b) 
‘ w? + b? 
with Lw) = 4 = eral (22c) 
Similarly, for line 3, 
qv) ) 2re 
6”) = YQ) = ky + 2L0) — MO) Ga) 
v? + 5? 
where Liv) =;lh > ha (23b) 
gs ues UST a/v? + B? 
M(v) = In a ay aero Viral (23c) 


Note that, when |w| becomes sufficiently great, c (w— ©) = co = 2re/ko. 
Similarly c (v—> ©) = co. On the other hand, at the junction 
c(w=0) =cWv=0) = 


Inductance per Unit Length. Since the stub line 3 is perpendicular to 
both the other lines, there is no inductive coupling, and the junction 
effect in line 3 reduces to a transmission-line end correction. Thus, with 
Sec. 12, Eqs. (2) and (8), it follows that 


2rv Inv 
Since for lines 1 and 2 the antisymmetrical currents are equal and oppo- 


io) = OO (sinh 2 2 sinh ? + In ) (24) 
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site at equal distances |w| from the junction, it is readily shown that 


: ee eee I ee 
le(w) = = (sinn . sinh ”) (25) 

Lumped Elements. The lumped inductive elements required in each 
line at the common junction are defined as in Chap. II, Sec. 4. Use is 
also made of Sec. 12 in this chapter. 


¢ . b—a 
Lr3 = i [le(v) — I<] dv = — oer (26) 


$ b—a 
Lre = Lr = [ [l¢(w) = 1] dw = — = 2D 73 (27) 
0 wy 


Note that d is large compared with b. 
The lumped capacitive elements are defined as follows: 


Crs = [ [e(v) — ca] dv (28a) 
With (23a) this integral becomes 
d 
_ _ & 2L(v) — M(v) 
C= — hy Jo TF U/boBLO) — Mol” i 
d 
Cm = | [c(w) — co] dw (29a) 
0 
With (226) this last integral becomes 
d 
a as Co 2L(w) 
Cr. = Crm = a f T+ L(w)/ko dw (29b) 


An approximate integration of (28b) and (29b) may be carried out 
following a procedure introduced in Sec. 15. Since ko is moderately large 
compared with unity for most lines and since 2L(v) — M(v) and L(w) 
have quite small values over most of the range of integration, the denomi- 
nators in (28b) and (29b) may be expanded in series, so that 


Crs = — 2 ; {200) — M(v) - : [2L(v) — M(v)P -— -- | dv (30) 
0 JO 1) 
d 
Cn = Cn = — a | 00) — 7 iw) — | aw (31) 


In each integral the leading or first-order terms are readily evaluated, 
since they have the simple forms given below: 


d 
(Crs). = — af [In (v? + 6?) — In (v? + a?) — In (v + Vo? $ 82) 
+ In (v + V0? + a*)] dv (32) 
d 
(Cra). = (Cri) = — oh / [In (w? + b?) — In (w? + a®)] dw (33) 
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These may be integrated using Dwight 623 and 625. The results are 

cor + 1)(b — a) a(r + 1)(b — ale 

(Cr). = SS CO Oo ear 


2 In (b/a) * Fin (6/0)? (34) 
os _ _ ¢yr(b — a) w(b — aye 
(Cr): = (Cr) = — Ginga) = ~ Bin Owl (35) 


These expressions are good approximations for sufficiently large values of 
b/a. If b/a is small, additional terms must be used in (30) and (31), 
or (28b) and (29b) must be evaluated numerically. 

Note that all the lumped elements are negative, indicating that the 
actual variable inductance and capacitance per unit length are smaller 
than /¢ and co in the junction region. Therefore, if lg and co are to be 


_5(b—a) 


Line 3 2m 
Cc __M27+1)(b-a)e 
f b 2 
2(Inz) 
Fig. 16.5. Equivalent circuit forantisym- Fic. 16.6. Equivalent circuit for T junc- 


metrically driven T junction. tion. 


used, negative lumped inductances and capacitances that decrease the 
total inductance and capacitance are required. 

It is important to bear in mind that the values of Lr and Cy given by 
(26), (27), (84), and (85) apply only to that part of the current which is 
odd with respect to the junction and to that part of the voltage which is 
even. The lumped network for the antisymmetrical currents and volt- 
ages is shown in Fig. 16.5. Note that 


.  O(2r+1)b-—a)_ | a(2r + 1)(b — ale 
Cr = Cr + Crs + Cr & = ay Jin (b/ayl? 
(36) 


Since the entire antisymmetrical (odd) currents must enter line 3 from 
lines 1 and 2, it is obviously immaterial whether the lumped inductances 
Lr and Lr. are connected in lines 1 and 2 at the junction, as in Fig. 16.5, 
or whether they are concentrated in line 3, as in Fig. 16.6. In the latter 
case the total series inductance in line 3 is 

Lr = Ln + Lre + Lrs = 5Lr3 = — SO—@) (37) 

TV 

The advantage of Fig. 16.6 over Fig. 16.5 is that it is also the correct 
equivalent circuit for the symmetrical problem and therefore for the 
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T junction in general. Since the symmetrical voltage is zero at the 
junction, the presence of Cr has no effect, and since no symmetrical cur- 
rents enter the stub line 3, the lumped inductances in this line also have 
no effect on the symmetrical currents. Therefore the equivalent circuit 
of Fig. 16.6 may be used for the total current and total voltage, and it is 
not necessary to separate the even and odd parts. 

17. Junction Networks for Series Branches in Two-wire Lines; Ter- 
minal-zone Networks for Stub-supported and Center-driven Antennas 
and Folded Dipoles.'°!*4 A balanced series junction in a two-wire line 
is shown in Chap. III, Fig. 14.16, and in Fig. 17.1. It consists of 
two coplanar lines meeting at right angles. The two conductors of the 


I. 
in 


ze 8 
Fic. 17.1. Balanced series junction in two-wire line. 


main line are parallel to the z axis; they are separated a distance b and 
have radiia. The conductors of the second (or auxiliary) line are parallel 
to the y axis; they are separated a distance 6, and also have radii a. 

In order to evaluate the constants of lumped networks for each line at 
the junction, let the currents, voltages, and charges be resolved into 
symmetrical and antisymmetrical parts, as in Chap. III, Sec. 14.¢ It is 


assumed that the main line is balanced, so that Io(z) = —Ih(z). 
Let the symmetrical case illustrated in Fig. 17.2 be defined as follows: 
P(—w) = -Fw) Ry) = NY) (1) 


where w = s — z is measured toward the left on the main line from the 


+ The symmetrical and antisymmetrical designations differ in this section from those 
in See. 16 in order that codirectional “antenna” currents on the auxiliary line may 
be designated symmetrical, as in antenna theory.!9 
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-02- > 


V(y)=o 


Wy) Iy)=1Ky) 
Iy(z) Ii(2) 
t 
' + + 
by Vz) Vz) 
! =. 7 
L 
I3(z) I(2)= -1(2) 
Ty) 


IXy) 
Viiy)=o 


1 
‘ 
1 ° 
4 
w=b,/2 w= —b,/2 
Fic. 17.2. Symmetrical currents and voltages in balanced series junction. 


le bo 


w=b2/2 w=~b,/2 
Fig. 17.3. Antisymmetrical currents and voltages in balanced series junction 
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middle of the junction. With (1) the following relations also are true: 


Ve(—w) = Ve(w) q'(—w) = g*(w) (2a) 
Ve(—y) = Vey) =O = g*(—y) = —@°*(y) (2b). 

Let the antisymmetrical case illustrated in Fig. 17.3 be defined by 
r(—w) = Pw) iy) = —-hy) (3a) 
Accordingly V*(—w) = —V#(w)  g*(—w) = —g*(w) (3b) 
V(-y) = —V(y) q*(—y) = g*(y) (3c) 


In general, the currents and voltages are superpositions of the sym- 
metrical and antisymmetrical components. Thus 


I(w) = P(w) + F(w) Viw) = Ve(w) + V*(w) (4a) 
I(y) = Fy) + Pty) Viy) = Ve(y) + Vey) = Vety) —- (4B) 


The components of current on the main line are defined as follows in 
terms of the total quantities: 


Pw) = gw) + (-w)]) Vw) = a[V(w) — V(—w)] (5a) 
Iw) = a{I(w) — (—w)] Vw) = 3[V(w) + V(—w)] (5d) 


The symmetrical parts of the currents and voltages are defined so that 
the main line is balanced with equal and opposite currents in its two con- 
ductors, whereas the auxiliary line is completely unbalanced with equal 
and codirectional currents in its two conductors. The symmetrically 
driven series sections do not carry equal and opposite transmission-line 
currents but equal and codirectional antenna currents. These cannot be 
evaluated from transmission-line formulas. However, the appropriate 
junction-zone network can be determined using the methods outlined in 
this chapter. Such a network is useful, for example, in conjunction with 
lines used to center-drive balanced antennas, e.g., a tuned folded-dipole 
antenna.’° By application of the theory of images, antennas over con- 
ducting planes may be analyzed when driven by a single conductor 
parallel to the image plane. 

The antisymmetrical parts of the currents and voltages are true trans- 
mission-line currents on both the main line and the series sections. 

In order to correct for the nonuniformity of the inductance and capaci- 
tance per unit length in the main line near the junction, lumped series 
inductances Lr and shunt capacitances Cr must be connected on each 
side of the junction. 

Lumped Series Inductance Ly for Main-line Network. It follows by a 
simple modification of the formulation in Chap. II, Sec. 1, that the 
inductance per unit length in the main line on the left of the junction is 
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given by 
ls(w) = 3 (6a) 


kw) =f" (R- paw = [ 1 es) 
Oe ea Pe yo ee MR ye 


Infinite limits have been substituted for the finite distances from the 
junction to the two ends of line 1, with the understanding that the 
actual distances are very great compared with the line spacing 6. The 


where 


Series 
section 


Main line Main line 


section 


Fic. 17.4. Junction network of lumped elements for use with uniform lines. 


upper sign in (6b) is for the symmetrical case, and the lower sign is 
for the antisymmetrical case. Note that A. = /(w! — w)? + a? and 
R, = V(w’ — w)? + 62. The integrations are readily carried out to give 


b 

2 In —- 
ni = B04] Me (7a) 
where B = sinh- eee — sinh-! eo belt (7b) 
C = sinh! oe — sinh-! —— . (7c) 


The lumped inductance required in the circuit of Fig. 17.4 to correct 
for the error made in using /¢ in place of l*(w) = 1g(w)ai(w) is given by 
Chap. II, Sec. 4, Eq. (3), viz., 

d+bo/2 d-+ba/2 
tee if [Ie(w) — le] dw = [ re Tg (w) — 1g) dew (8) 


a/2 
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where /%(w) is given by (6a) with (7) and where 2rvl¢ = 21n b/a. Note 
that ai(w) = 1, since the two lines are mutually perpendicular [the ratio 
factor a;(w) is defined in Chap. II, Sec. 1, Eq. (24a)]. The integration 
in (8) may be readily performed using (7). The results are as follows: 


aa =a ( ST + VEEP) 
=——|b-—at( Vb? +0? — 1/8? Fa? — ba ln 
Ls Qrv vei + v ba + Vb? + a? 
(9) 
where Li, applies to the symmetrical case and L2 to the antisymmetrical 


case. In the special case where 6, = b and a? < b’, the following simpler 
formula is obtained: 


Lumped Shunt Capacitance Cr for Main-line Network. The determi- 
nation of the shunt capacitance in the several networks for which Ly has 
been evaluated is based on Chap. II, Sec. 4, formula (4), viz., 


Cr = for? fe(w) — ed) dw = 24" feo(w)s(w) — ex] dw (11) 
where co(w) = a c= 1 b7qi G Tas (12) 


where ko(w) is given by (5b) and (7). The ratio factor ®,(w) is defined 
in Chap. II, Sec. 1, Eq. (24c). It is 


#i(w) = Vi(w)/V(w) (13) 


where V,(w) is the potential difference maintained exclusively by the 
charges on the same line where V,(w) is measured, and where 


Vw) = Vr(w) + Vi(w) 


is the potential difference maintained by all charges that contribute sig- 
nificantly, including those on the auxiliary series lines. Since co(w) is 
defined by 


co(w) = en (14) 
it follows that 


co(w)®i(w) = ae (15) 
d+ba/2 
1 q.(w) 
sO that Cr = fe ES = ca | dw (16) 


Sines co(w) = aa (17) 
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where ko(w).is as defined in (5b), it follows that 


Vi(w) = L2wrkolw) (18) 


2Qre 


Using (7), the symmetrical and antisymmetrical voltages maintained by 
charges on the main line are 


Vi(w) = atv) (2 —~C+2In 2) (19) 
¥s(w) = 2 (B+ ©) (20) 


where B and C are as defined in es and (7c). 
The scalar potential difference maintained across the main line at a 
distance w from the middle of the junction is given by 


Vo(w0) & i eW) E ac - z n & - a) lev (21) 


where Ry = (y a ( =) ‘e 


2 
‘ (22a) 
rena) 
Bo coe aces ea 
(22b) 


Ry = (v +3) + (w+) +e 


and where ga(y’) is the charge per unit length on the auxiliary line at the 
location y’ of the element of integration dy’. As shown in general in 
Chap. II, Sec. 1, only the leading term need be retained in the expansion 
about the point w of the charge per unit length g.(y’) on the auxiliary 
line, so that 


ga{y’) = qu(w) (23) 
With (23) the integration in (21) is readily carried out. The result is 
| Ve(w) = G2) (Ay + Ad) (24) 
where 
A; = sinh! reer! Pees Ae = sinh! ite Ried 
/(w — b./2)? + a? Vw + b,/2)? + a? 
(25) 


The upper sign in (24) defines V3(w), and the lower sign defines V3(w). 
The next step in the evaluation of Cr is to express the integrand in 
(16) in terms of V,(w), as given in (19) and (20), and Vr(w), as given in 
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(24). Since 
gx(w) aes V(w)/qi(w) — 1/eo 
Vw) — = ~~ Vw) quo) eo) 


where Co = (27) 


TE 
In (6/a) 
it follows that the integrand in (11) may be expressed as follows in the 
symmetrical and antisymmetrical cases: 


p= Ay + Ay + BHC ata ite 

Le?) SOS. 8a Oa dg ae Bo 
A, — Ast B+C — 2In (6/a) _ 
: A,— A,+B+C = 


where A, and A, are as in (25) and where B and C are as in (75) and (7c). 

The determination of Cs, and C% depends on the substitution of (28) 
and (29) in (11) and the evaluation of the integrals. Since the integra- 
tion has not been carried out in closed form, graphical or numerical 
methods must be used if quantitative results are desired. As an alter- 
native, the integrands (28) and (29) may be expanded in series, and 
approximate reasonably simple formulas for Cr; obtained. Their deri- 
vation follows. 

An approximate evaluation of the integrals in (11) may be carried out 
provided b/a is sufficiently great. As a first step, it can be shown with- 
out approximation that 


[c(w) — col? = —c —coH*(w) (29) 


— In? Sinep (30a) 
C= mn? “ln Ds (308) 
~ b,/2 + +/ (nv — b,/2)? + BF 
a ‘ w — be/2 + V/(w — 04/2)? + a? a 
D» = w+ ba/2 + V/(w a ba/2)? = b? (32) 
w+ bo/2 + V(w + ba/2)? + a? 
B-C=In>! B+ =2in2— In DD» (33) 


If (33) is used in (28) and (29) and these are then divided by 2 In (b/a) 
in numerator and denominator, the following expressions are obtained: 


3 = by _ Ai + Ao + In (D2/ Dy) 
H (w) = ea 41 = ~~ 2in(ob/a) (34a) 
a = 69 = A, — As = In D, Ds 
If the ratio b/a is sufficiently great, both 5, and 4, are less than 1, so that 
Hw) =é6~-8+6—--:- (35) 


with appropriate superscript on H and subscript on 6. It follows that, 
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if only the leading term is retained, 


d+ba/2 d+ba/2 
Cr = ~ca [ H(w) dw = —e [ 6 dw 
ba/2 ba/2 
— _ Codi + Je + ds — J) 
7 2 In (b/a) G6) 


where the J’s are as defined below. The following approximate results 
apply when the condition d? >> b? is valid (in general, the choice d = 106 
yields a satisfactory approximation): 


d+ba/2 d+ba/2 b 2d 
n= | Ardw = [ sinh! =o do = 6(1 + In 72) 


°/2 bo/2 w — ba/2 b 
(87a) 
— oi oe = oD 
eg Ce RS a2 
; b : b 
= —t ~~ =! = 
(d + ba) sinh a bg sinh b 


d+ba + S(d + ba)? + 6 
6 ha 7b 
ee be + Vb? +? ay 


d-+be/2 B? B3 
n= f in Dedw #b.| f+ -1- Ing (1+ l+3 
be/2 be V 7) 


(87c) 


d+bo/2 

n= f Cee ee ee (374) 
ba/2 

With (37a) to (37d), Cr may be determined directly from (36) in all cases 

for which b/a is not too small. In general, b/a > 10 leads to a fair 

approximation, as shown later for certain special cases. 

Lumped Networks in General. With Lr and Cy determined for the 
main line for both the symmetrical and the antisymmetrical cases, an 
appropriate network may be constructed for use at the junction with an 
auxiliary series line. Since in most practical applications the series sec- 
tions involve predominantly either the symmetrical or the antisymmetri- 
cal case alone, the complication involved in a separation into symmetrical 
and antisymmetrical parts is avoided, and either Ly and Cy or Li, and 
C2 must be determined rather than both pairs. 

The determination of symmetrical and antisymmetrical values of La 
and Crq for connection in the auxiliary lines, as shown in Fig. 17.4, is 
straightforward. In the symmetrical case the two conductors of the 
auxiliary line are at the same potential, and transmission-line theory 
has no application. The impedance of the auxiliary conductors when 
driven with codirectional currents must be determined by the methods 
of antenna theory. Note, however, that account has been taken of 
coupling between the auxiliary conductors and the main line in the 
evaluation of Cs. and [4. 
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When the main line is driven so that the antisymmetrical case obtains, 
the auxiliary lines differ in no way from the main line, so that the for- 
mulas for L3, and C%, are the same as those for L3 and C% if b and b, are 
interchanged. 


Antenna 


+fp—--- --- + 
y Non-uniform line W-* Non - uniform fine ? 
+ —=_ oe 
(a) y 


Non - uniform line 


High impedance 
stub 


(b) 


Fig. 17.5. Antenna symmetrically driven from two generators in (a) and with stub 
support in (6). , 


Antenna 


Antenna 


+ one 
o Uniform line 


(b) 
Fig. 17.6. Lumped junction networks for the circuits of Fig. 17.5. 


Antenna Driven from Two Lines; Antenna with Stub Support. If the 
separation b, of the two conductors of the series section is reduced to 
zero, these may be replaced by a single conductor, as in Fig. 17.5 or 
17.6, insofar as the symmetrical case is concerned. This conductor is 
a center-driven antenna whose impedance cannot be determined from 
transmission-line theory. However, the transmission-line junction effect 
and the coupling between the feed line and the antenna may be obtained 
by specializing the general formulas derived in this section. In this 
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manner the constants of the junction-zone networks shown in Fig. 17.6 
may be determined for use with uniform-line theory and the impedance 
of the isolated center-driven antenna, which is here assumed to be known. 

Since the antenna in Fig. 17.5a is at right angles to the line and carries 
the sum of the equal and opposite currents of the two feeding lines, the 
inductive junction effect is obtained directly from LZ in (9) by setting 
b, equal to zero. The formula is 


(38) 


and it is to be used in the circuit of Fig. 17.6a, in which each feeding line 
involves a total lumped inductance Ls. 


Ki #110). sinh7!(b/ ¥w2+a2) 
2in (b/a)+sinh}(b/ /w2+a2) 
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Fie. 17.7. The function —{co(w):(w) — 1]/co for antenna with stub support. 


Alternatively, if in the circuit of Fig. 17.5) the stub is adjusted in 
length to present a sufficiently high input impedance at its terminals 
compared with the impedance of the antenna, the current entering the 
stub is negligible compared with that entering the antenna or leaving 
the main line. It follows that the presence of the stub may be ignored 
except insofar as it contributes capacitively. A series inductance L* need 
be used only in the main line, as shown in Fig. 17.6b. 

The lumped capacitance Cr required to transform the circuits in Fig. 
17.5a and b with nonuniform lines into Fig. 17.6a and b is obtained by omit- 
ting the term in Az in (24) and setting b. equal to zero. The result is 
A, = sinh~! (b/+/w? + a*) and B = C, so that, with A, absent, (28) 
reduces to 


low — col’ a sinh—! (b/+/w? + a?) 
Co | sinh~! (b/+~/w? + a®) + 2 In (b/a) 


A plot of this quantity, proportional to the integrand in (11) for the 
special case under consideration, is given in Fig. 17.7 using w/b as vari- 


(39) 
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able and b/a as parameter. The result of a numerical evaluation of (11) 
using (39) is shown in Fig. 17.8 in solid line. For comparison, a curve 
of the same quantity as evaluated from the approximate formula (36)— 
which is valid for sufficiently large values of b/a—is also shown. For 
the case at hand, J2 in (37b) is omitted, and 6, is set equal to zero in 
Ji, J3, and J4. With d = 106 the result is 
Be, ge A (2d /b) 2: = 2 

Ce Seah Jay Ja) 
The agreement of the approximate curve (shown in dashed line in Fig. 
17.8) with the more accurate solid curve is increasingly good as b/a is 


(40) 


1 sinh”! b/ fw?+a" 


-&1 d 
beg bf 2In b/a+sinh-"b/ Jw*+a2 as 


2 
ee ~ bey in bfa 
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Fig. 17.8. Capacitance Cr for the junction network of Fig. 17.5; computed for 
b = 0.01X. 


made larger. For most practical purposes (40) may be used whenever 
b/a exceeds 20. 

Note that in the stub-supported arrangement in Fig. 17.5b the capaci- 
tive coupling between the stub and the antenna may not be ignored, 
since, as a first approximation, the charge per unit length on each wire 
of the stub is the same as on the main line and on the antenna. The 
equivalent network involves C7 in parallel with the antenna for each 
section of line, or a total of 2C’7, as shown in Fig. 17.6b. 

Antenna as End Load on Two-wire Line. If the distance ba between 
the two conductors of the auxiliary line is made infinite, the simple cir- 
cuit of Fig. 17.9a remains. This consists of a two-wire line end-loaded 
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by a symmetrical antenna. In this case the series inductance Lr for use 
in the circuit of Fig. 17.9b is obtained from (9) by setting b, equal to 
infinity. The result is 

ae ie ae eR , (41) 


2rv 


The shunt capacitance Cy is obtained by allowing b, to approach 
infinity in (28) or (29), while w; = w — b,/2 remains finite. Note that 


oe 


(a) 
Fig. 17.9. Antenna center-driven from two-wire line. (a) Actual circuit with non- 
uniform line near junction. (6) Equivalent circuit for use with uniform-line theory. 


w, is the distance s — z from the end of the line and w is the distance 
from the point midway between the two conductors of the auxiliary line. 
For the special case at hand 


b 
A = sgl h7 nd 
aii (Fa + a) 
A», = 0, B = sinh~! (w/a) — sinh (w,/b), and C = In (b/a), so that 


c(wW1) — Co 
Co . 
_ _ Sinha! (6/+/w? + a?) + sinh! (w;/a) — sinh-! (w/b) — In (b/a) 
sinh-! (b/+/w? + a?) + sinh (w;/a) — sinh-! (w/b) + In (b/a) 
(42) 


This quantity is plotted in Fig. 17.10 as a function of w/b, with b/a as 
parameter. By substituting (42) in (11) and evaluating the integral 
numerically, the solid curve in Fig. 17.11 is obtained. On the other 
hand, the approximate formula (36) using (37a) to (37d) gives the follow- 
ing simple results, with b, = © andd = 10b: 


In (2d/b) . 
21n (b/a) — 2 In (b/a) 
The approximate value of —Cr/bco determined from (43) is shown in 


Fig. 17.11 in the dashed-line curve. It is seen to be in good agreement 
with the more accurate numerically determined solid-line curve for values 


Cr = — bcp — bey (43) 
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of b/a greater than 10. Since (48) is actually the first term in a series 


in inverse powers of 2 In (b/a), this agreement for large values of b/a is 
very satisfactory. 


cowie) 


-sinh' 2 +sinh* 


sinh? = -sint? F+sinh 


b -in ob 
Vw? +a? a 
6 


£1e 5931. WHRX— 


~ 
0.01 
0.005 
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w/b 


Fie. 17.10. The function —[eo(w),(w) — 1]/co for antenna as end load on a two-wire 
line. 
12 
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Fig. 17.11. Capacitance C'r for junction network of antenna as end load (Fig. 17.7) 
and folded dipole (Fig. 17.12); computed for b = 0.014. 


The analysis of the circuit of Fig. 17.92 may be carried out by substi- 
tuting the equivalent circuit in Fig. 17.9b, in which uniform-line theory 
may be used with L, as in (41) and with Cr obtained from Fig. 17.11. 
The impedance of the antenna to be used is its isolated value, since Cr 
includes capacitive coupling to the line and there is no inductive coupling. 

It is evident from the two special cases represented in Figs. 17.8 and 
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17.11 that reasonably accurate values of Cr may be evaluated from the 
approximate formulas (36) and (37a) to (37d), provided b/a is sufficiently 
great. More accurate results depend on the evaluation of the general 
integrals obtained from the substitution of (28) and (29) in (11). 
Junction Network for Folded Dipole. The folded dipole differs from 
the balanced series junction in Fig. 17.1 in that there is no continuation 


Uniform: line 


r 
g Non- uniform line 


Fig. 17.12. Folded dipole and equivalent circuit. 


of the main line to the right of the junction. A typical folded dipole is 
shown in Fig. 17.12a. In this case 


ie(w) = sn itive i ° (7. = x) dw! (44) 


o/2 


where #, and RF, are as defined in (6). The integration gives 
ko(w) = B+In2 (45) 


where B is as defined in (7b). It follows directly that the series induc- 
tance for use in Fig. 17.12b is given by 


(eee aa (46) 


2rrvo 


The evaluation of Cr parallels the analysis following (11). ‘Thus 


Vices su) D(z rear 3) (47) 


1 id ro | 1 ’ 
Vr(w) = Ore fe qa(y’) Gt 2 *) dy 
+ if qaly’) (A - x) av’ | (48) 


where Rir, Rer, Ry», and Ry» are as defined in (22a) and (22b). With 
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the same approximations as before, the integrations lead to 


Vr(w) = an(u) At (49) 
where 
: b/2 host a b/2 
a -1 fyatect ee Ee es. (EO 
A‘ = sinh Se ae + sin Vani Lh (50) 


Note that A‘ differs from A; in (25) only in the occurrence of 6/2 in 
place of b in the numerators. With V,(w) and V7(w) as defined above, 
it follows that 


iy eet Ai +B-—In(b/a)_ _. A, —-InD, 
co = 6 4) 4B +in (b/a) °° A, — In D, + 2In (b/a) 
(51) 
where D, is as defined in (31). By setting 
_AL—inD, 
6 on G/a) (52) 
the first term in the series form of C7 is given by 
, d+ba/2 
Cr = —Co ee 5 dw (53) 


Since Aj differs from A only in the occurrence of b/2 in place of b, it 
follows with (37a) to (37d) that, with d = 10b, 
, In (4d/b) — 1, 1.35 

Cee bey obey on bya) 
A curve of the approximate value of —C,r/beo for the network in Fig. 
17.12 is shown in Fig. 17.11 in dotted line. Since the corresponding 
approximate curve for the antenna as end load is in good agreement with 
the more exact value obtained numerically, it may be taken for granted 
that the approximate curve for the folded dipole is also a satisfactory 
representation, provided b/a exceeds 10. 

18. Change in Spacing of a Two-wire Line. The distance between the 
parallel axes of the conductors of a two-wire line is b; from z = 0 to a 
point z = s. From z= 5, to z = s+ s, the spacing is b,.. Both con- 
ductors of both sections of line, as well as the short pieces joining the 
two sections at z = s,, have the radius a. It is assumed that the follow- 
ing inequalities are good approximations: 


s2>>b2 >> a2 8? > OF D a? (1) 


(54) 


A section of line near the change in spacing is shown in Fig. 18.1. In 
order to use uniform-line theory with the constant parameters /¢, and 
Co at all points to the left of the change in cross section and [¢, and co, 
to the right, it is necessary to determine the actual quantities /¢(w) and 
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c(w) on the left and J(u) and c(u) on the right. The variables w and u 
have their common origin at the junction of the two lines of different 
spacing, as shown in Fig. 18.1. In terms of the coordinate z, w = s; — z 
and u = z— s, The inductances /*(w) and [*(u) may be determined by 
assuming the line so driven from both ends that a current maximum is 
at the junction. Subject to the condition 


(8b)? «1 (2) 


the current is approximately constant in magnitude over distances 
w S 10b; and u S 10b, near the junction. The capacitances c(w) and 


by 
Loe 


Fig. 18.1. Line with change in spacing. 


c(u) may be determined by reversing the generator at one end, so that a 
current minimum and voltage maximum are maintained at the junction. 
Subject to (2), the scalar potential difference in the range w S 10b; and 
w S 100, is essentially constant. 

Inductive Correction. The vector potential at dw, (Fig. 18.1) on the 
surface of conductor 1 at a distance w to the left of the junction is given by 


. _ 1 0 ; 1 1 ; * , 1 1 , 
Asso) + Z| [ ww) (q- paw + | Hw’) (gf — pe) ae’ 


where I(w’) is the current in conductor 1 at a distance w’ to the left of 
the junction and J(u’) is the current in conductor 1 at a distance u’ to 
the right of the junction. It is assumed that both sections of line are 
balanced so that the current in conductor 2 is the negative of the current 
in conductor 1 for each value of w’ or u’. The upper limits s; and s, 
have been replaced by infinity, since the conditions (1) on s; and s, lead 
to final results that are the same as those obtained with s; = © = s,, 
The exponential retardation factors e—‘6® have been replaced by unity, 
since it is assumed that the condition |6b| < 1 is satisfied. The follow- 


ing distances occur in (38): 


Ra = V(w' — wv? + @ R, = Vw’ — w + 0b? (4a) 
Ru=Vw+uvP?tmt+a Re= Ju’ +w)?+n? (4b) 
where m = £(b, — b,) n = (br + B,) . (4c) 


It is assumed that b, = b,. 
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Since the current is essentially constant in the junction zone, the lead- 
ing terms in the Taylor expansions are 


[(u') = I(w) = Iw’) (5) 
The substitution of (5) in (3) and the subsequent integration give 


Ie(w) = Welw) _ 2Arn(w) _ 1 (2mé b | wt Vw? + YF 
Iw) ‘T(w) Qa w+ /w? + a? 
w+ Vw? +n? 
w+ Vwi +m + a 
The lumped inductance required to permit the use of 1g, = (1/zv) In (b;/a) 
to the left of the junction is defined by 


+ in (6) 


Ln = f° (i(w) — tl dw (7) 


where d = 10b;. After the substitution of (6) in (7), the integration may 
be performed with the result 


tn — oem a+ Varta +™) 
— 5 (m—at+ Vm Fa?) (8) 


The expression for 1¢(w) is like (6), with w replaced by u and b; by by. 
The evaluation of Lr, is straightforward and results in 


. 1 mb, . 
Lr = 5 57 79 (9) 


Since d 2 10b, the terms with d in (8) and (9) are negligible. 
The series inductance of the short conductors joining the two sections 
of line with different spacing is defined by 


“10 oI - ai a (10) 


b1/2 br/2 
h : ll 
hors n= 4x -2(f bi/2 vs ie Viy-—y)? +a or + Jes eal a 


These expressions may be combined to give 


exit | i ee yay +{" i yay | 
fy 4ry o/2 J -0/2 Vy — y')? + @? b/2 J ~b,/2 Vy —y)? +a — y')?+ a? 
bi/2br/2 dy dy 
(12) 
eT a et al 
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The following integrals are obtained, subject to (1): 


Ly = 5- | bln 2 Vit a + a + b,1n 2 Vet+at+a 
—2(nn— virre awl at vara) | (13) 
where = £(b: + 6,) m = $(bi — . b, = b, 


The total lumped inductance required at the junction in series with 
each conductor is 3(L7m + L,), as shown in Fig. 18.2. With this lumped 


gLn 
ply 
. . cy 7 tT 
b, ee Cn (Cr-+ Cre) eafenn ine b, 
‘ols Sol or? tor i 
1 
| he 
1 
gln 


Fig. 18.2. Equivalent network for the junction in Fig. 18.1. 


inductance, the inductance per unit length of each line may be assumed 
equal to the constant value /¢, or /g, characteristic of uniform-line theory. 

Capacitive Correction. The scalar potential at dw, on the surface of 
conductor 1 at a distance w from the change in spacing is given by the 
following integrals: 


oto) aL" aw (f, — ae) oe + fae a ~ a) 


+f" 10) ay 4 fe qoty') ay | (14) 


Ry 


As in (8), exponential factors in (14) have been approximated by unity. 
The charges per unit length are gi = g on conductor 1 and g2 = —q on 
conductor 2, with variables w’, u’, and y’ appropriate to the three regions. 
In (14) 
= VGh — y')? + w? (15) 
Since the scalar potential difference between conductors 1 and 2 is 
essentially constant near and at the junction when a voltage maximum 
is maintained across it, the charges per unit length on the two sides of 


the junction would be related as follows if uniform-line theory were 
accurate: 


gw’) . gw’) 16) 
Cor Coz 
TE a TE 
where Cor in(b,fa) ~~ in (b,/a) (17) 
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In determining the departure of the scalar potential from that predicted 
by uniform-line theory near the junction, it is adequate to use the lead- 
ing term in the unperturbed distribution of charge. That is, 


q(w') = g(w) — g(u!) = q(w) cor = kq(w) (18) 
where k= oe = a a ula) (19) 


The charge per unit length on the connecting wires may be assumed to 
vary continuously and linearly. Thus 


nly) = ay) = aw) [1+ Goi -v) t= 1 1b, Sy! Shy (20a) 


G)= 2 aw E igre OF | 
—$b: 


Sy’ S —4%b, (20b) 
The following shorthand notation is used: 


m = 3(b: — br) n = 3(br + by) ..= — (21) 


Note that, since & does not differ much from unity in most cases and 
m equals or exceeds 1, p= is usually quite small. With the notation intro- 
duced in (21) and with (18) and (20a,b), the following expression is 
obtained from (14): 


ror= min 2 Baron [Be 
b: , —4br , 

+ ef p+ od — [On teat} ea 
ab, v —4br v 


This may be integrated using standard formulas. The result is 


V(w) = (loin? bi :— uw | ee 
where F;(w) = In w+ Vui + bf ea — kin wt Vw? tnt 
wiv ee ea w+ Vw? + m+ at 
~ cone = + (1 + pbi) (sch? — esch-! ~) 


~ (Vat Fmt — w+ Var Fo ~ Vartan) (24) 
The capacitance per unit length on the left of the junction is 


2re 


ei(t0) = 2 In (b,/a) — Fi(w) 


The capacitance per unit length of an infinite line is obtained by setting 


(25) 
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w = ©, for which F (w— ©) = 0. Hence 


TE 
Co = in (b;/a) (26) 
In order to use uniform-line theory on the entire line to the left of the 
change in spacing, it is necessary to introduce a lumped capacitance C7, 
that compensates for the error made in using co instead of c,(w). This 
capacitance is given by 
Cor F,(w) 
Ces J, lex(w) — co] dw = 7a) Jo T— Fitw)/(2 in (Jal 
(27) 


where d = 10b. This integral may be evaluated numerically. However, 
for sufficiently large values of 6;/a the ratio F,(w)/[2 In (b;/a)] is small 
compared with unity, and (27) may be expanded in powers of this ratio. 
In particular, Cr; may be approximated by the leading term in this 
expansion. Thus 


Cn = a Ga) * Fue) dw (28) 


The integration in (28) can be carried out. If terms of the order of 
magnitude b? are neglected compared with d? = (100,)?, the following 
expression is obtained: 
Be pi CONE 2 a = 2 2 1 
Cy = Fin (bya) 1 —a-—kn- Vm’+a%) +411 +h)minm 
— (1 + gpbi)b: In by + [1 + 2(38b; — b,)|In Inn} (29) 


The evaluation of Cr, for the section of line to the right of the junction 
parallels that carried out for C7. The potential difference at a distance 
u to the right of the change in spacing is given by 


V(u) = 26x(u) = be (f Grae til GE fea) 28 


a ie js § = i — $0 | a ~ he E +7 Py’ + 1» | a (30) 


where 


=VWw —urta R= VW = uP +B 
=Vutwy+m+a  Re=JSutw)?+n? (31) 
_ V (hb, — y)? + Uv? 


The integrations can all be carried out, and V(u) expressed as follows: 


VG) = gw) E In = Ft) | (32) 
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-netvute 1, ut vet 
ao a but Vu +m? + a? 


— esch™! — = + (1 a pbs ».) (csoh- * — esch™ a) 
WFR o- Vu? +n? + Su? + 62) (83) 


The capacitance per unit length on the right of the junction is 


where F,(2) 


2rre 
6) = Fin Gia) = Flu) a 


The capacitance per unit length of an infinite line (u = ©) is 


TE 
w= In (b,/a) oe 
The lumped capacitance Cz, required to correct for the use of ¢p in (35) 
in place of c,(u) in (84) is 
d d 
=) ae Cor F,(u) 
= fp le) ~ cold = ain ey (Ja) Jo T—F@/2 ls Gay) 
(36) 
where d = 10b,. Corresponding to (28) for Cm, the approximate expres- 
sion for Cz, when b,/a is sufficiently 7 is 


Cor 
2 In (b,/a) 


If terms of magnitude b? or less are ne compared with d? = (10b,)2, 
the following result is obtained from (37): 


Cr, = “F, (u) du (37) 


Cor k+1 
Cr, = stray (2 —a-L(n+h— Vm Fa *) + —gR- m In m 


hin: E a ee (38) 


In addition to the corrections Cr; and Cr, required to permit the use 
of uniform-line theory, the capacitance between the two conductors, 
each of length m = $(b; — b,), must be included. An approximate for- 
mula for the capacitance between coaxial cylinders is given by Kiipfmiiller 
(Ref. 12, p. 66). In terms of the notation of this section, the result is 


Tem 
in (” J 2b, +m 
a \N2b, — 3m 
The complete lumped network required to permit the use of uniform- 
line theory on each side of the junction of two sections of line with dif- 


Cre = (39) 
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ferent axial separations is shown in Fig. 18.2. Lr, and Ly, are defined in 
(9) and (13), Cr in (29), Cr, in (38), and C7, in (39). 

19. Right-angle Bend in the Plane of a Two-wire Line. A right-angle 
bend in the plane of a two-wire line is shown in Fig. 19.1. Since such a 
bend is not symmetrical with respect to the two conductors of the trans- 
mission line, it necessarily has an unbalancing effect. An approximately 
equivalent lumped network for the bend is determined by separating the 

-———_— w’ —________-+ | 
fe w +e a4 
dwi Ra dw, 


Fie. 19.1. Right-angle bend in the plane of a two-wire line. 


voltage and current into symmetrical and antisymmetrical parts, as 
follows: 


Vw) = VO(w) + VOW) Vu) = Vu) + Vu) A) 
I(w) = 1(w) + Tw) Hu) = Iu) + FU) 2) 


The symmetrical combination consists of the voltage, charge, and cur- 
rent maintained by the equal and codirectional generators shown in Fig. 
19.2a; the antisymmetrical combination involves the voltage, charge, and 
current maintained by the equal and opposite generators shown in Fig. 
19.2b. In terms of the coordinates illustrated in Fig. 19.1, the two cases 
may be summarized as follows: 


Symmetrical Combination 
I(w) = g{I(w) + I(u)] (3a) 
VO(w) = a[Vw) — V(u)] (30) 
q(w) = slq(w) — g(u)] (3c) 
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Antisymmetrical Combination 


I (w) = 3[I(w) — I(u)] (4a) 
VO(w) = g[V(w) + V(u)] (4b) 
q®(w) = alq(w) + g@)] (de) 


Symmetrical Case. In the symmetrical case (Fig. 19.2a) there is a 
maximum of current and minimum of charge per unit length at the 
junction. Since the junction region extends only over a very small frac- 
tion of a wavelength, it may be assumed that the current is constant in 
the junction when the line is driven symmetrically and that the charge 
per unit length is zero. 

The z component of the vector potential at an element dw on the sur- 
faces of the horizontal conductors 1 and 2 (Fig. 19.1) is given by 


I 1z (w) 


Aap 


Ai.(w) = = [neo Prco0') dw’ - P,(w,w’) dw’ (5a) 


fo) —I,, fo} , , 
As.(w) = ge [ Ire(w')P (wg!) de’ = =e) [ P,(w,w’) dw’ (5b) 


Note that z = —w and, as in Chap. -I, Iy=1,=max 
II, Sec. 1, Eq. (9a), { q.,=4,,=0 
e@—i8Ro e ib Re 
Pi(w,w') = RB 
. il 1 
= BR. RB, (6a) 


with = V(w’ — wv)? + @ 
R, = V(w' — w)? +8? (6d) 


Since the conductor is very long to + ~Zy {wz tu=0 
the left of the junction, the upper Fw Fu = MAX 
limit in the integrals may be made in- 
finity. In the approximate expres- 
sions on the right in (5a,b) the leading 
term in the expansion of the current 
at w’ about the point at w is sub- 
stituted for the current. This is 
justified in Chap. II, Sec. 1. In ~ yet 
addition, it has been assumed that Fic. 19.2. Symmetrical and antisym- 
I.,(w’) = —I,(w’). Actually the line metrical driving conditions. (a) Sym- 
must be slightly unbalanced, so that ta! conditions. (b) Antisymmet- 
. . > rical conditions. 
the currents in the two wires are not 
exactly equal and opposite. However, in the approximate determination 
of the lumped network that is responsible for this unbalance, it is suffi- 
ciently accurate to assume the currents equal and opposite. 
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The integrals in (5a) and (5b) may be evaluated directly. The results 


are 
a _,otvtvbotu)?t+ b 
Ai,(w) = | 21m? In eae (rer eiar erurt®| (7a) 
As(w) = “he (2m? ek ut vee) (7b) 


In the range w = 0 the vector potential difference is 


W,(w) = — — A2,(w) 
— Fs) Jy in Ben [oe ee eee) (8) 
Ary wtVwt+abtwut Vb+w)? +a? 


The inductance per unit length of line in the range w = 0 is defined by 
Ie(w) = W,(w)/I.(w). The constant value /¢ for uniform-line theory is 
given by J¢(w) when w? is large compared with b? or when w— ©. The 
lumped series inductance L, required to correct for the error made in 
using /é(w) in the range w = 0 is given by 


a 
Lr = [ (l¢(w) — Is] dw 


Bt so hs in [Pt vert ee thts votre 
4rv Jo wt+ Vw? + awt+db+ Sw tb)? + a 


where d is of the order of magnitude of 10b. The integration can be 
carried out directly to give 


Tas — Z {dlV2 — In (1 + V2) + InQ] — a} 2 — 7 (121d = a) 
(9) 


Note that this value of Lr is considerably smaller than that given by 
Sec. 12, Eq. (5), for a line terminated in a conducting bridge. Since one 
of the conductors continues beyond the point w = 0 in the case of the 
bend but not in the case of the bridge, this is to be expected. 

The section of conductor 1 extending from w = 0 to the corner at 


w = —b is not a part of the two-wire line. It constitutes an additional 
inductance in series with conductor 1. It is defined by 
Ai.(w) 4 
Ly = dw 10 
ia T..(0) oe 
where A;,(w) is as given by (7a). The integration results in 


2 (a? gee Buh Gat 
a = 5, (in? — 0.05 = 5 Ine for” > 5 (11) 
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Since the vertical section of line is identical with the horizontal section 
in Fig. 19.1, the equivalent circuit for the symmetrical case is as shown in 
Fig. 19.3. Owing to the presence of the series inductance 21, in one con- 


ductor and not in the other, the line 
is unbalanced. If the voltage drop 
2jwLi), is replaced by an equivalent 
generator with emf V, = —2joLih, 
and this is treated in two parts, as 
indicated in Fig. 19.4, it is clear that 
equal and opposite voltages $V; in 
the two conductors contribute to the 
balanced transmission-line currents, 
whereas equal and codirectional volt- 
ages 4V, maintain currents in the two 
wires of the line which are equal 
and in the same direction. In the 
open-wire line these are antenna 
currents that radiate significantly. 
They cannot be determined by trans- 


Uniform line 
wZzo 


vo 


network 


uzZo 


Uniform line 


e 
+ va 
Fig. 19.3. Equivalent circuit for sym- 


metrically driven line with bend. 


mission-line theory. (In the corresponding problem with a shielded-pair 
line, the codirectional currents are in parallel, with the shield as the return 
conductor, as described in Chap. III, Sec. 14.) 


Ov" 


Uniform tine 
w20 


V, = —j2wL,f,, 


Uniform line 
uz0 


C) 
+ vo = 


Fic. 19.4. Equivalent circuit for symmetrically driven line with bend. 


Antisymmetrical Case. The antisymmetrical distribution illustrated in 
Fig. 19.2b is characterized by a vanishing current and a maximum of 


charge per unit length at the corners. 


The scalar potentials on the sur- 
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faces of the conductors at the elements dw and dwze (Fig. 19.1) are 


oxew) = | [ao 


— —IBRe 


* qa(w') 


+ eo qi(u’) 5 a : du’ +f qa(u’) —, (12a) 
$2(w) = a Fe qi(w qo(w') & = a ais : 
eles qulw’) ” du’ ae g2(u eau’ | (12b) 


The antisymmetrical potential difference in the ranges w = Oandu = Ois 


V2(w) = o1(w) — $2(w) 
an ce gi(w’)Pi(w,w’) dw’ — [ Q2(w’)Pi(w,w’) dw’ 


oo 


+f qi(u’)Pi(w,u’) du’ -{ g2(u’)Po(w,u’) aw’| (13) 


where P,(w,w’) is as defined in (6a) and where 


a e7iGRu = e—iGRa a ee 7 1 
EAE pe eae SR a ui) 
—iGR22 —jBRi2 
P2(w,u') = Oe ee eae (14b) 


R,and R, are defined in (6b). The other distances in (12a,b) and (14a,b) 
are 


Ru= Jw? t+ +b? ta Run =VSwtbt+u? +a? 
(15a) 
Ri = Vw? + (u’ + 6)? + @? Roz = Vwi +u? +a? (15d) 


As a consequence of symmetry, 


qi(u’) = qi(w’) g2(u’) = q2(w’) (16) 


Accordingly (13) may be expressed as follows: 
ve) = ff autw Paton) + Palwoa) du 
WE =b 
= i g2(w’)[Pi(w,w’) + Po(w,w’)] aw’ (17) 
Owing to the fact that conductor 1 is longer than conductor 2 by a 
length 2b, the condition g2(w) = —qi(w) (which applies when w and u 


are large compared with b) cannot be true at and near the corner if the 
total charge on conductor 1 is to be the negative of that on conductor 2, 
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so that the line as a whole is electrically neutral. Since conductor 1 is 
longer than a straight transmission line with the same mean length as 
the bent one by an amount b and since conductor 2 is shorter by the 
same amount, it follows that the charge per unit length on conductor 1 
must decrease as the corner is approached, whereas the charge on con- 
ductor 2 must increase. Rough sketches of the nature of charge dis- 
tributions g:(w) and q2(w) and of the electric field in the plane of the 


Fie. 19.5. Charge and electric-field distributions near a bend in a two-wire line (esti- 
mated). 


conductors are shown in Fig. 19.5. Since the true distributions of charge 
are unknown and a rough approximation is adequate in order to deter- 
mine the capacitance Cr for the lumped corrective network, the unper- 
turbed distributions that would obtain if the line were straight with the 
same central length may be used. That is, the uniform charge per unit 
length q is assumed to be on conductor 1 and the uniform value —g on 
conductor 2, both being equal in length. These uniform distributions 
are shown in Fig. 19.5 together with the varying ones g:(w) and q2(w). 
Note that the uniform charges are distributed over two conductors of 
equal length, so that the configuration of conductors actually assumed 
is that shown in Fig. 19.6. The total capacitance of this structure when 
uniformly charged does not differ greatly from that of the bend with the 
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actual nonuniform distributions. With each conductor in Fig. 19.6 uni- 
formly charged in the range from w = —b/2 to the end of the line and 
from u = —b/2 to the other end, the scalar potential difference in the 
range w = 0 is given by 


Vw) = Z- dee [2P.(w,w’) + Pi(w,w’) + Pe(w,w’)] dw’ (18) 


This expression may be integrated, with the following results: 


V(w) = L(amb-a -B+C) (19a) 
w+ b/2 + VW (w + 6/2)? + 8? (190) 


where A=In 
w+ b/2+ V(w + b/2)? + a? 
In eis v/s aa Nek mung esch7! AC ha was nal aa (19c) 
V(w +b)? +0? b 
jp EEE oe VES 60) 
a/w? + a b 


The capacitance per unit length is given by 


B= 


C= 


— gq _ 2re 
cw) = Fa) — Fin @/a) -A- BFC 0) 


The lumped capacitance Cr required to permit the use of uniform-line 
theory is defined by 


Cr= oe [c(w) — co] dw (21) 


~b/2 
_ TE 
where C= Tbe) (6/a) (22) 
With (20) and (22), it is clear that 
_ A+B-C 
o(w) — ¢ = 5th (b/ay -A— BC 


(23) 


Fig. 19.6. Configuration of Jf (23) is substituted in (21), Cr may be evalu- 

ae uben sto Cevenmne ated. Since the integration has not been 

i carried out in closed form, numerical methods 

must be used. Alternatively, if the ratio b/a is sufficiently great, the inte- 

grand in (21) may be expanded in inverse powers of the quantity 2 1n (b/a), 

and only the leading term retained. When substituted in (21), this gives 
-b 


d—b/2 
i eats = = 
Cr = Fin t/a) td (A + B — C) dw (24) 
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If d is large compared with b, the following integrals are obtained: 


d—b/2 
i Adw=b—-—a (25a) 
—b/2 
d—b/2 b2 
i (B — C) dw = b sinh 1 — — + 0.88b (25b) 
—b/2 2d 
It follows that ~"Lumped 7 
(network 


Cn = (1.88b — a)cy 
7 ~~ In (6/a) 
The equivalent circuit for the anti- 


symmetrical bend is shown in Fig. 
19.7, where Cz is given by (26) and 


Uniform tine 
wo 


(26) 


| ieee 


uniform-line theory applies to the gs i 
transmission line on each side of the Al 
bend beginning atw = Oandu =0 5 


(Fig. 19.1). 
The superposition of the sym- 
metrical and antisymmetrical prob- ~ ye a 


lems yields the general case of a line 
driven on one side of a right-angle 
bend by a generator Vy) = V* + Ve 
and loaded on the other side by an impedance Z, that satisfies the relation 
—I,Z, = V* — V*. The appropriate lumped constant network is shown 
in Fig. 19.8, with Lr given by (9), Zi by (11), and Cr by (26). 


Fic. 19.7. Equivalent circuit for anti- 
symmetrically driven line with bend. 


f, izLr Lumped 
network 


Vj=—j2oL,], 


Zs 
Fie. 19.8. Equivalent circuit for right-angle bend in the plane of a two-wire line. 
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20. Bends and T Junctions in Balanced Shielded-pair Lines. Bal- 
anced shielded-pair lines behave essentially like open two-wire lines with 
different line constants. If the shield is not too close to the inner con- 
ductors compared with their separation, the lumped corrective networks 
determined for the open two-wire line for a change in radius (Sec. 13), 
a bend (Sec. 15), a T junction (Sec. 16), series branches (Sec. 17), or a 
change in spacing (Sec. 18) may be adapted for use in corresponding 
situations in the balanced shielded-pair line. If the inductances and 
capacitances per unit length characteristic of the shielded-pair lines are 
substituted for the corresponding quantities for the open-wire line, rea- 
sonable approximations of the appropriate corrective networks may be 
obtained. 

21. Bend in a Coaxial Line; T Junction. The analysis of a bend in a 
coaxial line cannot be carried out readily using the quasi-one-dimensional 
integrals for the scalar and vector potentials owing to the complicated 
three-dimensional nature of the problem. However, since it is possible 
(see Chap. I, Sec. 11) to construct a cage transmission line that has 
essentially the same electrical properties as a given coaxial line when 
both are straight, it may be expected that the behavior of the cage trans- 
mission line at a right-angle bend must approximate that of a coaxial line. 
Evidently the approximation improves as the number of conductors in 
the cage is increased. It may be assumed, therefore, that a lumped net- 
work that corrects for junction-zone errors in a cage transmission line 
may be applied to an equivalent coaxial line as a reasonable estimate. 

Consider the bend shown in Fig. 21.1, in which the coaxial shield of 
inner radius a is replaced by a four-conductor cage of the same radius 
in a region of length d = 10a2 in each direction from the right-angle bend 
at w = 0, y = 0. The cage line is to be used only for determining the 
corrective network of lumped elements. 

The bend in the five-wire cage line is a combination (with some added 
complications) of the two types of bends in a two-wire line described in 
Secs. 15 and 19. However, the unbalance resulting from the differences 
in length between conductors 1 and 3 (Fig. 21.1) and the central con- 
ductor may be ignored, since the equivalent generator in conductor 1 is 
equal and opposite to that in conductor 3 and the two conductors are 
connected in parallel at w = 10d, u = 10d. That is, the coaxial lines 
beyond w = 10d, u = 10d are not unbalanced, since J; is smaller than 
—4] by just the amount that I, exceeds — I, so that + 1; = —3l, 
where I is the current in the central conductor. 

In the analysis of the coaxial line (Chap. I, Sec. 6) the potential of 
the shield (inner radius az) is zero, so that the potential difference is 
equal to the potential of the central conductor (radius a,). Let it be 
assumed as an approximation that the same is true at the bend when 
the four-wire cage replaces the shield. In this case the potential differ- 
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ence is measured between the central conductor and wires 2 and 4 in the 
cage (Fig. 21.1). Let the radius of the circle around which the con- 
ductors of the cage are placed be the same as the radius az of the coaxial 
line. 

In calculating the axial vector potential on the central conductor, it 
may be assumed that the currents in all four conductors of the cage are 
equal; that is, 4 = I, = 1; = I, = —H in calculating the corrective 
inductance Lr. That is, the unperturbed current is used in calculating 


Ke 


Coaxial line 


~ 
~— O ~~ 
Q 
(x) 


Fig. 21.1. Right-angle bend in a coaxial line approximated by a cage line. 


the perturbation produced by the bend. The approximate vector poten- 
tial at a point w on the central conductor of radius a; is given by 
I 
Ww) = A,(w) = the — Fx(w)] (1a) 


Amv 


4/1 1 , 4 dw’ 4 dw’ 

where ko — Fi(w) = i (4. - st) dw’ — [e- fi % (1b) 
and Ra = V(w’ — w)?+ a? Ry = V(w’ — w)? + a3 (2) 
The corresponding expression for the scalar potential involves the com- 
plication that the charge per unit length on the shorter conductor 1 must 
be greater—and that in the longer conductor 3 smaller—than that in 
conductors 2 and 4. Account could be taken of this difference as in 
Sec. 19, but the simpler assumption qi = g2 = q3 = q1 = —1g will be 
used. The approximate scalar potential is 


V(w) = or(w) = 2 the — Pi(w) + Faw] (3a) 
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where ky — F,(w) is as in (1b) and 


d d a d 
ee ced OU. dy’ dy! dy" 
Pow) = | Ra 7 Io BR Je FR J-atRae 2) 


The following distances are involved: 
Re = Vite ta Re = Re = Ve Pee (40) 
Rar = Vy? + (w— 2)? Rar = Vy"? + (w + a)? (4b) 


The integrals F,(w) and F.(w) may be evaluated without difficulty, 
Subject to the condition d? >> a3, the following results are obtained: 


ko = 2 In — (5) 
ay 
2 2: 
Fi) 2 (sinh w — 42 
w+ V/w? + a? a2 
+ sinh! Uae 2 sinh7! ) (6) 
As Qe 


F.(w) = 4 E (w? + a3) + In |w? — a3| — 2 In (w? + aj) 
chase OO | siactp ata (7) 
ae ae 
The variable inductance per unit length is 


le(w) = i = ak _— Fw) w20 (8) 


The variable capacitance per unit length is 


qw) _ Are 

9 
0) = Vin) ~ ky — Fit) + Fate) os 
The constant values 1g and cy are Seahial by allowing w to approach 
infinity in (8) and (9). Since Fi (w— ©) — 0 and F2 (w— ~o) — 9, it 
follows that 


2. k _ 1) % hie SEE > ee 

oo Aap ~ Qrv a1 aa ko — In (d2/a1) 

The lumped inductance Lr and capacitance C'r that correct for the use 
of lg and co in place of [*(w) and c(w) are 


Lr = [* (Kw) —bldw 9 Cr = LP (ew) — eo) dw (11) 


The evaluation of Lr is simple. With (8) and (10) and the condition 
d? >> a}, the following is obtained: 
1 


bg File) d 


(10) 


_ a — at 
Any 


(12) 
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The evaluation of Cr involves the integral in (11) with (9) and (10): 


_4nre [2 — Fw) — F.(w) 
Ce oes I = iw) — Faoyl/ @ a 


In general, this integral must be evaluated numerically. However, when 
ko is sufficiently great, the integrand in (13) may be expanded in powers 
of 1/ko, and the leading term used as an approximation. This is 


Are [4 


Subject to the condition d? > b2, this may be integrated into the follow- 


ing simple formula: 
. Ane T 
Cr = ee E (1 _ *) _— a| (15) 


Since the line is identical in both directions from the bend, the same 
values of Lr and C; apply. The complete equivalent network is shown 
in Fig. 21.2. 

It is interesting to compare the approximate formulas (12) and (15) 
for Lr and Cr for the coaxial line 
with the corresponding ones for the 1 Lumped network 
two-wire line. These latter are ob- he ae 
tained from Sec. 15, Eq. (18a), with 

= m/2, and Sec. 15, Eq. (27a), with 
M(@) =1. They are 


lw) 
4 
Saas at Cee creticccnll 


: b—a 
a ee Qrv 
= _ 2ne(b — a) 
Cr = ee ae (16) 


where ky = 2 In (b/a) and bis the dis- 
tance between the two conductors, 
each of radius a. Since the induc- 
tance per unit length of the two-wire line is 1¢ = (1/mv) In (b/a), the ratios 


Fig. 21.2. Lumped network for bend in 
coaxial line, 


Lr. b-a Lr.  @— a 


uk Bo ko 


two-wire coaxial 


(17) 


are essentially the same. Note that C7 is negative for the two-wire line 
and positive for the coaxial line. 

T Section in Coaxial Line. The analysis of a T section in a coaxial line 
may be carried out approximately by substituting a cage for the shield 
in the junction region, as shown in Fig. 21.3, and proceeding in a manner 
paralleling that for the right-angle bend. 
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$ , w «| 
Coaxial line ¥ 


Coaxia! line 


Coaxial fine 


Fic. 21.3. Shunt T section in a coaxial line approximated by a five-wire cage line in 
the junction zone. 


22. End Correction for a Coaxial Line When Driving an Antenna over 

a Ground Screen.'2” Consider a cylindrical antenna that is the exten- 

sion of the inner conductor of a coaxial line through a hole in a con- 

ducting plane. As shown in Fig. 22.1, the radius a, of the antenna is 

also the radius of the inner con- 

ductor of the line; the radius a2 of the 

hole in the ground screen is also the 

inner radius of the coaxial sheath. 

The admittance apparently loading 

the line at its end w = 0 is Ysa; with 

perfect conductors this is the admit- 

screen tance looking toward the load at 
w = d/2. 

Conventional transmission-line 

formulas are based on the assump- 

tions that (1) the charges per unit 

length qi(w) and q2(w) on the two 

conductors of the line at a given cross 

section w are equal and opposite, so 

that q2(w) = —qi(w), and that (2) the capacitance per unit length, 

defined as c(w) = V(w)/q(w), is equal to the constant capacitance per 

unit length co, characteristic of an infinitely long line for all values of w. 

These are good approximations at distances d from w = 0 which are large 

compared with a; — ai. Near w = 0,q2(w) is not exactly equal to —qi(w), 

and c(w) isnot a constant. Since primary interest is in the antenna and 

inner conductor, c(w) must be defined in terms of the charge per unit 


Fic. 22.1. Antenna over a ground screen. 
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length on the inner conductor. Changes in g(w) near w = 0 and vari- 
ations in c(w) from co are consequences of transmission-line end effect 
and of the capacitive coupling between the line, on the one hand, and 
the antenna and ground screen, on the other. 

The ideal theoretical admittance Y) = 1/Z) of the antenna assumes 
that the antenna is driven by a discontinuity in scalar potential at w = 0. 
The relations between Y,, and Yo may be represented approximately as 
follows: 


Yia— Yo as 2 1 (1) 
ai 
Ye ot jor 2>1 (2) 
1 
where Cr= i) ‘ [c(w) — co] dw (3) 


Evidently, if use is to be made of the ideal admittance Y» in conjunction 
with the measurable apparent admittance Y,.4, a knowledge of Cr is 
necessary. 

Since the vector potential at w is determined from the current in the 
inner conductor (as shown in Chap. I, Sec. 6) and this is continuous at 
w = 0, it follows that l*(w) = I for all values of w = 0, so that 


[r +0 (4) 


Therefore the corrective terminal-zone network consists of the shunt 
capacitance C7, defined in (3). 

The evaluation of c(w) and, from it, of Cr may be accomplished in the 
usual manner by calculating the scalar potential difference V at a dis- 
tance w from the end of the line (Fig. 22.1). Since it is shown in Chap. I, 
Sec. 6, that the potential @2(w) calculated from the charges on the inner 
surface of the shield contributes nothing to the potential difference 
Viw) = $1(w) — $2(w), it is sufficient to calculate V(w) from the charges 
on the inner conductor, the antenna, and the ground screen. However, 
since the inner conductor joins the antenna with a continuous distribu- 
tion of charge, the potential difference Via(w) for w = 0 which is main- 
tained by the charges on the inner conductor and the antenna is essen- 
tially the same as if the coaxial line continued. That is, 


qu(w) co—2me anh (5) 
It follows that, with V(w) = Via(w) + V,(w), where V,(w) is the poten- 


tial difference at w on the line due to the charges on the ground screen, 


Vw) _ 1 -|2 + Vale | 


qu(w) c(w) Co qi(w) 


(6) 
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Referring to Fig. 22.1, the potential difference V,(w) is 


g(r’) (1 i) aque cay 
V,(w) = i a son (2. Raz)" dr’ dé (7) 
where Riz = Vr? — Qayr’ cos 6 + a? + w? (8) 


Ror = Vr’? — 2aer’ cos &’ + a2 + wv? 


and where q(r’) is the total charge on a ring of unit width at radius 7’. 
Since the charge per unit length on the line must be continuous, it may 
be assumed that g(r’) = qz(w), so that 


V,(w) = 2) yw) (9) 


where F,(w) = aa ia ( — a) ‘dr’ do’ (10) 


The substitution of (9) in (6) gives 


c(w) — Co _ F,(w) (11) 
Co F,(w) + 2 In (a2/ai) 
so that the lumped shunt capacitance required to correct for the use of 


Co in place of c(w) is 


d d F 5(w) 
Cr= i [c(w) = Co] dw = — ef ha on Gada (12) 


where d = 10az. 

The exact evaluation of F,(w), as defined in (10), leads to complicated 
integrals of elliptic integrals. An approximate evaluation is accom- 
plished by dividing the range of integration with respect to 6’ into four 
regions, in each of which the integrand is assumed to be constant at a 
middle value. By choosing the middle values in the full range of 2 at 
6 = 0, 7/2, r, and 37/2, the integral in (10) may be approximated as 
follows: 


" 1 1 
F, = 1 hr eas Pe 
(w) rf (se = a2)? a w? V(r’ he a)? + =) r 
= 1 | 
Re aaa a er SRR 5 RE ERNE d , 
a I. (Fe faj+w® Vr? + ait 3) ’ 
fe 1 sn ; 
fey (Site Terarts) Pere, 


This expression integrates into 


— 2 2 
Fj(w) = 4 | sinh oe +n — = 
_ gin et 20 wey Pe + 4 = (14) 
a2 + Va} + aj + w? a2 + ai + V (a2 + a1)? + w? 
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Since the last two terms in (14) differ only slightly from 1 even when 
w = 0, they may be neglected. The remaining terms may be arranged 
as follows: 


; ap? a? 2 
F,(w) = $ | sinh 1 = ula + In (1 + “) —In (2 2 a) (15) 


The function [c(w) — ¢o]/co obtained by substituting (15) in (11) is 
represented graphically in Fig. 22.2, with w/az as the independent varia- 
ble and a2/a; as parameter. Although curves are shown for a wide range 


pg ee ee 
a One RS ae in 


a) 


0.006 
0 


w/a 
Fie. 22.2. The function —[e(w) — co]/co for a coaxial line driving an antenna over a 
ground screen. 


of values of a2/ai, those for which a2/a; is smaller than about 7 are not 
accurate for determining Cr. This follows from the fact pointed out in 
the footnote relating to Chap. I, Sec. 3, formulas (30a,b), that the inte- 
gral for the scalar potential on the surface of a cylindrical conductor, 
when expressed in terms of the charge per unit length, is a good approxi- 
mation only when the integration is extended over distances that are at 
least 5a, in each direction from w. Since the difference c(w) — co is 
actually significant only over a range of w from zero to very small 
integral multiples of a2 — ay, it is clear that, in order to have az — a, 
greater than 5ai, a2/a; must be at least as great as 7. The validity of 
this argument may be questioned on the grounds that, in evaluating the 
part of the potential determined by the charges on the inner conductor 
and on the antenna, the integration is actually carried out over very 
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much greater distances than 5a:. Moreover the ratio of the uniform 
charge distribution on the inner conductor and the antenna to the poten- 
tial difference due to this distribution yields only the constant co. But this 
argument overlooks the fact that in this approximate analysis the ratio 
of potential difference to charge is obtained by assuming a constant 
charge and determining the resultant potential difference as a function 
of w. Actually it is the potential difference which is constant and the 
charge which is a function of w; and the nonzero value of c(w) — co 
within a distance of the order of magnitude of az — a, of the end of the 
line properly corresponds to a charge distribution, and not a voltage dis- 
tribution, which is nonuniform over this distance. Therefore the correct, 
calculation of potential difference from the potential integrals using the 
true charge distribution would involve the determination of an effect 
produced by a variation in the charge per unit length which is confined 
to a range of the order of magnitude of a2 — a1. The contribution to 
the potential obtained from an integration over such a distance is not 
accurate unless the distance is at least 5a; in each direction. Since this is 
approximately true only when a2/a: 2 7, it follows that the curves in 
Fig. 22.2 are useful for determining Cr only over this range. 

By determining the areas under the curves in Fig. 22.2 (when drawn to 
a linear scale) in the range w/az = 0 to w/az = 10 by numerical methods, 
Cr as defined in (12) may be evaluated. It is shown in solid line in Fig. 
22.3 as a function of a2/a, for two values of a;/A. As pointed out above, 
only the ranges a2/a, > 7 are satisfactory approximations. The dimen- 
sionless quantity —Cz/azco is shown in solid line in Fig. 22.4 for a2/a1 
greater than 7. 

In order to obtain an expression for Cr for values of a2/a; near 1, it 
may be noted that, when az — a: is small compared with a: and az, the 
potential at any point in the coaxial line is determined principally by 
the charges on the adjacent parallel surfaces, so that they may be repre- 
sented approximately by parallel planes, i.e., cylinders of infinite radius 
instead of sections of circular cylinders. Moreover, since (a2 — a1)/dois 
necessarily small compared with 1, the distribution of charge near w = 0 
must correspond closely to an electrostatic one. This suggests the deter- 
mination of Cr for a coaxial line with az — ai very small by representing 
the coaxial line by a parallel-plate region extending from w = Otow = ~, 
with the plates separated a distance az — ai. One of the plates extends 
over the range — © < w < ~; the other makes a right-angle bend at 
w = 0 and then continues to infinity. 

The distribution of surface charge per unit area 7 on both the straight 
and the bent plates may be determined by conformal transformations 
using the Schwarz-Christoffel formula. The part of the solution of inter- 
est in the problem at hand is the distribution of charge on the straight 
plate in the range from w = U to w = ©, where it is parallel to the 
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Fia. 22.3. Theoretical end correction for a coaxial line driving an antenna over a 
ground screen at A=60 cm. 
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Fig. 22.4. Capacitive end correction for antenna driven from a coaxial line over a 
ground screen. 


second plate. It is this range which corresponds to the inner conductor 
of the coaxial line when this has an infinite radius. The static distribu- 
tion of charge may be obtained by applying a potential V across the 
plates. The transformations involved in the solution for the surface 
density of charge » are described in the literature.!:3°%? The pertinent 
result is the ratio of charge density n(w) on the straight plate at a dis- 
tance w from the plane w = 0, where the second plate is bent to the 
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charge density n() sufficiently far into the parallel-plate region so that 

a constant value is reached. This ratio is 
n(w) 1 


n(©) 4/1 —¢ 


(16) 
where the relation 


poe = ER VIHt- m(VI=tF ) +n (VT =F 0 
¢<0 (17) 


obtains. A plot of 7(w)/n() as a function of w/(a2 — ai) is given in 
Fig. 22.5 for the part of the straight plate which forms half of the parallel- 
plate region near w = 0. The charge density on this plate decreases as 


1 


0.8 


0 0.5 1.0 1.5 
u/(a2~4a}) 
Fic. 22.5. Charge distribution on plane AB. 


w decreases toward zero, whereas it is readily shown that, on the corre- 
sponding part of the bent plate, the density of charge increases as w = 0 
is approached from within the parallel-plate region. Note particularly 
that the entire significant variation in n(w) occurs in a distance of magni- 
tude az — a, from w = 0. A representation of the electric-field lines and 
the equipotentials is given in Fig. 22.6. It is significant to note that the 
electric lines are curved near w = 0, so that the electric line that ends at 
A (Fig. 22.6) on the straight plate originated at a point on the second 
plate which is not at w = 0. 
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Since V is the constant potential difference, it follows that 


2rain(w) _ cw) 


Qrain(©) ~—s a) 


where cy is the capacitance per unit length of an infinitely long line. 
Hence Fig. 22.4 is also a measure of 
the change in capacitance per unit 


area as w approaches zero from x 
infinity. / aaa as 
In order to determine the lumped Bers ‘ 
capacitance Cr required to compen- 
sate for the error made in using Co in- 
stead of c(w) near w = 0, it is neces- 
sary to form (8) and to choose d 
sufficiently great so that c(d) = co. 
The evaluation of Cy from (8), using 
(18) and Fig. 22.5, gives 


Cr = —0.0683(27a1€) 
= —3.8a, ppt (19) 
-V+ 
with a; in meters. For the two i eee 


values of a: for which curves are Fig. 22.6. Equipotential lines of electric 
shown in Fig. 22.3, Cr = —0.0068 wuf field. 

for the value of a: = 0.179, and 

Cr = —0.0090 uf for a1 = 0.238 cm. These are the limiting constant 
values that are good approximations for a2/a; < 1.2. They are shown 
dotted in Fig. 22.3. 

With approximate theoretical values available for a2:/a; > 7 and for 
a2/a1 < 1.2, it is possible to construct smooth, continuous curves for the 
range of a2/a; between 1.2 and 7. Such extrapolated curves are shown in 
Fig. 22.3. From these the ratio —C'r/a2c) may be computed, and the 
single extrapolated curve shown in Fig. 22.4 determined. Since both of 
the extrapolated curves in Fig. 22.3 must yield the single curve in Fig. 
22.4, a check on the shapes of the curves in Fig. 22.3 is provided, and 
the accuracy of the single curve in Fig. 22.4 is thereby enhanced. 

It may be assumed that the combined curve for the dimensionless ratio 
—Cr/a2co in Fig. 22.4 is a satisfactory approximation of the lumped cor- 
rective capacitance C7 required if uniform-line theory is used to deter- 
mine the properties of an antenna as end load in the arrangement in 
Fig. 22.1. Satisfactory experimental verification of Fig. 22.4 has been 


obtained by Hartig.!2°127 
PROBLEMS 


1. The input terminals 11 of a symmetrical two-terminal-pair network are con- 
nected as load to a main transmission line. The output terminals 22 of the network 
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are connected to an auxiliary short-circuited section of line of variable length 1. The 
complex reflection coefficient © = Te*¥ of the load terminating the main line at 11 is 
determined from measurements on the main line to have the following values for the 
indicated lengths / of the auxiliary line: 


| a ace 0 t t 3 
Beeler unig tess 0.52 0.52 0.85 0.93 
¥, deg............. 62 127 214 235 


Determine the power dissipated in the network and the power transmitted to a 
matched load connected across terminals 22. 

2. Determine the impedance elements of a T section that is equivalent to the net- 
work between terminals 11 and 22, as described in Prob. 1. 

3. The dielectric constant of a sample of material is measured using the maximum- 
shift method. The thickness of the sample is 2 cm; the measured maximum abhift is 
20 cm at a wavelength of 150 cm. What is the dielectric constant of the sample? 

4, What would be the minimum shift in Prob. 3 if the sample were 4 cm thick? 
How is this related to the measurement of dielectric constant using a coaxial cavity 
and a method in which the resonant length of the cavity is determined when the 
cavity is empty and again when the sample is placed against the piston terminating 
one end of the cavity? 

5. For a given sample of thickness 0.2 cm the minimum shift is 4 cm, and the 
maximum shift is 10 cm at a wavelength of 1m. What are the relative dielectric 
constant and permeability of the sample? 

6. Two polystyrene beads (e, = 2.6) each of length 0.25 in. are spaced a distance v 
between adjacent edges in an air-filled coaxial line terminated in a matched wideband 
load, 

(a) Determine v so that the standing-wave ratio S = coth p on the main line 
between the generator and the nearer bead is unity at 3,000 Mc/sec. 

(6) With v as in (a) and assuming the load to be matched continuously, determine p 
and S as the frequency is varied from 1,500 to 9,000 Mc/sec. Plot S as a function 
of frequency on semilog paper. (It is sufficient to determine S at 1,500, 2,000, 3,000, 
6,000, and 9,000 Mc/sec.) 

7. Two sections of flexible coaxial line are joined by a connector. The line is filled 
continuously with polystyrene of dielectric constant «, = 2.6. The connector has 
inner and outer conductors of the same size as the line, but it is filled with air for a 
length of lem. The joined line feeds a matched load. Determine the standing-wave 
ratio in the section of line on each side of the connector when the operating frequency 
is 3,000 Mc/sec. 

8. A two-wire line made of No. 9 copper wire spaced 2 cm between centers is to be 
matched to its load with a movable open-ended single stub. Determine the lumped 
elements of all necessary junction- and terminal-zone networks if the apparent imped- 
ance of the load is known. 

9. A vertical antenna is driven over a horizontal ground screen by a coaxial line. 
The inner conductor of the line and its extension as the antenna are of copper with a 
radius of 0.4 cm. The coaxial line has an inner diameter of 4 cm. What is the 
magnitude of the lumped capacitance Cr required to correct for end effect? 

10. The theoretical impedance of a center-driven antenna at antiresonance is 
Z = 840 +70 ohms. What apparent impedance is measured on a two-wire line 
driving this antenna if the line spacing is 2 cm, the radius of the conductors 0.1 cm, 
and the frequency 150 Mc/sec? 


CHAPTER VI 


TRANSMISSION-LINE OSCILLATORS AND COUPLED 
SECTIONS OF TRANSMISSION LINE 


1. Frequency Characteristics of Simple Triode Oscillators with Trans- 
mission Lines as Tank Circuits.'43:146.147.155 At ultrahigh frequencies 
coils and capacitors are often unsatisfactory as circuit elements, and sec- 
tions of transmission line are used to replace them, especially in the tank 
circuits of oscillators. Various circuits are in common use, a number of 
which are analyzed below. 

Single-tube Quarter-wave Oscillator. One of the simplest vacuum-tube 
oscillators makes use of a section of coaxial or two-wire line connected to 
the plate and grid terminals of a triode, as shown in Fig. 1.la. Since 


Choke 
Blocking 
condenser 


Choke 


Transmission line 


(a) + 
Ay Z,=No-j/wCy 5 252iXs 
z=0 (b) z=8 
ena! 3a 
7 )Xs+0 
w 
(c) or 


Fig. 1.1. Triode oscillator with transmission-line section as tank circuit. 


the analysis of the triode as a negative-resistance device is beyond the 
scope of this book, it is represented simply as a series combination of a 


negative resistance No = — Ry and the output capacitance of the tube. 
For a triode this capacitance is 
CiC2 + C.C3 + CC 
= oe 1 
0 Ce a C3 ( ) 
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where C; is the plate-grid capacitance, C2 is the grid-filament capacitance, 
and C; is the plate-filament capacitance. Thus, insofar as the attached 
transmission line is concerned, the triode is replaced by the impedance 


= eon eee 
Zo Not 7X0 No 5O6 (2a) 
at the end (z = 0) of the line, as shown in Fig. 1.16. As a consequence of 
terminal-zone effects, the impedance that must be used in conjunction 
with uniform-line theory is the apparent impedance 


Loa == Noa 7 7X 0a (2b) 


where Zp, consists of an appropriate lumped network combined with Zp. 
In most cases it is adequate to assume Zoq = Zp. 

At the other end (z = s) the line is terminated in an impedance 
Z, = R, + 9X, which usually consists of a metal piston in the case of a 
coaxial line and of a conducting wire bridge of length b in the case of a 
two-wire line. The apparent impedances to be used in conjunction with 
uniform-line formulas is Zsa = Rsa + jXsa- 

The terminal functions at the generator end of the line may be approxi- 
mated by formulas appropriate to a predominantly reactive termination. 
These are 


Py = 5 + tan! x10 (3) 


where io = No/R, and x19 = Xo0/R., if it is assumed that n?, is small 
compared with x?, + 1. At the other end the corresponding functions 
are 


0 for piston for piston 
Psa = Og = 


gab for bridge 


(4) 


NIA DIA 


+ Bkea for bridge 


where k,q is as evaluated in Chap. II, Sec. 20. 
The condition for resonance for the entire circuit determines the natural 
frequencies f, = w,/2m at which the circuit may oscillate. It is 


BrnS + Poa + Psa = NT n integral (5) 


where Bn = w/v = 2r/\n. With (8) and (4) expressed for the wire 
bridge, (5) may be written as follows: 


Bn(s + ksa) + tan! ayo = nr (6) 
For a piston ka = 0. It follows that, with R, = VW l/c and B = w Vc, 


i os ee ee 
L109 = Ro wOoR. BC Se 
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so that (6) becomes 
fre 
Bn tan 8,8’ = Gi. (8) 


where the effective length is s’ = s + k,q for a two-wire line and s’ = gs 
for a coaxial line with piston. This equation determines the frequencies 
generated. In general, the fundamental or lowest frequency fo has the 
largest amplitude, but one or more of the higher harmonics may be 
maintained as well. 

In practice, it is often convenient to determine the generated funda- 
mental wavelength > as a function of the effective length s’ of the sec- 
tion of transmission line. This length is given by 


, 1 a c do 1 cm BoC'o 
= — tan = “°-— = tan 
: Bo on BoC 4 Bo ae c (9) 
so that “ = gf + : tan—! fats (10) 
For the range that satisfies the inequality 
2 2 
Bey ey oor ng (202 (11) 
c c . 
(10) becomes = gs’ + es (12) 


This is the long-wavelength limit. It is seen that Co/c is a length charac- 
teristic of the output capacitance of the generator. It represents the 
shortening effect of the tube capacitance. In the range of short lengths 
s’ defined by 

(Bos’)? K 1 (13) 


the tangent in (8) may be approximated by its argument, so that 


; c oe 


ag B2Co =A An?C 


(14a) 


It follows that the generated wavelength in the short-wavelength limit is 


Ayo = A V8’ A =29 Re (14) 


A plot of the general formula (9) is given in Fig. 1.2. The limiting ranges 
given by (12) and (146) are indicated, as is the length C)/c. Note that 
the generator has been represented by a lumped impedance. Frequently 
the leads from the line to the electrodes are appreciable in length. When 
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this is true, the origin for s’ lies at a point such as 0’ to the right of the 
ideal value by a distance 00’ equal to the effective length of the leads. 
The distribution of current for the 
fundamental frequency is 


I.(w) = Imax Sin (Bw + ®4q) 
= Imax COS B(W + Kea) (15) 


where w = s — zis measured from the 
terminating reactance X,. A sketch 
of the current distribution is given in 


Fig. 1.le. 
~Co Two-tube Half-wave Oscillator. A 
. two-tube circuit with a triode at each 


Fia. 1.2. Theoretical wavelength nq of the section of transmission line 

characteristics of transmission-line . ‘ . ‘ 

Gacillatorof efféetivalengthel. is shown in Fig. 1.38. Since both ends 
of the line are the same as at z = Oin 

Fig. 1.1, the condition for resonance is simply 


BnS + 2804 = nr n integral (16) 
With (6) and (7), the equation corresponding to (8) is 
B, tan 38,8 = wr (17) 
0 
It is seen that, by setting s’ = s/2, (17) is identically (8), so that the 


entire discussion following (8) and Fig. 1.2 applies to the push-pull cir- 
cuit if its half length s’ = s/2 is used as the variable. 


Transmission line 


(c) 


Fig. 1.3. Push-pull oscillator with transmission-line tank circuit. 
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The distribution of current along the transmission line is most con- 
veniently expressed in the form 


I,(w) = Imax COS BU (18) 


where v is measured from the center of the line section. 

Tuned-plate Tuned-grid Circuit for Push-Pull Operation. An adap- 
tation of the well-known tuned-plate tuned-grid circuit for use with 
transmission-line sections is shown in Fig. 1.4a, where the plates of two 


Transmission 
line 


Transmission 
line 


Cy No 
Z,7iX,| . 2=iXp 
Cy No 
fee tg-so a! eee 8p aa at 
(b) 


Fig. 1.4. Tuned-plate tuned-grid circuits, 


tubes operated in push-pull are connected to one section of transmission 
line of length s, and the two grids are connected to a second section of 
line of length s,. For present purposes each tube is represented by its 
output capacitances Cy in series with a negative resistance No. Each of 
the transmission lines is terminated in a short circuit or a small inductive 
reactance, so that 


&, = & = 5 + Blea (19) 


Let s + kg = 8’. Fora short circuit kg = Oand s = 8’. 

Since all resistances are small, the natural frequency of the system 
may be determined by neglecting losses in the formulas for the reactances. 
The input reactance of a section of line of length s is 


Xin = —R, cot (Bs + Pea) (20) 


The sum of the reactances in the series circuit consisting of the two 
capacitances Cy and the input impedances of the two lines must vanish 
at the generated frequency fn = wn/2r. That is, 

2 


—R, cot (BrSp + ®,) = R. cot (BnSg 5 ®,) 73 wnCo = 0 (21) 
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With (19) this expression becomes 


tan 6,8, + tan 6,8, = ee (22a) 
nv 0 
Be , , 
Alternatively sin Bn(sp + 8) _ _2¢ (22b) 


cos 6,8, cos Bs, BC 


Since phase relations in a triode require that the alternating voltage 
across the grid be 180° out of phase with the voltage across the plate, 
one side of Cy) must be maximum positive when the other side is maxi- 
mum negative. This occurs when the standing-wave pattern on the com- 
plete transmission line consisting of both sections has a voltage maximum 
across each Cy. This means 


BnrS, = BrS, + ne n integral (23) 
With (23) in (22a), this reduces to 
ee 
Bn tan Bas, = & (24) 


This is the same in form as (8), so that the frequency characteristics of 
the tuned-plate tuned-grid oscillator are essentially the same as those 
shown in Fig. 1.2 for the quarter-wave oscillator, except that condition 
(23) also must be satisfied. Ifn = 0 in (24) and s/, determines the funda- 
mental, as in Fig. 1.2, the grid line may exceed the plate line in length, 
so that the grid circuit is actually oscillating ata harmonic. This is often 
convenient in coupling a load to the oscillator. Alternatively s, and s, 
may both be made long enough so that each operates on a higher har- 
monic for the particular lengths s, and s,, withn = 1,2, ... , in (24). 
In this case the fundamental frequency generated is determined by the 
requirement 


; r 
,=5 (25) 


In general, the circuit oscillates at the lowest possible frequency. 

Sinusoidal distributions of current on plate and grid lines are sketched 
in Fig. 1.5 for three possible combinations of lengths. In Fig. 1.5a the 
plate and grid lines are of equal length, and each is oscillating in its funda- 
mental. In Fig. 1.5b the length of the grid line exceeds that of the plate 
line by a half wavelength, so that the latter oscillates in its fundamental 
and the former in a first harmonic. In Fig. 1.5c the grid and plate lines 
have lengths that make the proper phase relations across the plate-grid 
capacitance of the triode impossible if the plate line oscillates in its funda- 
mental. The lowest frequency at which the requisite 180° phase rela- 
tions are maintained occurs when the plate line oscillates in a first har- 
monic and the grid line in a second harmonic, with s, — sp = \/2, where 
d is the generated wavelength. 
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Double-ended Tubes with Transmission-line Tank Currents. Some tri- 
odes designed for use at ultrahigh frequencies have plate and grid con- 
nections that pass completely through the glass envelope as a short two- 
wire line, so that transmission-line sections may be attached on two sides, 
as shown in Fig. 1.6a. If the triode is represented by a capacitance C5 


(c) _—————-s,=8,+A/2 >} s —____ 
3AA=s,+Co/c 
Fic. 1.5. Possible distributions of current in tuned-plate tuned-grid circuit. 


<——_——_ 5 ———>}«——__— 5 ———>| 
(b) 


Fig. 1.6. Circuit for double-ended tube. 


insofar as its reactive contribution to the current is concerned, the net- 
work of Fig. 1.6 is obtained (terminal-zone effects are not considered). 
In effect, two identical sections of transmission line are in parallel with 
the triode. The input reactance of each section is given by (20), so that 
for the two in parallel the input reactance is one-half of (20), or 


Xun = — % cot (Bs +.) = — 5 tan Bs! (26) 
where s’ = s+ k,q. The expression on the right is for terminating 


reactances at the ends of the lines consisting of conducting bridges of 
equivalent length ku. 
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The generated frequency is the natural frequency of the triode in 


parallel with the two line sections. 
reactance (26) to the reactance —1/wC of the triode. 


tan £,s’ = 


onC oR. = BrCo 
This equation is like (8) except for the factor 2. 


It is obtained by equating the 
Thus 


2 2c (27) 


It indicates that the 


capacitance C)/2 plays the same part in determining the generated wave- 
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Fig.: 1.7. Comparison of wavelength 
characteristics of single- and double- 
ended tubes in transmission-line os- 
cillator. 


circular copper disks of graduated sizes. 


length in the circuit of Fig. 1.6b as 
C> does in the circuit of Fig. 1.10. 
It follows that, for triodes with the 
same Cy, the wavelength character- 
istic of the double-ended tube lies be- 
low that for the single-ended tube, as 
shown in Fig. 1.7. 

Lighthouse-tube Reentrant Oscillator. 
An important type of ultrahigh- 
frequency oscillator makes use of 
the so-called lighthouse, or disk-seal, 
tube, in which the connections to the 
parallel plane electrodes consist of 
This construction permits the 


triode to be inserted in two concentric coaxial lines in such a manner 
that the inner and outer surfaces of the cylinder in contact with the grid 


Plate - grid line 
Cc 2 


rg 
Z 
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Fic. 1.8. Reentrant oscillator (a) with approximate tank-circuit equivalent (b). 


disk serve, respectively, as outer conductor of the plate-grid line and 


inner conductor of the cathode-grid line. 


This construction is shown in 


Fig. 1.8 in a typical lighthouse-tube circuit known as the reentrant oscil- 
lator. Various other circuits are in use, but all are characterized by 
separate plate-grid and cathode-grid transmission-line circuits with a 
coupling link or aperture connecting them. Owing to the sections of 
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radial line which are bounded by the disks and contain the electrodes, 
none of the circuits can be represented accurately by sections of coaxial 
line and lumped elements. However, in the case of the reentrant circuit 
in which the frequency generated is primarily determined by the plate- 
grid section of line which is of relatively small cross-sectional size, a 
reasonable approximation may be achieved in terms of coaxial and lumped 
elements. 

The circuit in Fig. 1.8a consists essentially of a section of bifurcated 
coaxial line which is equivalent to three sections of transmission line con- 
nected in series. As given in Chap. V, Sec. 14, the required junction- 
zone network of lumped elements in the plane of bifurcation consists of 
positive capacitances across the ends of the two lines 1 and 2 of smaller 
cross-sectional area and a negative capacitance across the large line. The 
plate lead extending beyond the end of the innermost coaxial conductor 
and the plate-grid space may be approximated by an inductance L, in 
series with a capacitance C,,. The 
proper phase relations for oscillation 16 
are obtained when the length s; of 


the large line is adjusted so that the - 
terminating impedance for the plate- _, 2 
grid line in the plane of bifurcation a 10 
is essentially that of an open circuit. < P 
As a consequence the frequency of 3 
oscillation is primarily determined. 5 . 
by the plate-grid line treated as if it 4 
had an ideal openend. This cannot tL 


be shown analytically without an 
elaborate analysis of the entire triode 0 2 4 6 8 10 12 14 16 
circuit, which is beyond the scope $1 
of this book. For present purposes, Fig. 1.9. Wavelength characteristics of 
then, the effective tank circuit is peep treuboeeater 
that shown in Fig. 1.8b. The resonant frequency is obtained from the 
solution of the equation 

1 


wlp — aOa 


= R., cot Bsi (28) 


where FR.1 = 601n (a2/a:) ohms. The numerical solution’ of (28) for 
\ = 2r/8 for a particular circuit is shown in Fig. 1.9, which is representa- 
tive of the wavelength characteristic of a reentrant lighthouse-tube 
oscillator. 

2. Frequency Characteristics of a Transmission-line Oscillator with 
Coupled Secondary.'*?:'55 Transmission-line oscillators are sometimes 
operated with a closely coupled secondary that modifies the frequency 
characteristics. Various arrangements are available, but the general 
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properties of most of these resemble those of the simple coupled-circuit 
oscillator shown in Fig. 2.1. This consists of a primary circuit which is 
identical with the single-circuit oscillator in Fig. 1.la and which may be 
represented by the equivalent circuit in Fig. 1.16. The secondary con- 
sists of an added section of transmission line extending beyond the bridge 
terminating the primary. 

Let the length of the primary be s; and that of the secondary, s2, so 
that the over-all length is s = s; + se. The impedance and emf of the 
generator at z= 0 are represented by the series combination of an 


I(w) J Du) 
I . 
= Primary St Zeqi=iX, Secondary 2 sa=iX sq 
0 
520 8, S=S,+82 
51 we 0 >u 82 


Fie. 2.1. Equivalent circuit of transmission-line oscillator with bridge-coupled 
secondary. 
apparent negative resistance No. and reactance X oq; the apparent imped- 
ance at the junction z = s; of primary and secondary is Z,1a, and that of 
the termination for the secondary at z = s is Z,. The corresponding 
apparent terminal functions are 
: IX 0a 
90a — P0a + JPoa + coth-} Newt 1Xoe, (1a) 
20 
Ze 
The admittances looking toward the two ends from the junction plane 
at z = s, are 
Y, = ¥; tanh (yS1 + 80a) Y, = Dae tanh (YSe 2 852) (2) 


An equation representing the frequency and damping properties of the 
circuit in Fig. 2.1 may be derived by noting that the voltage across 
the coupling impedance (which is assumed to be a small inductive 
reactance) is 


9sa = psa + Pea = coth! (1b) 


Ver = jolei{hi(si1) — I2(s1)] (3) 
and that the currents in the primary and secondary where these join are 
I(s1) = Ver ¥1 In(s1) = —Vai¥e (4) 


The negative sign for I:(s) is a consequence of the fact that the voltage 
induced in the secondary is 180° out of phase with that in the primary. 
By subtracting I2(s1) from 1,(s:) in (4) and using (3), the following 

equation is obtained: 
1 = jobi(¥1 + Ye) (5) 


Since Y, = G, = 1/vl, it follows that 


whisiY- = Bk k = 


L, 
a (6) 
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Accordingly, with (2) and (6), (5) may be expressed as follows: 


ral Bt eA Age) ta CA GPS) (7) 

where, with y = a + 78, 
Ai = as; + Poa Fi = Bsi + Poa (8a) 
Ae = ase + Psa Py» = B82 + Pa (8b) 


By separating real and imaginary parts the following pair of equations is 
obtained: 
_ tanh Ai _ cos? F; 1 + tanh? A, tan? Fy (9a) 
tanh A, cos? fF, 1 + tanh? A» tan? F, 
] _ tan F 1 
~ Bk cosh? A,(1 + tanh? A, tan? F)) 


+ 


tan F. (9b) 
cosh? A2(1 + tanh? A» tan? Fe) 


Equations (9a) and (9b) may be solved for A; and 8, and these values 
used to determine the negative resistance No. and the generated fre- 
quency. Since A; and A: may be assumed small, the following inequal- 
ities are good approximations: 


A?<l Aj<1 (10) 
Eqs. (9a) and (9b) may be simplified. The results are 
—A, cos? F, 1+ A? tan? Fy 


“A, = cost, T+ Af tan? Fy one) 
1 tan Fy tan F', 
~ Be 14 Attan? F, * 1 Af tan’, (116) 


With (10) it follows that, except for values of F: or Ff, very near an odd 
integral multiple of 7/2, these equations may be approximated by 


—A, , cos’ Fy 
A, cos? Fe ee) 
a oe F, + tan F, (120) 


Bk 


Evidently (12b) determines the generated frequency in terms of the 
lengths s; and s2 and the terminal functions $o, and ®,4._ Similarly (12a) 
specifies the critical value of — A. (or Noa) at which oscillations can be 
established. These two equations may be expressed directly in terms of 
the two unknowns. As shown in Sec. 1, 


Fy = Bs} Bice ie Sa SoS (13) 
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where Coq is the apparent output capacitance of the triode and c is the 
capacitance per unit of the line. Let 


BS2 for an ideal open end at z = s 
F, = (14) 


B(S2 + Kea) + 5 = Bs, + 3 for a bridged end at z = s 


With (13) and (14), (120) has the following form in the two cases specified 
in (14): 
— a = tan Bs, + tan Bse open end (15a) 


— zi = tan Bs, — cot Bs) bridged end (15d) 

For an open end psa = 0; for a bridged end pra + ab/2. Since pog is 
small, 

= N 0a 

Poa R. 


With a = r/2R, = ra/R. (wherer, = 1/2 is the resistance of a unit length 
of one conductor) and (16), the damping equations derived from (12a) 
and associated with (15a) and (15b) are 


_ Noa + a8; _ C08? Bs} 


(16) 


ar = Saat, open end (17a) 
Noa + ToS, _ COS? BS} ‘ 
reg = eas, bridged end (17b) 


These equations may be rearranged into the following forms convenient 
for numerical evaluations: 


Open End at z = s 


= ks = tan S; + tan nS; (18a) 
2 
ee ce cy 
Bridged End at z = s 
=: a = tan Si — cot nS; (19a) 
2 
_ aa = ee (196) 


where S = Bs = 2ms//) is the electrical length of the primary, K = k/s{ is 
the fractional equivalent length of the coupling bridge, Ri; = ras, is the 
total resistance in the primary, and n = s2/s{ or s,/s;. Note that Noais 
negative. 

Equation (18a) has been solved graphically for S; as a function of 
the ratio n of the length of the secondary to that of the primary, with 
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K as parameter. Instead of plotting S; against n, the ratio of the 
quarter wavelength generated to the length s{ of the primary, namely, 
\/48, = 1/2S8;, is plotted against n = s2/s{ in solid line in Fig. 2.2. Of 
the infinity of possible solutions, the first three are shown numbered in 
Roman. The particular branches that give possible generated wave- 
lengths depend on the associated damping curves. These are obtained 
by plotting the right side of (18b) 
against n, as shown in dashed line in 
Fig. 2.2. Oscillations can be main- 
tained at a wavelength specified by a 
particular point on a_ wavelength 
curve if No, is sufficiently great so that 
the left side of (18b) at least equals 
the right side. The dotted curve in 


Damping ratio 


n=s,/s) 
7 ‘ : Fic. 2.2. Theoretical wavelength char- 
Fig. 2.2 is the magnitude of the acteristics (solid lines), damping curves 
left side of (18b), with No/R: = —2 (dashed lines), and excitation curve 


plotted against n. Only wavelengths for Nos/R: = —2 (dotted curve) for 


: . : coupled-circuit oscillator with open- 
for which the corresponding point ended secondary. The curves are for 


on the associated damping curve ,, /si = 0.1. 

(dashed line) does not lie above the 

dotted excitation curve may be generated. In particular, as n = s/s’, is 
increased from zero, the generated quarter wavelength is given by wave- 
length curve I from n = 0 to n = 1, where damping curve I rises above 
the dotted excitation curve. From n = 1 to n very nearly 3 (where 
damping curve II rises above the excitation curve) the wavelength of 
curve II may be generated; beyond n = 3, wavelengths on curve II are 
damped out. Beginning with n somewhat less than 3, damping curve III 
drops below the excitation curve, so that wavelengths of curve III may 
be generated. Evidently the generated wavelength behaves as follows 
as the secondary is increased in length from zero to 4s): At n = 0 the 
generated wavelength is that corresponding to a single-circuit oscillator 
with s; = \/4 and a terminating inductance Le. It is this inductance 
- which makes the generated quarter wavelength with s. = 0 greater than 1. 
As n = 82/s; is increased, the quarter wavelength increases slowly, fol- 
lowing curve I until n = 1. At nn =1 the quarter wavelength drops 
abruptly to curve II, which it follows as n is increased until n = 3 is 
almost reached; then it drops to curve III, which it follows to n = 4. 
If n is now decreased, wavelength curve III is followed until a point is 
reached which lies directly above the intersection of damping curve III 
and the excitation curve. Here the generated quarter wavelength rises 
to curve II, which is followed to n = 1, where it rises to curve I. Ina 
small range of n below 3 the generated wavelength may be given by 
either curve II or curve III. Such an overlapping range of instability is 
called a drag loop, since the generated wavelength tends to continue on a 
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given wavelength curve until its damping curve rises above the excitation 


n=s/s1 


Fig. 2.3. Theoretical wavelength charac- 
teristics of a coupled-circuit oscillator 
with open-ended secondary. A—small 
excitation, |Noa/Ri| < 2; B—critical ex- 
citation, |Nos/Ri| = 2; C—strong excita- 
tion, |Noo/R:| > 2. 


curve. If the value of Noa/R1is 
more negative than —2, the dotted 
excitation curve is higher, the extent 
of the drag loop near n = 3 is in- 
creased, and a drag loop (narrower 
than that near n = 3) occurs near 
n=1. If Noo/R1 is less negative 
than —2, oscillations break off over 
a range near n = 1, and the drag 
loop near » =8 is reduced. If 
Noa/R1 is sufficiently less negative 
than — 2, oscillations may also break 
off near n = 3. These three pos- 
sible cases are illustrated in Fig. 2.3. 

In order to illustrate the effect of 


varying the coupling inductance, the left half of the wavelength curve in 


Fig. 2.2 is shown in Fig. 2.4 together with two 
other theoretical curves for smaller values of 
K =k/s. Experimental points for a typical 
case for which k/s; < 0.03 are also shown. 
When the secondary is closed at z = s in- 
stead of open, so that (19a) and (19b) apply, 
analogous results are obtained. Wavelength 
and damping curves determined from (19a,)), 
with k/s,, = 0.1, are shown in Fig. 2.5 together 
with the single excitation curve N o¢/Ri = —2. 
Experimental wavelength characteristics 
for an oscillator in which k/s{ is very small 
are shown in Fig. 2.6a when the secondary 
has a bridged end (curve A) and an open end 
(curve B). The wavelength characteristics 
of a different bridged-end oscillator with a 
somewhat greater value of k/s, are shown in 
Fig. 2.6b. The drag loops are noteworthy. 
A plot of the theoretical wavelength charac- 
teristic determined from Fig. 2.5, with the 
experimental curve of Fig. 2.6b properly 
scaled, is given in Fig. 2.7. The value of 
ki/s, for the experimental curve is readily 
computed to be k/s; = 0.044. If this value 
of k/s), is used to calculate curves like those 


n=s2/s) 

Fig. 2.4. Theoretical wave- 
length characteristics of the 
idealized coupled-circuit oscil- 
lator with open-ended second- 
ary for three different values 
of the ratio k/s; (solid lines). 
A typical experimental curve 
following observed points is 
shown dotted. 


in Fig. 2.5, the theoretical and experimental curves practically coincide. 
It is not difficult to explain the wavelength characteristics of the 
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Damping ratio 


w/e 
n=s,/s; 


Fig. 2.5. Theoretical curves for wavelength (solid lines), damping (dashed lines), 
and excitation for Noa/R: = —2 (dotted line) for coupled-circuit oscillator with 
bridged-end secondary. The curves are for k/s, = 0.1. 
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(b) 
Fie. 2.6. Experimental wavelength characteristics of coupled-circuit oscillators. 
(a) Oscillator with bridged-end secondary in upper curve, open-end secondary in 
lower curve. (b) Different oscillator with bridged-end secondary. 
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coupled-circuit oscillator in a qualitative manner. The generated wave- 
length is determined by the complete primary-secondary circuit. In 
effect, the primary section of transmission line is terminated in a parallel 
combination of the low impedance of the inductive bridge and the varia- 
ble input impedance of the secondary transmission line. When the length 
of the secondary line is such as to provide 
an input impedance that is high compared 
with that of the coupling bridge, the pri- 
mary behaves essentially as if the secondary 
were a lumped high impedance in parallel. 
Practically the entire current enters the 
Fic. 2.7. Combined theoretical bridge; very littleentersthe secondary. As 
(dotted, k/s; = 0.1) and experi- the secondary is changed in length so as to 
mental (dashed, k/s; = 0.044) reduce its input impedance, the effective im- 
wavelength characteristics of J edance of the bridge in parallel with the 
coupled-circuit oscillator with 
hridged-pnd-sscondary. secondary departs more and more from 
that of the bridge, and an increasing cur- 
rent enters the secondary. Finally, when the input impedance of the 
line is smaller than that of the coupling bridge, the current into the 
secondary exceeds that into the bridge, and the wavelength increases 
almost linearly with increasing length of the secondary, much as if the 
coupling bridge were absent. But as the secondary is further increased 
in length, its input impedance increases and soon exceeds the impedance 
of the bridge. When this occurs, most of the current enters the bridge, 
and the wavelength is again determined by the length of the primary and 
its effectively lumped termination. 

In oscillators of the positive-grid, or Barkhausen-Kurz, type and in the 
magnetron, the primary circuit consists of a cloud of electrons, and the 
secondary includes all electrodes and attached conductors. Since the pri- 
mary cannot exist without the secondary, it follows that the frequency 
characteristics of such an oscillator are determined both by the natural 
frequency of the primary cloud of electrons and by the natural frequency 
of the secondary circuit. 154:!° 

3. Electric Field of a Conductor with Sinusoidally Distributed Cur- 
rent..° In order to determine the distributions of current and voltage 
along a two-wire line when this‘is driven by a transmission-line oscillator 
of a type described in Sec. 1 (or by an equivalent coupling element) 
coupled at an arbitrary location along the line, it is necessary to derive a 
formula for the electric field maintained by the currents in the oscillator. 
Since the relevant element of this circuit consists of a section of two-wire 
line carrying an essentially sinusoidally distributed current, a first step is 
to obtain a formula for the electromagnetic field of a single wire of arbi- 
trary length h with a current of the general form 


I(z') = (0) oe) = I, sin Bolg — 2’) (1a) 
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I(0) 
sin Bog 


where g=h+k In (16) 
This distribution is illustrated in Fig. 3.1. By a suitable combination of 
conductors of this type with appropriate values of k and h, it is possible 
to represent most of the usual transmission-line oscillators and coupling 
elements. 

The electric field at the point Q(r,u) is most conveniently determined 
from the general integral [Chap. I, Sec. 3, Eq. (30b)] for the vector 


Q(7,2) 

Gree pmme grew oem + oom g mee oe — ee | 
2 ! 

ni Ud 

a an 

a Vis i" 

Moy. ede YS 

an a ir ant 
z=0 2 h guht+k 


Fic. 3.1. Conductor with sinusoidally distributed current. 
potential. In the notation of this section (in which the dielectric is 
assumed to be perfect, so that § = e and 8 = 8) it is given by 
A=2A A LE ey) Oe a 2 
= 2A,(z) (2) = 7 0 (2’) —p- az (2a) 
where R=VJ(?' —2?4+?r (2b) 
The electric and magnetic fields may be calculated from (2a) using 


Chap. I, Sec. 3, Eqs. (7), (8a,b), forms (18), and (19). The relevant are 


E = gi (Brad div A + 67A) = — a * curl curl A (8a) 
B= curl A (3b) 


If (1a) is expanded in exponential form and substituted in (2a), this 
may be expressed as follows: 


<ile ie h eiB(Rte) — [ * eiB(R—a") 
A,(z) = | ff — > dz e—ibo 3 R dz (4) 


In order to obtain a more convenient form of the integrals, let the first be 
multiplied by e~* in front of the sign and by e** under the sign. Simi- 
larly let the second integral be multiplied by e in front of the sign and 
by e- under it. With the abbreviations 


u=R+2—-z2z v=R—2+2 (5) 
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the following expression is obtained: 


. h 5 
_ =e sen Oo Ben rae i oP? 
A,(z) ac a oR dz eiB(9 rae dz (6) 


In order to express . and 2’ in the two integrals in terms of u and v and 
thus change the variables of integration, it is necessary to differentiate 
(5) to obtain 


Ou u Ov v (7) 


de ~R 8 R 
The limits of integration for the new variables u and v, which may be 
introduced at this point, are 
For2z’=0: w=uw= Ro—-2z v=o = Ro tz (8a) 
Forz =h: u=wm=Rith-z v=v,=Ri-h+e2 (8b) 
where R=vV24+9r Ry = V(e—h)? +r? (8c) 
With (7) to (8b), (6) becomes 
UW —jBu V1 6—jpv 
AG) | en i a du -+ e~i8o-a) | - a| (9) 


vo 


Although the ee in this formula can be expressed in terms of tabu- 
lated sine and cosine integrals, it is unnecessary to do so for the present 
purpose of evaluating the electric field. This is done as follows: 

In cylindrical coordinates with A, = 0 and A» = 0 and rotational sym- 
metry, so that 0/06 = 0, it follows that 


1A, _ 

B, = curl, A = 7 a 0 (10a) 
A, 

Bp = cg k = = ee (10b) 

B, = curl, A = 0 (10c) 


so that 
= Im 7B( 2) oa p € i —j8(g z) oO i ; “ 
B, 3 “le ne , du +e 7 ae dv (11) 


Since 7 occurs in both limits of integration, the general formula’*® for 
differentiating a definite integral with respect to a parameter must be 
used. Note that the integrands do not involve r. Using the following 
derivatives of the limits of integration: 


‘ors a@r_~——s&Ro ar ar Ry 


the expression (11) may be integrated into 


—jBur —iBuo 
B, = ne ra ea a ) 
Srv Ri U1 Ro Uo 


SCs pe, eee | 
SG (4 V1 Ro Vo (3) 


OUy Vo sr Oui Ov} r (12) 
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Considerable rearrangement and simplification of (13) are possible. The 
final result is 


Tin 2z—h. 3 7 ae 
B, = 7 | ee (cos K+ j : R, K) — eRe (cos +j Re, 0 a)| 
(14) 
where K = bk G=H+K=8,8(A+4h) (15) 


The components of the electric field are now evaluated from (3a) with 
(3b) and (14). Since, with B, = 0 and B, = 0, 


la 
curl, B= — , dz (rB,) (16a) 
curl, B = 0 (16b) 
1a 
curl, B= - ar (rBe) (16c) 


it is clear that E, and E, differ from zero, whereas E, vanishes. The 
differentiations of rB, with respect to z and r are elementary. The 
results are 


. ie “ly _ p\2 2 
E, — Ieoln {erie E Deak ‘ge Ne hy sin K — —— sin K| 
1 


Aur Ri BR 
— eto (4 cos G + a sin G — aR sin a)| (17) 
Fe so Uoln {eri E= a ee Dank + Re sin K| 
eta (cad 4 e sin @ 4 mt sin a)| (18) 


In calculating the electric field maintained tangent to the conductors of 
a transmission line by the currents in a parallel oscillator, only E, as 
given by (18) is significant. 

4. The Electric Field of a Driven Section of Two-wire Line.42.151 A 
two-wire line of length s and spacing b is excited as a secondary by a 
coupled shorter section of transmission line of length h and spacing Do, 
in which a current is maintained by an appropriate negative resistance. 
The distance between the planes containing the two parallel lines is d. 
For simpkcity, let all conductors in the long line and the coupled section 
have the radius a. Thus the problem is the determination of the electric 
fields at points Q; and Q, in Fig. 4.1 parallel to the conductors 1 and 2 of 
the long line. The field is maintained by the balanced currents in con- 
ductors 3 and 4 of the oscillator. It is assumed that 


In = -I, I, i —Ts (1) 
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It follows that the electric fields at Q: and Q2 are equal in magnitude 
and opposite in direction. 

A distribution of current which may be adapted to represent the cur- 
rents in different oscillators and variously terminated coupled sections of 


Nel ee 


ZR Rust | ax 
7 8 u! | Ras 


<b > 


(b) 


Fig. 4.1. Transmission line with coupled driven section of line. (a) Side view; (b) 
end view. 


a ee 
I(0) T;(u’) ey, 
————————S—— 


u’ = 0 u’ h & = h+k 
Fic. 4.2. Distribution of current along driven section of line. 


line is shown in Fig. 4.2 and given analytically by 


—L,(u') = L(v’) = 1(0) sn Bg — wv’) Ow Sk (2a) 
where g=h+k (2b) 
The coordinate u’ locating the current is measured from the left end of 


the oscillator, which is at a distance 2 from the left end of the main 
transmission line. This distance satisfies the inequality 


Xo > bo (3) 
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It is desired to determine the electric field at points Q: and Q2 at a dis- 
tance x from the end of conductors 1 and 2. 

It follows from Sec. 3, Eq. (18), with changes in notation, that the 
axially tangential component of the electric field maintained at a point 
such as Q, on conductor 1 by a distribution of current of the form (2a) in 
conductor 3 is given by 


_ —J€ol3(0) -inn | cos K j(u — h) =f | 
E.i3 = Trang \°° Ras + RE sin K + 4" OF sin K 


— eiBRos (cae G + ee sin G + —- aE ; sin “in| (4) 


The field maintained at the same point Q, by the current in conductor 4 
of the oscillator is given by (4), with all subscripts 3 replaced by 4 and 
the entire right side preceded by a minus sign. The following notation 
is involved: 

K=6k G=H+K=86h+hk) (5) 


Rus = V(u — h)? + 13, = oH (u —h)?+r2+ "3 — boro cos @ (6a) 


——$<$<—— 2 
Row = Vu? +73, = 4 ju? + rz+ °3 — boro cos 8 (6b) 


—— 2 
Rua = Vu — hy? + 7% = Jo —h)j?+r3+ “2 + borocos@ (6c) 


—__, 
Rou = Vw +r, = ye + ret °3 + boro cos 6 (6d) 


The distances ry3, ray and ry and the angle @ are defined in Fig. 4.1b. 
The origin of u and w’ is in the transverse plane through the left end of 
the oscillator or coupled section of line. That is, 


uU=X— 2X (7) 


The resultant axially tangential electric field at Q, is 


_ —jfol3(0) l(¢ e—iBRas _ “) _ 
Ex = Ens + Eng = dr sin @ “Rian Rua cos K + j(u — h) 
( on) K h (oe WBRais - oe) K 
x Ei, OR sin K + (u — h) BRL BR: sin 


(Ge a) G ( e—iBRo1s or) . GQ 
_~ _ cos G + ju — —>— }] sm 
Ros Roi i ns 


4 (a e—iBRo1s - . a|| (8 
“\ BRE, BRR.) 
This is the general expression for the electric field at any point Q, along 


conductor 1 of the transmission line. The field at Qe. on conductor 2 is 
the negative of (8). 
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Considerable simplification in (8) is possible under the practically most 
important circumstances in which the angle @ does not differ greatly from 
1/2, 80 that cos @is small. In particular, with y = 7/2 — @, 


cos 6 = siny = y V<3 (9) 


With (9) and the notation 
b2 bs 


pews r+ pe@—mta+% Co) 
it follows that 
Ris = 11 — fb Rois = Vo — fo (11a) 
Rava = 11 + fb Rows = Vo + fo (11b) 
boro _ boro 
where = 2, fo = Quo (12a) 
Evidently ne ee Pers (120) 


Since f; and fo are Jess than 1, it follows, with (9), that 


erin = iin(L + JBfy) eH = ew — j8fy) (18a) 
e—iBRos = e480] + Bf ov) e—iBRou = e—#Br0(] = IBS ow) (130) 

With (9) to (13b), (8) reduces to the following approximate form if all 

terms with y? and still higher powers of y as a factor are neglected: 


E,n(u ) 2 = Fol3(0)~ {he E 1 re cos K + (u — h) (2+ jm + 761 


2x sin G 
_ I 8 +36 .1+ 1 + JB» 
v4 v2 


3 ) sin K _ tae 


Aras ue aaUHUe: 2 zs =a) sin @]| (14) 
0 


This is the electric field maintained at Qi in conductor 1 (Fig. 4.1) by 
the equal and opposite currents and charges in conductors 3 and 4 of the 
oscillator or coupled section of line. 

In order to represent the electric field of transmission-line oscillators 
of even and odd symmetries with respect to their centers, it is advan- 
tageous to determine the field maintained at Q; by two sections of trans- 
mission line, of which the first is that shown in Fig. 4.1 and the second is 
similar but extended in the opposite direction, as shown in Fig. 4.3. The 
current in this second section is given by 


—I1,(u’) = I3(u’) = +1;(0) sin Big + wv’) —-hesw S00 (15) 


where the upper sign applies to an oscillator in which the current is even, 
I(—u’) = I(u), and the lower sign applies to an oscillator in which the 
current is odd, I(—u’) = —I(u). 

The field maintained by the current in the second section is like that 
given in (14) if the proper sign is prefixed and wu is replaced by —vw. 


cos G 
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This involves the substitution of v2 and fz, as defined by 


bé boro 


=ti+a+e fae (16) 


for v, and f:, as defined in (10) and (12a). The resulting expression is 


Esa) = = jFol3O)y {re ae ae JBv2 cos K 
OF: 


+ Om sin @ 
— j(u + h) (2 sive Ser LLL 5+ i) sin K| 
2 
— foe-ifm [2g F 5800 oa — 7 u (2+ fe i + ipve) sin al} (17) 
0 0 


The sum of (14) and (17) gives the complete electric field maintained at 
Q; by a transmission-line oscillator of length 2h which has an even (upper 


Main line Q, 
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Fia. 4.3. Transmission line with coupled driven section of line or oscillator consisting of 
two parts each of length h. 


sign) or odd (lower sign) distribution of current with respect to its center 
atu = Oorz = Xp. 

Even Currents and Fields. The simplest special-case is the field of a 
half-wave section of line with vanishing currents at both ends. In this 
case K = 0, and G = H = 7/2.. Since the current is even, the upper 
sign in (17) applies. The complete field at Q, is 


E(u) a —HofO (fiero ace + feeBr 1 =) (18) 


Numerical computations have been made for an actual oscillator of 
the type shown in Fig. 1.2. The following constants apply: 


B= “r = 0.333 cm7 


2h = 20 em b = bb = 2cm To = 10cm y = sin-'0.1 = 0.1 
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Fia. 4.4. Electric field maintained by transmission-line oscillator with even current. 
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Fic. 4.5. Sketch of typical electric field maintained by transmission-line oscillator 
with odd current. 
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A graph of the quantity of jE,:(u)/I,(0)y as a function of u is given in 
Fig. 4.4. 

Odd Currents and Fields. The simplest special case is the field of a 
half-wave section of line with vanishing currents at the center. In this 
case K = r/2, H = 7/2, andG=K+H=rn7. Since the current at 
u = 0 vanishes, it is convenient to substitute I3(h) = I3(0)/sin G for the 
indeterminate form 0/0. The resultant field is the sum of (14) and (17), 
with lower sign. Thus 


Enx(u) = fos) | cu — hfe (24s _i3+ io) 


Bo 
+ (u + h)feeitm (24 Jee ‘aoe pene jp) (19) 


A sketch of the type of field represented by (19) is given in Fig. 4.5. 

Asymmetrical Currents and Fields. If the currents are neither odd nor 
even with respect to the center of the oscillator or coupling element, 
they may be represented as the sum of even currents and odd currents. 
Accordingly the electric field is the sum of a field of the even type shown 
in Fig. 4.4 and the odd type shown in Fig. 4.5 with appropriate amplitudes 
and phases. If the primary section of line is terminated in its character- 
istic impedance at u = h in Fig. 4.3, the current distribution is 


—I,(u’) = I3(u’) = 1:(0)(cos Bu’ —Jj sin Bu’) (20) 


Since this is the sum of the even currents and —j times the odd currents, 
it follows that the electric field of a traveling wave of current on a half 
wavelength of line is £,:(u) in (18) minus j times E,,(u) in (19). 

5. Current and Voltage in a Line Driven by a Coupled Section of 
Transmission Line; Directional Coupler.'** The current and voltage at a 
point z along a transmission line which extends from z = 0 to z = s and 
which is driven by a pair of equal and opposite point generators with 
emfs 3Vz at z = x are given by Chap. IV, Sec. 2, Eqs. (5) and (6). They 
may be expressed as follows: 


Ves, 


= zs 
I, ZS. rszss (1) 
a re. sinh (yx +6) wSzds (2) 
where S. = sinh (yw + 6,) S, = sinh (ys + 00 + 0,) 
and C.. = cosh (yw + 86,) 


As usual, w = s — z. 

If the line is driven by a continuous distribution of generators over a 
range extending from z = % — g to z = x0 +g, it follows from the 
principle of superposition that the current and voltage are the super- 
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positions of the currents and voltages maintained by all pairs of gener- 
ators localized in each element dx between x» — g’ and x) +g. Thus, 
if the emf maintained by the distribution of generators per unit length in 
conductor 1 is E2(z) and that in conductor 2 is — E¢(x), the total current 
and voltage maintained by the entire distribution are 


S zote@ 
L=-syc E¢(x) sinh (yx + 60) dx (3) 
Zs to—g’ 
C wot¢g 
V, = > | E¢(x) sinh (yx + 0) dz (4) 
s Jx—g’ 


The electric field maintained along the conductors of the line by the cur- 
rent in a coupled section is equivalent to a distribution of generators. 
In this case the distribution of emfs per unit length E%(x) is replaced by 
E,,(u), as given by the sum of Sec. 4, Eqs. (14) and (17), if the currents 
in the oscillator have even or odd symmetry with respect to the center of 
the oscillator at u = Oorz = 2. Notethatw = 2 — 2. Inthe general 
case, in which the current in the oscillator is characterized by no par- 
ticular symmetry, it may be expressed as the sum of odd and even parts, 
and E,,(u) appropriate to each part may be obtained using Sec. 4, Eqs. 
(14) and (17), with suitable relative amplitudes and phases. 

The electric field maintained along the line by the currents in the 
oscillator may be expressed in a Fourier series of the following type: 


En(t — t0) = > [am cos mB’ (x — Xo) + bm sin mB'(x — X)] (5) 


m=l 


in the range of x between x — g and x» +g. The a,’s and 6,,’s are 
complex constants. For use in (3) and (4) it is more convenient to 
express (5) in terms of hyperbolic functions. Thus, with y’ = 76’, 


E.ux(x — 2) = > fa,, cosh my’ (x — 20) — jbm sinh my'(x — xo)] (6) 
m=l 


If (6) is substituted in (3) and (4), the following integrals must be 
evaluated: 


Jy = [°°" sinh (ya + 04) cosh my'(e — a) de (7a) 
tog 
J, = jie sinh (yx + 00) sinh my'(x — 20) dx (76) 
wto-g 
By using familiar formulas (e.g., Dwight 651.03 and 651.05) the prod- 


ucts of two hyperbolic functions may be transformed into sums of hyper- 
bolic functions that are readily integrated. The results are 


Ji = (p + @ sinh (yx0 + 00) + (p’ + 9’) cosh (to + 80) — (8a) 
Jo = (p’ — q’) sinh (y2o + 6) + (pb — g) cosh (yx + 90) (8b) 
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= sinh g(y + my’) + sinh g’(y + my’) 


where 5 C a) (9a) 
pf = cosh ole + md = con g(x + my’) (9b) 
72 sinh g(y — sa hee (y — my’) (9c) 
g = cosh gtr = me = co g(x — my’) (94) 
By now introducing the notation 
Vz = y [an(p +g) — jbn(p’ — q’)] (10a) 
mol 
W.= y [a,,(p’ + g') — jbm(p — 9)] (105) 
mol 
Eqs. (3) and (4) reduce to 
I. = [Vesinh (20 + 65) + We cosh (20 + Oo] pe (11) 
P= WV, shih ag) SW pcos Gt OT < (12) 


These expressions are identical with Chap. IV, Sec. 4, Eqs. (5) and (6), 
for the current and voltage maintained by three pairs of equal and oppo- 
site point generators, as illustrated in Chap. IV, Fig. 4.1. Note that the 


Main line 


a ee ee te 


~~ ee 
~ 
= 


—_—— 
_—<—" 


A. _ coupling element with 
1 asymmetrical currents 


/ Resonant line 
To generator } 


Fra. 5.1. Transmission-line coupling element with open end and asymmetrical current 
distribution and electric field. 


coordinate xo, which locates the point on the line opposite the center of 
the oscillator, replaces the coordinate z, which locates the middle pair of 
point generators. A coupling unit that requires this general represen- 
tation is shown in Fig. 5.1. The appropriate electric fields can be con- 
structed from combinations of Sec. 4, Eqs. (14) and (17), or from Sec. 4, 
Eq. (14), alone. 

Even Currents. If the distribution in the driven section of line is 
even with respect to its center, the coefficients b,, of the sine terms in (5) 
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vanish, and the field maintained by these symmetrical currents is also 
even. If the driven section is far enough from the ends of the line so that 
the coordinates z = x) — g’ and x» +g where the field is vanishingly 
small are points actually on the line and not beyond one or the other end, 
the effective exciting field of the even currents is also even, and g’ = g. 


Main line 
Na ee 


-- wea 


Oscillator with 


% ‘ %, even current 


oe, 
- ~~. 
- 
~~ 


- 
“we.” 


A/2—coupling element 
with even current 
(b) 
Resonant line 
To generator ¥ 
Fic. 5.2. Transmission-line oscillator and coupling element with even currents and 
electric fields. 


It follows from (9b,d) that p’ = g' = 0. The effective driving voltage 
of the even excitation is given by (10a,b), with b,, = 0 and p’ = q’ = 0. 
It is 
n 
V.= ) lanlp+@] We =0 (13) 
m=! 

This corresponds to a single pair of equal and opposite point generators 
atz = 2. An oscillator and a coupling unit with this type of symmetry 
are shown in Fig. 5.2. The appropriate electric field is given by the sum 
of Sec. 4, Eqs. (14) and (17), with the upper sign. It is illustrated in 
Fig. 4.4 for one particular oscillator. 

Odd Currents. If the distribution in the driven section is odd with 
respect to its center, the coefficients a,, of the cosine terms in (5) vanish, 
and the field maintained by the odd currents is itself odd. If, in addition, 
the driven section is far from both ends of the line, so that the coordinates 
z= 2) — g' and z = 2) +4 are on the line, the effective exciting field of 
the odd currents is also odd, and g’ = g. It follows from (9b,d) that 
p' = q' =0. The effective driving voltage of the odd excitation is 
given by (10a,b), with a, = Oand p’ = q’ = 0. Itis 


¥2=0 We= ) [—jbn(p — 9] (14) 


m=1 


This corresponds to two pairs of equal and opposite point generators 
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located at x9 — g and x9 + g, as shown in Chap. IV, Fig. 3.1. An oscil- 
lator and a coupling unit with this type of symmetry are shown in Fig. 
5.3. The appropriate electric field is given by the sum of Sec. 4, Eqs. 
(14) and (17), with the lower sign. A typical example is sketched in 
Fig. 4.5. 

Traveling Waves; Transmission-line Directional Coupler. As indicated 
at the end of Sec. 4, a traveling-wave distribution of current in the driven 


Main fine 
waa ee OOOO LO 
Oscillator with 
(ea) ec odd currents 
__.. Main line 
QT Loa 


A/2—coupling element 
with odd currents 


(b) To generator 

Fig. 5.3. Transmission-line oscillator and coupling element with odd currents and 
electric fields. 

line is equivalent to a superposition of even and odd currents in time 
quadrature. It follows that the excitation in a coupled line must be 
equivalent to a superposition of one pair of equal and opposite point 
generators to represent the even current, and two pairs of such generators 
to represent the odd current. The appropriate general formulas for the 
current are Eq. (11) or Chap. IV, Sec. 4, Eq. (5), when x S$ z S s and 
Chap. IV, Sec. 4, Eq. (7), when 0 Sz 2. If the coupled secondary 
line is terminated at both ends in its characteristic impedance so that 
Zy = 2, Ze = Ze, OF po = Ps = ©, these equations reduce to 


L= ew eve) rSz8s (15a) 
L _ oe W, e7v(z—2) 0 =< 2 s x (15d) 


where z is the fixed location of the point generators and z is the point along 
the line where the current is measured. The following are important 
special cases: 


~ 


For W, = Ve: Lal Zr” = BASS (16a) 
0 OSszs2 
0 rz 

ForW,= —-V,z I, = 4 V, rte) O<ek2 (160) 


N| 
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Thus, when W, = V,, a traveling wave of current is excited on the coupled 
transmission line that moves in the positive z direction toward Z, = Z,, 
whereas the line in the negative z direction is not excited. Alternatively, 
when W, = —V,, a traveling wave of current moves toward Z) = Z, in 
the negative z direction, whereas the line in the positive z direction is not 
excited. Since from Chap. IV, Sec. 4, Eq. (7), W. = j@gV°, where iV? is 
the emf of each of the four point generators, it follows with the sign 
convention in Chap. IV that the condition W, = V, corresponds to 
Ve = —jV,/8g and to the current I;(w’) = I3;(0)e—#%-“), which is a 
traveling wave in the negative z direction. Similarly the condition 
W, = —V, corresponds to V* = jV,/@g and I;(u’) = I3(0)e8%-“), which 
is a traveling wave in the positive z direction in the primary circuit. It 
follows that a traveling wave in the positive z direction in the primary 
section of line (terminated coupling element) induces a traveling wave in 
the opposite direction in the coupled transmission line. This behavior 
corresponds to that described in Chap. III, Sec. 15, for the hybrid junc- 
tion when used as a directional coupler. It follows that a section of line 
that is terminated at both ends in its characteristic impedance and is 
coupled to a second line can be used as a directional coupler. Clearly, 
energy that reaches Z) = Z, must originate in a traveling wave in the 
positive z direction in the primary line, and energy that reaches Z, = Z, 
originates in a wave traveling in the negative z direction in the primary 
line. Details on the construction and operation of such directional 
couplers are given in the literature. 142 156 

The expressions [Sec. 4, Eqs. (8), (14), and (17)] involve no restriction 
on the perpendicular distance d between the main line and the oscillator. 
That is, any degree of coupling is permissible. However, if d is small 
enough so that the field maintained by the currents in the line induces 
a significant voltage in the oscillator, the frequency generated is modified 
by the presence of the line, and coupled-circuit effects resembling those 
described in Sec. 2 are observed. These may be analyzed by introducing 
in each circuit appropriate generators maintained by the current in the 
other circuit and expressing these in the form 


V = —I1Z,, 


In this manner two simultaneous equations, each involving the currents 
in both circuits, are obtained, just as in Sec. 2, where the mutual imped- 
ance consists simply of an inductance in common. 

If the coupling between the oscillator and the main transmission line is 
loose, so that there is no significant modification of the current in the 
oscillator or of the frequency generated by it, the equivalent induced 
emfs V, and W, may be treated as constant pairs of point generators. 

6. Coupled Transmission Lines. When two transmission lines are 
sufficiently close and so oriented that the currents and charges in the one 
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induce significant currents and charges in the other, a mutual interfer- 
ence of the signals transmitted along the lines occurs. At low frequencies 
this is known as cross talk. At audio frequencies the induced voltages 
may be derived from relatively simple electrostatic and magnetostatic 
analyses involving the determination of mutual capacitances and induct- 
ances. The general or high-frequency problem of determining the inter- 
action between two transmission lines is much more complicated. A 
special case of the general problem is analyzed in Secs. 4 and 5, where 
it is assumed that the two lines lie in parallel planes at the corners of a 
regular trapezoid, so that both lines remain balanced. 

In a more general case the two lines may be assumed parallel but with 
arbitrary relative positions. The currents are those of transmission lines 
with arbitrary loads. In general, they are not sinusoidal but are derived 


liye 
3V, 
ae qy ® Q, 
0) 
ive I, @ Q2 
lye 
3V, 
iat Iz @ 
Se 
+= 
is : 


Fia. 6.1. Coupled two-wire lines. 


from a hyperbolic sine or cosine of complex argument, as given by 
Chap. IV, Sec. 2, Eq. (7). The electric field of such a distribution in 
a single conductor may be determined by using this current instead of 
Sec. 3, Eq. (1a), in the integral [Sec. 3, Eq. (2a)]. The field of the cur- 
rents and charges in the two conductors (e.g., 3 and 4 in Fig. 6.1) of one 
line at a point Q; on conductor 1 of the second line is obtained by super- 
imposing the field of the currents and charges in each of the conductors 
3 and 4 at Qi. Since the positions of the two parallel transmission lines 
are arbitrary, the field at Qe on conductor 2 is not the negative of that 
at Qi. However, it may be determined by superimposing the fields of 
conductors 3 and 4 at Q2. The fields along each of the conductors 1 and 
2 may then be treated as a distribution of point generators. However, 
they are not equal and opposite in the two conductors, so that the line is 
unbalanced. The balanced part of the current, which contributes to the 
balanced current maintained in the line by its driving generators, may be 
determined in a manner analogous to that used in Sec. 5. The unbal- 
anced current must be analyzed by the methods of antenna theory.?° 

If each of the coupled lines consists of a single conductor parallel and 
close to a large metal plane, each conductor with its image is equivalent 
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to a two-wire line and may be analyzed as such following the general 
method used in Secs. 4 and 5. 

7. Admittance of Bridge-coupled Sections of Low-loss Transmission 
Line; Coupled-circuit Effects Involving Minima and Double Peaks.}°°:158 
Consider the problem of determining the input admittance Y, of the 
transmission line shown in Fig. 7.1. It consists of a section of line of 
length w (to be called the primary), which is terminated in an inductive 
reactance wl in parallel with the input impedance Z, of a second section 
of line of length u (to be called the secondary), which is terminated in an 


B, Bo 
]k----- Ww —-~—»}e ----—-~ u --~--- ~ 
z=0 z=w z=Utw 
(a) 
2%, By Bs 


(b) 


Fic. 7.1. Bridge-coupled sections of transmission line (a) with arbitrary termination 
Z, and (b) with inductive bridge L as termination and a pair of point generators at 
the input terminals. 


arbitrary impedance Z,. Note that the coupled-circuit oscillator, for 
which the natural frequencies are determined in Sec. 2, consists essen- 
tially of this same circuit, but with a negative resistance connected across 
the input terminals and with Z, specialized to be a short circuit or an 
open circuit. It is shown in Chap. III, Sec. 1, that the normalized input 
admittance y1 = Y/Y, of a section of line of length w, when terminated 
in an arbitrary normalized admittance yi, = Y./Y-, is 


ie Yw + tanhyw — ywcosh yw + sinh yw 
1 


~~ Yy tanh yw +1 yiy sinh yw + cosh yw (1) 


Y, = G.(1 + jd.) is the characteristic admittance of the line and 
y =a+ j@ is its propagation constant. 


The Normalized Terminal Admittance of the Primary. In the circuit 
shown in Fig. 7.1 the normalized terminal admittance of the primary is 


1 
Yw = jak + Y2 (2) 


where y2 is the normalized input admittance of the second section of line 
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and where, with v the phase velocity and / the inductance per loop unit 


length, 


Bk = ot ries (3) 


The normalized input admittance of the second section of line may be 
expressed in the completely hyperbolic form, as follows: 
y2 = coth (A + JF’) (4a) 
where A =aut pu F’ = Bu + ®, (4b) 
The terminal functions p and ©’ are discussed in Chap. II, Sec. 15. Using 
Chap. III, Sec. 1, Eqs. (166) and (17b), the input conductance and sus- 
ceptance defined by y2 = g2 + jbz are 


_ sinh AcoshA . A (5a) 
92 ~ sinh? A + sin?F” A? + sin? F” g 
He sin F COs F _ — sin F cos (5b) 


sinh? A + sin? F’ A? + gin? F’ 
The expressions on the right in (5a) and (5b) apply to a line with low 
over-all attenuation which satisfies the following inequalities: 


2 
A? = (au + py)? <1 (3) «1 (6) 
With (5a) and (5b) substituted in (2), yin = giw + 761.18 obtained. Thus 


Spe aae sl 
Gw = 92 = Aa sin? F @) 


bs (G+ rer) cr) 
These are the final expressions for the normalized conductance and sus- 
ceptance of the termination of line 1. 

For later reference it is convenient to examine certain ranges of F’ for 
which (7a) and (7b) assume simple forms. Consider first the principal 
ranges, which include all values of F’ = Bu + ©, which satisfy the follow- 
ing inequality: 

sin? F’ > A? (8) 


In these ranges (7a,b) become 
Jiw = A csc? F’ byw = — (4 + cot r’) (9) 


For sufficiently small values of the attenuation function A, as required 
by (6), the ranges of F’ excluded by (8) depart only slightly from the 
points 

F’ = Bu + ®, = ur n integral (10) 


1 1 
so that Iw = => bin = — Bk (11) 
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In order to examine small ranges near the points defined in (10), let 
F’ = But ®, = nw + Bd nm=1,2,... (12) 


where d is a small positive or negative quantity that is assumed to satisfy 
the inequality (6d)? «<1. With (12) it follows that 


sin F’ cos F’ = } sin 2F’ = 4 sin 26d = Bd (13a) 
sin? F’ = sin? Bd = (@d)? (13b) 
A 
a De = APF Gay? a 
_~_|i,__ sd 
ue E 2 aeee aan | 1) 


The magnitude of the normalized admittance at F’ = nr + Bd is 


Yiw = V G0 “P Diy 
[B4d4 + 26°d®Bk + B?d?(B°k? + 2A?) + B*k? A? +- A‘j}t 


= Bk(A® + 6¥d?) oe 

where 
A =F But pu = 5 (ne — & + Bd) + px = An tad = Ay (15d) 
wishe Ae ee (15c) 


B 


Since 6d may be positive or negative, it is evident that b;, may vanish. 
The required values of Gd are 


— Bk 
2 
For bi, = 0: Bd = — Bh E +,/1 — 2A, a A2 (16a) 
2 Bk 28 
bk 
The corresponding values of gi, are 
A, 
a, eee 2A, . ) Bk? 
ow ~~ Baph ~ BLE V1 —- Gasp] )1 “8 
An 


By differentiating b,, in (14b) with respect to 6d and equating the 
derivative to zero, the maxima and minima of bi, are located. They 
occur at 


Bd = +A, (1 = ) (17a) 
and have the values 
2A Bk 
biw = Bh (1 of Br.) (170) 
The corresponding values of gi are 
_lta/és (17c) 


gw = 97, 


Sec. 7] OSCILLATORS AND COUPLED SECTIONS OF LINE 473 
The maximum value of g:, may be located in the same manner. Its 
location and magnitude are given by 
. . il 
The minima of gi, occur in the range specified in (8) where (9) applies. 
They occur at values of u somewhat smaller than those defined by 


60 


o&= 393x107? nep/m 


0 025 0.50 0.75 1.00 1.25 
Fic. 7.2. Normalized susceptance b,, of inductance in parallel with a section of line of 
length u terminated in an equal inductance. 


F’ = Bu + ®, = [(2n + 1)/2]9 and have magnitudes close to A = au. 
Extreme values of the magnitude y;,, may be obtained by differentiating 
(15a) with respect to Gd. With n integral, they are located at 


Bd =0 or Bu = nr — for the maxima (19) 
Bd = —Bh or Bu = nw — Bk — ®, forthe minima (20) 


It is seen that the minima of y1, virtually coincide with one of the sets 
of values for which b;, = 0. The extreme magnitudes of y1, are 


1 Az 
(Y1w) max = A, (Y tw) min = Bk (21) 


Graphs of the normalized input susceptance },,, the conductance giw, 
and the magnitude of the admittance y1, = gi, + 63, are shown in 
Figs. 7.2 to 7.4 for a special case in which the termination of the second 
section of the line is also an inductive reactance wh. That is, Z, = jwL, 
so that ®,, = Bk and p, = 0. It follows that F’ = Bu +k). The 
numerical values of the several constants given in the figures are those 
of a particular apparatus. Numerical data are given in Table 7.1. 
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A study of Figs. 7.2 and 7.3 reveals that wide ranges of normalized 


125 


Siw 


0.01}, 


0.001 
: 0.50 0.75 1.0 1.25 


F/27=(ut+k)/N 
Fig. 7.3. Normalized conductance associ- 
ated with the susceptance in Fig. 7.2. 


0 0.25 


may be separated by introducing Yiw = giw + jbiw. 


1207 =3.93x1073 nep/m 


100 B=/2 rad/m — 
k=L/l=0.04m 


0 0.25 0.50 


terminal conductance and suscep- 
tance are available. The suscep- 
tance remains near the value char- 
acteristic of the first bridge alone, 
except near F’ = B(u+k) = nz, 
where it varies rapidly between high 
positive and negative values. The 
conductance is quite small except 
near the points F’ = nx, where it 
rises to high maxima. The magni- 
tude of the normalized admittance 
shown in Fig. 7.4 is characterized 
by adjacent minima and maxima 
near F’ = nr. As indicated in (19) 
and (20), the maxima occur at 
Bu = nx — Bk and the minima at 
Bu = nx — 28k for the special case 
represented in Fig. 7.4, in which 
©), = Bk. The latter formula is 
convenient to use in the experi- 
mental determination of k for a 
conducting bridge, as discussed later 
in this section. 

The Input Admittance of the Pri- 
mary in the Bridge-coupled Section. 
The real and imaginary parts of (1) 
The following results 


¥.-[E__}t 


joo 
¥iu4.= 9,48 yt JOy, 


1.25 


0.75 
FY2rr=(utk)/a 

Fig. 7.4. Magnitude of normalized input admittance associated with the susceptance 

and conductance of Figs. 7.2 and 7.3. 


1.00 


Sec. 7] OSCILLATORS AND COUPLED SECTIONS OF LINE 475 


TaBLe 7.1. NUMERICAL VALUES OF biy AND giv FOR THE FOLLOWING PARAMETERS: 


B= 3 Tadians/m; k = 0.04m;a@ = 3.93 X 107-3 neper/m 


0.05 —28.6 0.0068 | 28.6 2.50 —16.9 0.0193/16.9 
0.08 |.......... 0.0099 3.00 —15.9 0.0116/15.9 
0.10 —22.2 0.0096 | 22.2 3.50 —14.9 0.0272)14.9 
0.20 —19.0 0.0066 | 19.0 3.80 —12.8 0.155 |12.8 
0.50 —16.9 0.0036 | 16.9 3.90 —9.6 0.616 | 9.6 
1.00 —15.9 0.0038 | 15.9 3.95 —3.2 2.397 | 4.0 
1.50 —14.9 0.0115 | 14.9 3.96 —0.99 3.666 | 3.8 min 
1.80 —12.8 0.0726 | 12.8 3.963 0.0 4.178 | 4.2 
1.90 —9.6 0.297 9.6 3.97 +3.18 6.255 | 7.0 
1.95 —3.2 1.200 3.41 3.98 +9.54 12.54 /15.7 
1.96 —0.2 1.885 1.9 min} 3.99 +15.9max|31.43 (35.2 
1.9606 0.0 1.940 1.94 3.9973 0.0 36.39 (86.4 
1.97 +4.7 3.231 5.7 4.00 —15.9 63.03 |65.0 
1.98 +14.1 7.273 15.9 4.01 —47.7 min/31.59 [57.2 
1.995 +47.7max!| 62.23 78.5 4.02 —41.4 12.67 143.3 
1.9994 0.0 123.3 123.3 4.03 —35.0 6.350 [35.6 
2.00 —15.9 124.8max|/125.8max/} 4.04 —30.9 3.740 |31.1 
2.005 —79.5 min} 62.55 101.2 4.05 — 28.6 2.458 |28.7 
2.01 —66.7 25.08 71.3 4.10 —22.2 0.648 |22.2 
2.03 —36.6 3.331 | 36.8 4.20 —19.0 0.172 |19.0 
2.05 — 28.6 1.264 | 28.6 4.50 —16.9 0.0351116.9 
2.10 — 22.2 0.329 | 22.2 5.00 —15.9 0.0195)15.9 
2.20 —19.0 0.0891 | 19.0 


are obtained: 


D cos (@w + 6) + 7E sin (Bw + e) 


41 F cos (6w + 6) +jD sin (Gw + 3) 228) 
where 
D = (Qiw + aw)? + bj,o?w}t = B= [(L + givaw)? + bj,]! (220) 
= = Di paw S, - Diy 
6 = tan“ aa e = tan“! (Eqn (22c) 
It follows that, with ys = gi + 7b1 = yie™, 
as DE cos (6 — e) 
91 PD? sin? (Bw + 6) + E? cos? (Gw + © 23) 
— a(E? sin 2(8w + «) — D?* sin 2(Bw + 8)] (236) 
, D? sin? (8w + 6) + HE? cos? (Bw + e) 
1 E cos? (Bw + 6) + E* sin? (Bw + e) | (23c) 
Yi = | D? sin? (Bw + 8) + E? cos? (Bw +6) 
ps ee E? sin 2(8w + «) — D? sin 2(6w + 6) (234) 


2DE cos (6 — e) 
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Special Case with Self-resonant Primary. An interesting special case is 
obtained when the primary circuit is adjusted to be self-resonant before 
the secondary is connected. Input resonance for a section of line of 
length w, when terminated in an inductive bridge of equivalent length k, 
is defined by 8(w + k) = ma, where m is an integer. With this set of 
values of Bw, the magnitude y; in (23c) may be transformed into 


a E cos? Bk — 2b1.(1 — a?w*) sin Bk cos Bk + G? sin? |) (24) 
Yt = | G® cos? Bk + Qbiw(1 — aw?) sin Bk cos Bk + F? sin? Bk 
where F? = b?, + (gin + aw)? G? = b?,a?w? + (1 + gi,aw)? (25) 


In most practically interesting cases the following inequalities are 
satisfied : 
(aw)? <1 (6k)? K1 (26) 


With (26) the magnitude (24) reduces to 


f (bw — Bk)? + (gw + ow)? | (27) 
Yt” LG F gin) (aw? + BK) + 2Giwaw + biBk) + 1 


The general behavior of yi in (27) as a function of the electrical length 
Bu of the secondary may be determined by considering the orders of 
magnitude of b;, and gi,.. Thus, in the principal ranges specified in 
(8), giw is small compared with b.,,, which remains almost constant near 
—1/8k, as is clear from Figs. 7.2 and 7.3. With this value of bj, substi- 
tuted in (27), the leading term in the numerator is b?, = 1/6%k?. The 
terms b?,6?k? + 2b1,8k + 1 in the denominator cancel, and the leading 
term is bj,,a?w? = a*w*/6k?. It follows that y; remains approximately 
constant at the value . 

. i 
Yi (28) 
in the range defined in (8). However, this is the value characteristic of 
the self-resonant primary alone, with the secondary removed. Thus it is 
to be expected that y; is sensibly constant at the large value 1/aw, except 
when the secondary length is such that F’ = Bu + ®{ is near nz, where 
both 6b, and gi, become large. 

In the ranges of u for which F’ = Bu + J is near nz, gi. is very large 
compared with aw and Bk, and bi, varies between large positive and 
negative values. It follows that in these ranges the numerator in (27) 
reduces to b2, + g?,, = y2,. Thus 

Yiw 
= (eu? + BP) + 2gna0 + baky Ip 9) 
Although, with (26), aw and @k are both small, yi, may be sufficiently 
great so that all terms in the denominator contribute significantly. 
Nevertheless, since y1, is the entire numerator, it may be expected that 
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the variation of y: with u will resemble that of y1,. That is, there should 
be ‘maxima near Bu = nx — &{, and minima near Bu = nr — Bk — Bj. 
Since these minima of y1, coincide with zero values of biy, and gi, is suf- 
ficiently small so that the leading term in the denominator of (29) is 1, 
it follows that the minima in y, must occur essentially at the same values 
of Bu as the minima in y;,. Graphs of the magnitude y; as functions of 
the length u of the secondary are given in Figs. 7.5 and 7.6 for various 
conditions. Figure 7.5 has been evaluated for a rather long primary 
circuit for a reason that is discussed below. As a consequence, the high 
maxima in y;,, shown in Fig. 7.4 have corresponding maxima in y; which 


0 0.25 0.50 0.75 1.0 
uf/A 

Fria. 7.5. Theoretical normalized magnitude of the input admittance of a self-resonant 
section of line of electrical length p(w + k) = 10, when terminated in an inductance 
L = klin parallel with a second section of line of electrical length u also terminated in 
L = kl. 
are very much reduced. On the other hand, the minima of y; are com- 
parable with those of y:1,. In Fig. 7.6, y: is shown for several values of 
w,a,andk. It is seen that, whereas the maxima may be greatly altered, 
the minima are all sharp and actually occur at 


Bu = nw — 26k (30) 
in all cases when ®), = Bk. 

The Determination of the Equivalent Length k of a Conducting Bridge. 
Use may be made of the simple formula (30) to determine the equivalent 
length k of each of two identical conducting bridges by direct experimental 
measurement. Clearly, if the sharp minima (in Fig. 7.5 or 7.6) in the 
magnitude of the normalized input admittance can be located, the dis- 
tance between the fixed bridge terminating the primary and the identical 
bridge terminating the extensible secondary, when this has a length to 
give the first minimum in y,, is 

r 
and the distances between adjacent successive minima are \/2. Thus, 
by locating the first and second minimum relative to the fixed bridge 
(these are shown, for example, in Fig. 7.5), both \/2 — 2k and \/2 may 
be measured. From these measurements 2k is determined. 

It is not necessary actually to measure the input admittance Y, of the 
bridge-coupled circuit, shown in Fig. 7.1 (with Z, = jw) as a function 
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of u, in order to locate the minima in y; = Yi/Y, = Y;/G,. Since the 
normalized input admittance is defined by 


— Io 
Yi WY, (82) 
where I) is the current and Vp is the voltage at the input terminals z = 0 
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Fic. 7.6. Magnitude of normalized admittance (a) for different values of L = kil and 
w and (b) for different values of the attenuation constant a. 


of the primary, it is clear that |y,| is proportional to |Jo|. Hence, if an 
impedanceless ammeter is connected in series with an impedanceless 
generator across the input terminals of the primary in Fig. 7.1, and the 
magnitude of the current J) is observed as u is changed (with Z, = jwL), 
the minima of I coincide with those of y:. 

In practice, the combination of an impedanceless ammeter in series 
with an impedanceless generator is unavailable, and a finite value of Zp 
is unavoidable. However, an actual circuit consisting of a primary of 
length w’, driven by a generator in series with an ammeter, and their 
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combined impedance Z) at z = 0 may be approximated by an ideal cir- 
cuit consisting of a primary of length w > w’, driven by an impedance- 
less generator in series with an impedanceless ammeter. The require- 
ment that the input currents in the two cases be the same is simply 


Liin(w’) + Zo = Lin(w) (33a) 
or, in terms of normalized values, 
coth (y’w’ + @.) + Z10 = coth (yw + 4) (33d) 
In (33b) it has been assumed that the characteristic impedances of the 
20 
3 15 
510 
© 
=z =5 
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B, Position of B» on scale 
Fic. 7.7. Experimentally determined magnitude of current entering primary as length 
of bridge-coupled secondary is increased. B, is the location of the bridge terminating 
the primary; B, is the location of the bridge terminating the secondary. Line and 
bridges are of No. 12 copper wire; \ = 4.3 m. 


actual and the equivalent sections of line are the same, but the propa- 
gation constants y’ and y may differ in their real parts. That is, 
vy’ =a’ +76, andy = a+ jp. 

In the principal ranges of the input impedances, Chap. III, Sec. 2, 
Eqs. (32a,b), may be used in (33b) to separate the real and imaginary 
parts. This leads to the following pair of equations for determining w 
and a of the equivalent section of line: 


Lio — cot (Bw’ + ,) = ~— cot (Bw + ,) (34a) 
2rio + sinh 2(a’w’ + p,) esc? (Bw’ + &,) 
= sinh 2(aw + w,) esc? (Bw + ,) (346) 
From (34a) 


Bw = cot! [cot (Bw’ + &,) — 210] — Py — nr nintegral (35) 


If w, as given by (35), is substituted in (34b),:a value of a may be deter- 
mined for each choice of the integer n. In general, it is convenient to 
select that value of n which will make a and a’ as nearly equal as possible. 
Actually, since the location of the minima in y; is not sensitive to the 
precise value of a, it is often adequate (especially if w is large) to select 
the value of n which makes a@ as near a’ as possible and then to approxi- 
mate a by a’. 

In Fig. 7.7 is shown an experimentally determined curve of an ampli- 
tude proportional to Jo in a current indicator across the input terminals 
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of a bridge-coupled line. The secondary circuit and the coupling and 
terminating bridges are those described in connection with the numerical 
values in Table 7.1 and the curves of Figs. 7.2 to 7.4. By observing the 
successive amplitudes of six resonance maxima in the primary circuit 
when w was varied with the secondary absent, the approximate length 
of an equivalent circuit with impedanceless detector and generator was 
determined. The total equivalent length w of the primary turned out 
to be 5A (to the nearest half wavelength in determining a, which was 
then made equal toa’). Thus the curve of y; in Fig. 7.5 is the approximate 
theoretical equivalent of Fig. 7.7. The agreement is seen to be excellent. 

By determining the values of wu for the two minima in Fig. 7.7, the 
wavelength of the generated signal and the equivalent length k of the 
identical bridges may be determined. In this particular case the dis- 
tance between the two minima is 2.15 m, so that \ = 4.30 m; the dis- 
tance between the coupling bridge B; and Bz when at the first minimum 
is 2.07 m, so that k = (2.15 — 2.07)/2 = 0.04 m. 

Double-hump Phenomena. Interesting coupled-circuit effects some- 
times known as ‘‘double-hump phenomena” are easily obtained with 
the circuit of Fig. 7.1. In principle, double humps depend on a super- 
position of the conventional resonance peaks described in Chap. IV, 
Sec. 9, and coupled-circuit minima of the types shown in Figs. 7.5 to 7.7. 
Depending on the particular tuning adjustments, the minima may be 
made to occur exactly at the center of a simple resonance maximum or 
displaced toward one or the other side. The appropriate conditions may 
be described in conjunction with the circuit of Fig. 7.1b. 

In order to obtain conventional resonance maxima of J» in Fig. 7.16 
or of normalized input admittance in Fig. 7.1a by moving the conducting 
bridge B, (Fig. 7.1b), it is necessary that the secondary circuit have a 
negligible reaction on the primary when 6w is near and at its resonant 
values, defined by Bw + %) + ®, = mz, where m is an integer with Bw 
positive. In the circuit of Fig. 7.1b, @) = 7/2, and ©, = 2/2 + Bk, so 
that the condition for resonance in this case is simply B(w + k) = mr, 
with m = 1,2, .... The reaction of the secondary is negligible if its 
electrical effective length Bu + ®, = B(u+k) = nx + 1/2, where n is 
an integer. Thus, if the electrical length 6s = B(u + w) is near Nx + 
a/2, where N is an integer, the resonant values of 6w coincide with values 
of 8u for which the effect of the secondary is negligible. Hence, if B, in 
Fig. 7.1a or b is moved with Bz fixed, so that Bs = Na + 7/2, the normal- 
ized input admittance y; in Fig. 7.1a or the magnitude of the current in 
Fig. 7.16 will have maxima when @(w + k) = mr. A theoretical curve 
of y:, which is proportional to Jo, is curve f in Fig. 7.8. This curve was 
computed for the long primary circuit previously described. Similar but 
sharper curves are obtained for smaller values of w, as described in Chap. 
IV, Sec. 8. 


Sec. 7] OSCILLATORS AND COUPLED SECTIONS OF LINE 481 


The maxima shown in Fig. 7.8 may be split by a minimum of the type 
illustrated in Fig. 7.5 if the over-all electrical length #s is adjusted to a 
value such that Bu = mr — 28k when Bw = nr — Bk. That is, when 
Bs = Na — 36k, the reaction of the secondary should split the primary 
maximum symmetrically as B, in Fig. 7.1 is moved through an appro- 
priate range. 

14 
12 #=3.93x 10° nep/m _/\ 


A=n/2 radfm 
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Length of primary, w/A 


Fig. 7.8. Theoretical normalized input admittance of primary as a function of the 
length w of the primary with bridge-coupled secondary of length u;s = w + u. 
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Fig. 7.9. Theoretical normalized input admittance of primary of length w as a function 
of the length u of a bridge-coupled secondary; s = w + u. 


Theoretical curves of y; as a function of the length w of the primary, 
with Bs set at three values near Bu = 21 — 26k, are marked a, c, and e in 
Fig. 7.8. The same curves and two additional ones plotted as a function 
of the length u of the secondary are shown in Fig. 7.9. It is clear from 
Figs. 7.8 and 7.9 that the minimum resulting from the interaction with 
the secondary occurs at Bu = 2r — Bk and that its location with respect 
to the primary maximum is determined by 8s. The experimental verifi- 
cation of the double humps is shown in Figs. 7.10 and 7.11, where J, is 
plotted as a function of Bw and Bu. These curves were obtained with 
the same line as used for the curves in Fig. 7.7. A single resonance peak 


482 TRANSMISSION-LINE THEORY [Chap. VI 


with the secondary detuned is shown in curve f of Fig. 7.10. The remain- 
ing curves in Fig. 7.10 and all the curves in Fig. 7.11 have the electrical 
length Bu of the secondary near 2x — 28k, as indicated. The corre- 
spondence between Figs. 7.8 and 7.10 is evident, as is that between Figs. 
7.9 and 7 11. 


T (arb. scale) 
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Fic. 7.10. Experimentally determined Fic. 7.11. Experimentally determined [, 
Ty as a function of the position of the asa function of the length of the secondary 
bridge B, in Fig. 7.1, with B, fixed = when varied by moving B:, with Bz fixed 
at the indicated scale points. at the indicated scale points. 


8. Transmission-line Measurements witha Multiple-frequency Source; 
Filter Sections.?9:149.152, Throughout the preceding sections and chapters 
it has been assumed that the oscillators driving a transmission line gener- 
ate only a single frequency. If one or more harmonic frequencies are 
generated together with the fundamental, the current and voltage dis- 
tributions along the line are the superpositions of the individual currents 
and voltages of the several frequencies. 

An oscillator or a coupling element that maintains an electric field that 
is even with respect to its center may involve a fundamental with a third 
harmonic. In this case the equivalent pair of equal and opposite point 
generators at z = x has a combined emf V%, for the fundamental fre- 
quency fi and an emf V2, for the harmonic frequency f3. For a line 
extending from z = 0 to z = s, the resultant voltage across the line in 
the range x S z S s is obtained using Chap. IV, Sec. 2, Eq. (6). It is 
sinh (yi2 + 601) cosh (y1w + 9.1) 

sinh (vis + 801 + 9s) 
+ Ve, sinh (rsx + 603) cosh (y3w + 8,3) 
sinh (y38 + O03 + 6.3) 


Vv, = V3, 


(1) 


where w = s — z, the subscript 1 refers to the fundamental, and the sub- 
script 3 refers to the harmonic. 

An oscillator or coupling element that maintains an electric field that 
is odd with respect to its center may involve a fundamental and a second 
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harmonic. In this case two pairs of equal and opposite point generators 
symmetrically placed with respect to their center at z = x are required, 
and the voltage at a point z in the range 0 < z S x along the line is 
obtained from Chap. IV, Sec. 3, Eq. (6). It is 


cosh (12 + 901) cosh (yiy + 961) 
sinh (71s + 901 + 461) 
+ We cosh (y22z + 902) cosh (yoy + 952) 
xe sinh (y2s + B02 + 0.2) 


V, = W:, 


(2) 


where y = s — x and the subscripts 1 and 2 refer, respectively, to the 
fundamental and the second harmonic. 
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Fig. 8.1. Experimental resonance curves of oscillator with second harmonic. Peaks 
of the fundamental are numbered in Roman; those of the harmonic, in Arabic. D 
locates the voltage detector, O locates the center of the oscillator with odd field dis- 
tribution. (a) Open end at left; (6) bridged end at left. 


Voltmeter scale 


As an explicit application of (2), consider a transmission line excited 
by a loosely coupled oscillator of the type shown in Fig. 1.6a@ which main- 
tains an electric field that is odd with respect to the point x opposite its 
center and includes a fundamental and a second harmonic. Such an 
oscillator induces a maximum voltage in a resonant line when coupled 
at a point of maximum voltage. A voltage detector is loosely coupled 
to the open end of the line at z = 0 (D in Fig. 8.1a), and the oscillator is 
near it (at 0 in Fig. 8.1a). When a large conducting disk is moved along 
the line as a short-circuiting termination, the voltage at z = 0 varies, 
as shown in Fig. 8.la. The observed curve consists of two families of 
resonance curves of the type described in Chap. IV, Sec. 7. One family 
is characteristic of the fundamental (numbered in Roman), and the 
other family is characteristic of the second harmonic (numbered in 
Arabic). In each family the distances between successive maxima are 
half wavelengths. 

The formula (2) may be specialized to apply to the specific case repre- 
sented in Fig. 8.la by setting @o1 = O02 = 0, 0.1 = 42 = jr/2, and 
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B2 = 26:1. The conditions for resonance for the fundamental and second 
harmonic are, respectively, 


Bis + Box + By3 = Bs +e = 0 ny = 1,2, ns 6 ce (8a) 


2 
B28 + Boe + Pez = Bas + 5 = rae me =1,2,... (3b) 
These are equivalent to 
a ees 
ae ri (4a) 
= Mee Aa May 
laity ae ae 2) 


Thus resonances for the fundamental occur when s = ),/4, 3A1/4, 5\1/4, 

. , and those for the second harmonic when s = \:/8, 3\1/8, 5A:/8, 

These conclusions are in agreement with Fig. 8.la. Ifthe attenu- 

ation is neglected in the numerator, (2) reduces to the following simple 
form, as applied to the conditions characteristic of Fig. 8.la: 


_ sty, Sin Bi(s — x) ‘aye Sin Bo(s — x) 
Vo = jWi cosh vis + jW es cosh y2s (5) 


If the end of the line at z = 0 is terminated in a conducting bridge with 
an equivalent length ko, the terminal phase function is @y) = 1/2 + Bko. 
In this case the maxima in the voltage distributions of the fundamental 
and the harmonic have no locations in common, so that it is not possible 
to place a voltage detector or an oscillator with a field of odd symmetry 
in a position where it detects or induces a maximum. (On the other 
hand, a current detector and an oscillator with a field of even symmetry 
could be coupled to the bridge at z = 0 or at half wavelengths of the 
fundamental from it.) Actually, adequate voltages of both frequencies 
were received when the detector was placed near 61(2 + k) = 7/8 (D in 
Fig. 8.1b), and the oscillator as close to it as physical conditions per- 
mitted. This turned out to be at 0 (Fig. 8.16), which is rather close 
to a voltage node of the harmonic. With 601 = 802 = j(4/2 + Biko), 
0.1 = 9.2 = jr/2, and B, = 2(:, the conditions for resonance for the funda- 
mental and second harmonic are, respectively, 


NiA1 Noro = Nor 


stk) = 9 Prk =3 = 4 (6) 


Thus the resonances for the fundamentai occur when s + k = A\1/2, Au, 
3\1/2, etc., and those for the harmonic at s + k = )1/4, Ai/2, 31/4, Au, 
etc. Clearly every other resonance maximum of the harmonic coincides 
with a resonance maximum of the fundamental. An experimental curve 


Sec. 8] OSCILLATORS AND COUPLED SECTIONS OF LINE 485 
illustrating this is shown in Fig. 8.1b. The equation for these curves is 


Vox , ©08 [Bi(z + k)] sin B2(s — x) 
Fe eae sinh [yi(s + &)] 
, ©08 [B2(z + k)] sin B2(s — x) (7) 
#3 sinh [y2(s + k)] 


It is clear from (4) that by a proper choice of either z or x the con- 
tribution to V, at resonance by either the fundamental or the harmonic 
may be made very small. This means that the oscillator may be so 
located (by a choice of x) that it induces either no fundamental or no 
harmonic voltage in the line, or that the detector is so situated that either 
the fundamental or the harmonic voltage is small at the point of coupling. 
Note that the locations for negligible response of a symmetrical current 
indicator are a quarter wavelength from the corresponding locations for 
a voltage indicator. Similarly the locations for negligible induced volt- 
age by an oscillator with an even electric field (one pair of point gener- 
ators) are shifted a quarter wavelength from the locations for negligible 
induced current by an oscillator with an odd electric field (two pairs of 
point generators). 

It is seen that, by an appropriate location of the oscillator (or coupling 
element) and of the detector probe and by a proper choice of the termi- 
nations, a resonance maximum of the fundamental or of the second 
harmonic may be located at the minimum of the other. In this manner 
resonance-curve measurements may be made using either the funda- 
mental or the harmonic if the losses in the circuit are sufficiently low 
and the relative amplitudes are not so different that the minima of the 
one frequency are not negligible compared with the maxima of the other. 

Coupled-circuit measurements involving the sharp minima in resonance 
curves described in Sec. 7 may be made with the fundamental or the 
second harmonic. This is illustrated in Fig. 8.2a and b by a set of experi- 
mental curves. The curves in Fig. 8.2a correspond closely to those in 
Fig. 8.la. Below them in Fig. 8.26 is a related set of coupled-circuit 
curves like those in Fig. 7.7. The upper curve is obtained by observing 
the voltage at D in a self-resonant primary circuit formed by locating 
an inductive bridge at B, and then moving a conducting disk beyond it 
to increase the length of the secondary. In this case the primary is 
tuned to the fundamental. The lower curve in Fig. 8.2b is obtained in 
the same manner as the upper one, but with the primary circuit tuned 
to the harmonic by locating the conducting bridge at Be. 

The separation of a fundamental frequency from a harmonic by proper 
location along the transmission line of the points of coupling and detection 
is useful only when the over-all loss on the line is low and sharp resonance 
curves can be obtained. A more generally useful method of suppressing 
a harmonic without interfering with the fundamental, or vice versa, is to 
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arrange a pair of shunt stubs so that they present a low impedance to the 
frequency to be suppressed and a high impedance to the frequency to be 
transmitted. For maximum effectiveness the stubs are separated a dis- 
tance equal to a quarter wavelength of the frequency to be suppressed. 
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Fic. 8.2. (a) Resonance curves of a source with a second harmonic. (6) Coupled- 
circuit curves with conducting bridge at B, (for upper curve) or Bz (for lower curve). 
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Fic. 8.3. Combination of stubs to suppress the second harmonic from the line to the 
right of the stubs without interfering with the fundamental. 


A circuit for suppressing all even harmonics and passing the funda- 
mental is shown in Fig. 8.3. On the other hand, the fundamental is 
suppressed and the second harmonic passed to the right of the Junction 
22 in Fig. 8.4. 

It is slightly more difficult to suppress the third harmonic while the 
fundamental is passed. One method using two stubs in parallel is illus- 
trated in Fig. 8.5. The 3/4 open stub and the \;/2 closed stub both 
present a low impedance at 11 for the third harmonic, so that this is 
suppressed from the line to the right of 22. Neglecting losses, the admit- 
tance of the parallel combination of stubs for the fundamental frequency 
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is approximately 


Yin = —JY.(cot Bso — tan 8s.) = —jY- (cot — tan *) =0 
so that the fundamental is passed without attenuation. 
In effect, the stub combinations in Figs. 8.3 to 8.5 are special types of 
filter circuits using sections of transmission line as their elements. They 
are effective in suppressing only particular frequencies, such as may be 
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Fic. 8.4. Combination of stubs to suppress the fundamental from the line to the 
right of the stubs without interfering with the second harmonic. 
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Fic. 8.5. Combination of stubs to suppress the third harmonic from the line to the 
right of the stubs without interfering with the fundamental. 


encountered when simple generators of the types described in Sec. 1 are 
used unmodulated. When high-frequency generators are modulated, 
various frequencies are introduced, and more complicated filters are 
required. At high frequencies these are advantageously constructed of 
sections of transmission line (usually coaxial). Since their transmission 
and suppression properties are described in terms of the general theory 
of wave filters, their analysis is beyond the scope of this book. 

9. Radiation from Open-wire Lines.'4!5" The derivation of the dif- 
ferential equations for the current and voltage along a two-wire line in 
Chap. I involves neglecting terms of the order of magnitude |gb|?._ It is 
these terms which specify radiation from the line. Accordingly neither 
the distribution of current along a section of line nor its input imped- 
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ance as determined from solutions of the conventional equations includes 
or takes account of radiation. Since the power radiated from a circuit 
depends on the entire configuration of conductors and cannot be assigned 
piecewise to the several parts, it is necessary to consider the complete 
circuit consisting of the line and the terminations at both ends if the 
radiated power is to be evaluated. 

Consider a two-wire line extending from z = 0 toz = sin air. The 
generator is at z = 0; it has an impedance Zp. The load at z = sis Z. 
The impedance seen by the generator is 


Z=2Z,+ Z. tanh (ys + 0{) + Re (1) 


where, as usual, y = a + 78 and 0! = p, + j®} = tanh (Z,/Z,) and 
where R¢ is the external or radiation resistance referred to the current Ip. 
It is defined by 


2P 
Re = R (2) 


where P is the average radiated power. The distribution of current as 
determined by line theory is obtained from Chap. IV, Sec. 2, Eq. (5). 
It is 

cosh [y(s ~ 2) + 63] (3) 


fy cosh (ys + 8{) 


There are several methods of evaluating R¢, but since all depend on 
antenna theory, they are not described here. The result is as follows: 


2. £0 cosh (as + 2ps) ( _ sin 28s) 
Re = ra B2b? Icosh (ys + 01) cosh as 2B (4) 


In the derivation of (4) it is assumed that the terminal impedances Zo 
and Z, are effectively lumped, so that it may be assumed that the cur- 
rents Ip and J, are constant in amplitude from one of the line wires to 
the other. Except for higher-order terms these terminations are equiva- 
lent to filaments of current J) and J, of length b in their contribution to Fé. 

The general formula (4) is simplified when applied to important special 
cases. 

Nonresonant Line. A nonresonant line is characterized by p, = © 
However, the same results obtain to an excellent approximation when 
p, exceeds 3. The appropriate form of (4) is 


Re = ss Bb? (cosh as — sin 2) ee (5) 


Usually as is sufficiently small so that the following formula is a good 
approximation of the radiation resistance, referred to the input current 
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of a low-loss line terminated in its characteristic impedance: 
Rare Serre — Hn 260) 
lear ade (aaa (6) 


This formula is further simplified if 28s = nm or if Bs is sufficiently great. 
In these cases 


Ré = So B°b? = 6087b? ohms (7) 
2n 


A graph of (6) is given in Fig. 9.1. 
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2 1 R4,=608767[1-S22] ohms, (nonresonant line) 

S 28s 

8 

[+ 


0 1/2 TW 3n/2 2r S5n/2 30 M/2 
Bs 
Fig. 9.1. Theoretical radiation resistance of low-loss resonant and nonresonant lines. 


Low-loss Line with Low-loss Terminations. If the losses in the line 
and its terminations are sufficiently small so that the inequality (as + 
2p;) < 0.1 is satisfied, the following simplification of (4) applies: 


Re = a B°b? sec? (Bs + &') (1 = SS 268: (8) 
Since the approximations implicit in this formula are equivalent to 
neglecting all losses in determining the distribution of current, this is 
purely sinusoidal. Accordingly the input current J) vanishes when 
Bs + ®, = (2n + 1)r/2 and R¢ becomes infinite. If a different reference 
current is chosen, in particular, the maximum J, of the sinusoidal dis- 
tribution, a radiation resistance Fs, referred to 7,, may be defined. With 


(8), it is 
gies BE Lo __ sin 26s 
Ra = Tr * q, 6° (1 “in 288) (9) 


When 28s = nz or when §@s is sufficiently long, (9) reduces to 
Re, = i: 8%? + 306°? ohms (10) 


A graph of (9) is given in Fig. 9.1. It is seen to differ from (6) for the 
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nonresonant low-loss line only by a factor 2. Note that (9) and (10) 
apply to lines with open or short-circuited ends or to lines with lumped 
reactive terminations of any type. 

Although the radiation resistance of a two-wire line with closely spaced 
conductors is very small, it is not necessarily negligible in comparison 
with the corresponding ohmic resistance. If the two conductors of the 
line are of copper and of sufficiently large diameter and the line is termi- 
nated in essentially reactive impedances, such as metal disks, conducting 
bridges, or open ends, the power dissipated in heat may be as small as 
or smaller than the power radiated. Owing to the small over-all attenu- 
ation, standing-wave ratios may be enormous. This is true, in particu- 
lar, of heavy single conductors placed close to and parallel to a large 
highly conducting plane. In this case ohmic losses in the conducting 
plane are usually negligible, and the radiation resistance is one-half that 
given in (9) or (10) if b is the distance between the axis of the conductor 
and the axis of its image or twice the distance between the axis of the 
conductor and the conducting plane. If the single conductor is suf- 
ficiently large in diameter and the distance b is not too small, the 
power radiated may be made to exceed greatly the power dissipated in 
heat. In this case the section of resonant line is a reasonably efficient 
antenna. 

If the distance.b between the axes of the two conductors of a two-wire 
line (or a single conductor and its image in a conducting plane) is not 
large compared with the radius a of the conductors, the effective centers 
of the currents in the two conductors are moved closer together than b. 
In this case the effective separation 


w= 214i -(%) | (11) 


may be used in place of the distance b between axes. 

An experimental determination of the radiation resistance of resonant 
sections of two-wire line has been carried out by Chipman! and his col- 
laborators. The procedure was to determine the widths of the resonance 
curves at the half-power points of a section of two-wire line projecting 
vertically above a highly conducting metal plane when enclosed in a 
metal shield and with the shield removed. The line consisted of silver 
conductors of diameter 2a = 0.100 in. separated a distance b = 1.00 in. 
between centers. It was adjusted to resonance with open and short- 
circuited ends for a range of lengths extending from \/4 to 4\ at fre- 
quencies of 342 to 1,420 Mc/sec. For the short-circuited line a brass 
shield 4 in. in inside diameter was used; for the open line the shield was 
of aluminum 4.5 in. in diameter. 

The width W of the resonance curve between half-power points is 
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related to the over-all attenuation by the formula 


W 

oe = as + pot (12) 
where s is the length of the line and po and p, are the attenuation func- 
tions of the terminations at the two ends z = Oandz = s. This formula 
does not include attenuation due to radiation, but it may be generalized 
to include radiation by adding a function p,.. Thus 

Ww 

PF = a8 + pot tp (13) 

Since the characteristic impedance and, with it, the attenuation constant 
of the line change when the shield is removed quite irrespective of radi- 
ation, it is advantageous to multiply (12) and (13) through by the char- 
acteristic impedance appropriate, respectively, for the shielded and 
unshielded line. Let the subscript 1 be used for the former and the 
subscript 2 for the latter. The two equations are 


BRal = 718 + Rer(po + ps) (14) 
bas = 728 + Reo(po + ps + pr) (15) 


where r; and rz are the resistances per loop unit length of the shielded- 
pair and the open two-wire lines and R,; and R,2 are the characteristic 
impedances. Since Zp) is a low-impedance essentially reactive termi- 
nation, Po = Ti90 = Ro/ Re. It follows that R.ipo = R2po0 = Ro. Simi- 
larly Z, is either a short circuit or an open circuit for which p, = 0. 
It follows that, if (15) is subtracted from (14), the following result is 
obtained (since p, represents a small pure resistance, it is logical to set 
pr = R*/ Reo, so that Reps = Re = Ke: 


Re = F (RaWe RAW) 2G) (16) 


The difference in ohmic resistance per unit length of the shielded and 
unshielded lines arises from the small eddy currents in the shield, when 
this is present, and a small change in transverse distribution. Actually, 
with as large a shield as used in the experimental measurements, these 
char ges are insignificant, and it is a good approximation to set r1 = re. 
It foulows that 

Re, = 38(RaWs2 — ReiW3) (17) 


By measuring the half-power widths W; and W2, Chipman et al. deter- 
mined R¢,. For each of 13 different frequencies, measurements were 
made using either open-end or closed-end lines. At each frequency a 
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number of different resonant lengths were used. The mean value of the 
measured #%, and the ranges for the several lengths of line are shown in 
Fig. 9.2. The theoretical curve Re, = 1587b? is also shown. (Note that 

the factor 15 occurs in place of 30 


0 when the line is over an infinite image 

. plane and radiates into a half space.) 

6 Although a few of the experimental 

points lie on the theoretical curve, most 

i of them are considerably below it. In 

general, they lie more closely along a 

ae) line defined by R¢, = 13.7587b?. It is 

eee difficult to achieve high experimental 

15 accuracy in radiation problems, and 

& the theoretical formula is also approxi- 

3)? mate in the sense that it depends on a 

§ oA distribution of current which is valid 

5 06 strictly only when there is no radiation. 
a 


Therefore an 8 per cent difference in 
mf Theoretical curve the constant factor multiplying 8b? 


—— e_ 2,2 
- Besse and the excellent agreement with which 
Soneedend Chipman | 2° obeys a square law in 4b are quite 


} ene et.al. acceptable. 
Radiation from a two-wire line is 
greatly increased if the line is even 
Ola 020203 04 0506 0810 Slightly unbalanced. In this case the 
fb=2b/A part of the current in the two conduc- 
Fic. 9.2. Radiation resistance of tors which is given by 4+ J: is in 
resonant two-wire line over an image the same direction in the two wires, 
plane. Theoretical curve in solid  .., that these act like an antenna carry- 
line; experimental points by Chip-. : 
aK Lal: ing this current. 

Radiation from a coaxial line with 
small cross section may be ignored so long as no currents exist on the out- 
side of the shield. However, if a coaxial line is used with a balanced load, 
e.g., a center-driven symmetrical antenna, currents may be excited on 
the outside of the shield, and this then behaves like an antenna. 


0.15 


PROBLEMS 


1. A triode of the double-ended type has the following interelectrode capacitances: 
grid plate, 2 uuf; grid filament, 2 uuf; plate filament, 0.4 uuf. Determine and plot the 
generated frequency as a function of the length of two identical effectively short- 
circuited sections of two-wire line attached to the grid-plate leads, one on each side 
of the tube. 

2. What are the wavelength characteristics of the triode oscillator in the preceding 
problenr if only one section of the two-wire line is used? 
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3. A ring oscillator consists of a closed square of two-wire line. A double-ended 
tube is connected at the center of each side of the square. If the equivalent capaci- 
tance of each tube is Co, what are the wavelength characteristics of the oscillator as a 
function of the length of one side of the square? (Neglect the effect of the corners.) 

4. Determine the effect of the corners in the ring oscillator in Prob. 4 in modifying 
the natural frequency generated. 

5. The coupled-circuit oscillator described in Sec. 2 is modified by cutting the 
coupling bridge in the middle and inserting a small effectively lumped capacitance in 
series with it. Determine the effect of such a capacitance on the frequency or wave- 
length generated as a function of the magnitude of the capacitance, 

6. A transmission line consists of a single silvered brass tube | in. in diameter 
placed parallel to, and with its center at a distance of % in. from, a very large highly 
conducting plane (assumed perfectly conducting and infinite in extent). The line 
is driven at one end by a generator at a frequency of 750 Mc/sec; the other end is 
terminated in a large metal disk (which may be assumed equivalent to a perfect short 
circuit), 

(a) Compare the power dissipated as heat in the line with the power radiated as 
the length of the line is increased from one-quarter to two wavelengths. 

(b) What are the successive maximum and minimum values of the input resistance 
of the line in this range of length? 
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INDEX OF SYMBOLS 


Definition 

vector potential 

over-all attenuation function 
radius of conductors of two-wire line 
ratio function 

magnetic vector 

distance between conductors of two-wire line 
amplitude function 

amplitude function 

amplitude functions 

lumped shunt capacitance 
capacitance per unit length 
capacitance per unit length 
electric vector 

over-all phase functions 

real part of complex radical 
conductance per unit length 
imaginary part of complex radical 
conductance per unit length 

loss tangent of dielectric material 
loss tangent of magnetic material 
current in transmission line 
current in line 

current in load 


antisymmetrical or equal and opposite currents 


symmetrical or codirectional currents 
volume density of current—real, complex 
constant 
parameters 
power loss 
inductance of termination 
apparent terminal inductance 
inductance due to end effect 
external inductance 
inductance per unit length 
inductance per unit length of conductor 1, 2 
external inductance per unit length 
external inductance per unit length 
internal inductance per unit length 
index of refraction 
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Sz, Sy 


S1, 2 


Vo, UV, v 
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Definition 

power in line 

power to load 

power to line beyond point z 

power to line 

parameter in method of symmetrical components 
ratio factor 


quality factor 

charge per unit length 

charge per unit length on line 

charge per unit length on load 

distance between two points 

distance to conductor 

distance to conductor 

distance between points in coaxial line 

distances from point on line to points on termina- 
tion 

radiation (external) resistance of two-wire line 

radiation resistance 

resistance per unit length of line 

resistance per unit length of conductor 1, 2 

internal resistance per unit length of line 

internal resistance per unit length of conductor 1, 2 

amplitude function 

scattering matrix 

standing-wave ratio 

current standing-wave ratio 

voltage standing-wave ratio 

amplitude functions 

amplitude functions 

elements of scattering matrix 

distance between points in coaxial line 

unit matrix 

scalar potential difference 

scalar potential difference due to charges on line 


modified amplitude 

scalar potential difference due to charges on load 

generator voltage at x along line 

potential difference across transmission line 

antisymmetrical or equal and opposite voltages 

symmetrical or codirectional voltages 

group velocity 

phase velocity 

instantaneous real voltage at distance z 

velocity of electromagnetic waves in free space, 
dielectric medium, lossy medium 

instantaneous potential difference 
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Definition 

power ratio 

width of resonance curve 

vector potential difference 

vector potential difference due to currents in line 
vector potential due to currents in load 
voltage of equal and opposite doublet 
distance measured from load end of line 
distance measured from load end of line 
internal reactance per unit length of line 
internal reactance per unit length of conductor 1, 2 
characteristic admittance 
antisymmetrical input admittance 
symmetrical input admittance 
admittance per unit length of line 
admittance per unit length 

admittance per unit length 

normalized admittance 

characteristic impedance - 

transfer impedance 

terminating impedances 

apparent terminating impedances 
self-impedances 

mutual impedances 

antisymmetrical input impedance 
symmetrical input impedance 

impedance per unit length of line 
impedance per unit length 

internal impedance per unit length of line 
internal impedance per unit length of conductor 1, 2 
normalized. impedance 


attenuation constant 

complex wave number 

wave number in free space, dielectric medium, 
lossy medium 

voltage reflection coefficients of terminations 

apparent terminal reflection coefficient of Zeq 

complex propagation constant of line 

complex propagation constant 

angle of amplitude function 

absolute permittivity 

real and imaginary parts of complex permittivity 

relative permittivity 

permittivity of free space 

angle of amplitude function 

angle of amplitude function 

angle of amplitude function 
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Symbol 
Lo, g, C 


PO, Ps 
P0a, Psa 


Pl, 2 
oC 
90, Ss, Cw 
Ox 
oon 
o',¢0 
©, P’ 
Po, P, 
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Definition 

characteristic resistance of free space, dielectric 
medium 

surface density of charge—real, complex 

complex constant (terminal function) 

complex terminal functions 

complex terminal functions of Zo, Zs 

real and imaginary parts of complex permeability 

permeability of free space 

reluctivity (reciprocal permeability) 

relative reluctivity 

reluctivity of free space 

complex dielectric factor 

terminal attenuation function 

terminal attenuation functions of Zo, Zs 

apparent terminal attenuation functions for Zog, 
Zsa 

constant parameter in definition of circle diagram 

angle of amplitude function 

angles of amplitude functions 

angle of amplitude function 

real and imaginary parts of complex conductivity 

terminal phase functions 

terminal phase functions of Zo, Zs 

apparent terminal phase functions for Zoa, Zsa 

ratio function 

scalar potential 

distortion factor 

angle of complex apparent reflection coefficient 
of Zsa 

angles of complex reflection coefficients 


INDEX 


ABCD constants, 84, 194, 289, 290 
Active networks (see Oscillators) 
Admittance, of bridge-coupled sections of 
line, 470-482 
characteristic, definition, 49 
input, of line section, 147-152, 161-169 
graphs, 162-169 
schematic diagrams, 162 
symmetrical, 196 
of loaded line section, 168, 169 
of low-loss line, critical values, 160, 
161 
normalized input, of line section, 133- 
135 
determination using circle dia- 
gram, 108 
per unit length, 7 
of coaxial cage line, 45 
of coaxial line, 22 
of four-wire line, 20 
generalized, in terminal zone, 63, 69 
of shielded eccentric line, 33 
of shielded-pair line, circular, 36, 38 
rectangular, 36, 39 
of single line over image plane, 29, 
46 
of strip line, 46 
of three-phase cable, 43 
of three-wire line, 41 
of two-wire line, closely spaced, 28, 
' 29 
with unequal conductors, 28 
widely spaced, 17 
terminal-zone, definition, 73 
discussion, 72, 73 
Admittance matrix, 198, 199 
Antenna, end-loading two-wire line, junc- 
tion network for, 407-410 
folded dipole, 210 
junction network for, 410-411 
over ground screen, junction network 
for, 430-437 
shielded loop, 228, 224 
stub-supported, junction network for, 
405-407 
Antiresonance, input of line section, 149, 
150 
low-loss, 150 
normalized input, 150-152 


Attenuation, circles of constant, for line 
section, 137 
Attenuation constant of transmission 
line, definition, 52 
general formulas, 91-93 
with high attenuation, 99 
with large leakage, 100 
with low attenuation, 95-98 
with low distortion, 98, 99 
measurement of, 275, 276 
and width of resonance and distribu- 
tion, curves, 268, 269 
Attenuation function, of conducting 
bridge, 125, 126 
definition, 84 
description, 102-104 
of line section, 135 
measurement, 279, 280 
negative, 128-130 
for reactive termination, 118 
for resistive termination, 114 
significance, 86 
and width of resonance and distribu- 
tion curves, 268, 269 
Attenuator, lossy, 98, 99 


Balun, 220-224 
Beads in line, 346-351 
impedance transformation through use 
of, 351-358 
standing-wave ratio, due to single bead, 
324 
due to two beads, 349 
Bend, in coaxial line, 426-430 
in shielded-pair line, 426 
in two-wire line, 382-389 
Bilinear transformation, 109 
Boundary conditions, at discontinuity in 
dielectric, 320 
at terminations of line, 73-76 
Bridge, conducting, attenuation function, 
123 
equivalent length, 124, 125 
phase function, 123 
reactance, 122 
resistance, 122 
resistive wire, 127 
tandem, 127 
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Bridge, conducting, transmission-line, 
using hybrid junction, 230 
wire, 120 


Cable, ocean, 100, 101 
three-phase, 41 
Cage line, 43 
constants of, 45 
Capacitance, lumped, to correct open 
end, 365-367 
per unit length, for coaxial cage line, 45 
of coaxial line, 22 
in equivalent circuit of line, 3, 4 
of four-wire line, 20 
generalized, in terminal zone, 63 
of shielded eccentric line, 33 
of shielded-pair line, circular, 36, 38 
rectangular, 38, 39 
of single line over image plane, 29, 46 
of strip line, 46 
of three-phase cable, 43 
of three-wire line, 41 
of two-wire line, closely spaced, 28, 
29 
with unequal conductors, 28 
widely spaced, 17 
Characteristic admittance, definition, 49 
Characteristic impedance, definition, 49 
discussion of significance, 76 
general forms, 93 
of line, of dielectric medium, 10 
of free space, 10 
» of imperfect dielectric medium, 10 
matrix for, 305 
measurement, 282-284 
Characteristic resistance, definition, 49 
Charge per unit length, definition, 7 
discontinuity in, across boundary, 321 
near open end of line, 367, 368 
Circle diagram, applications, 107, 108, 
147 
construction, 104-110 
equations for, derivation, 104-106 
for equipotentials of two-wire line, 27 
polar form, 111 
rectangular form, 106, 107 
Smith chart, 111 
Circuit, equivalent, of infinite line, 4, 5 
Closed end of line, 364-368 
Coaxial line, analysis, 20-23 
bend in, 426-430 
bifurcation, 381, 382 
change of radius in, 377-381 
constants, 22 
discontinuous dielectric in, 23 
electric field in, 23 
end-correction for, when driving an- 
tenna, 430—437 
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Coaxial line, magnetic field in, 22 
Coaxial mode suppressor, 207 
Coefficient of reflection (see Reflection 
coefficient) 
Conditions for infinite line equations to 
apply to finite line, 49 
Conductance, input, of line section, 147- 
153, 162, 166-169 
extreme, 153-157 
graphs of, 162, 166-169 
of loaded line section, graphs of, 168, 
169 
leakage (see Leakage conductance per 
unit length) 
normalized input, of line section, 135 
Conductivity, complex, 8 
measurement, 285, 286 
real effective, 9 
Constants of line in equivalent circuit, 3, 4 
(See also specific constants) 
Continuity equation, 7 
Coupled-circuit phenomena, 480-482 
Coupler, directional (see Directional 
coupler) 
Coupling effects at termination, general 
description, 68-71 
Cross talk, 469 
Curl, 8 
Current and scattering matrix, 305 
Current density, 11 
Currents on line, balanced, 6 
codirectional, 6 
continuity across boundary, 321 
driven by coupled section of line, 463- 
468 
even and odd, 195-197 
nonresonant, 243-244 
with one pair of generators, 244-246 
near open end, 367, 368 
on outside of shield, 6 
polar form, 249-251 
resonant distribution, 262-265 
symmetrical and antisymmetrical, 196 
with three pairs of generators, 248-249 
with two pairs of generators, 246-248 
unbalanced, 6 


Deschamps’ method for determining 
scattering matrix, 304-314 
Dielectric, discontinuous, in coaxial line, 
23 
joss tangent for, 8 
Dielectric constant, complex, 8 
measurement of, by Drude’s method, 
285-286 
by shift method, 329-34" 
relative, 9 
real effective, 9 
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Dielectric factor, complex, 8 
Dielectric and magnetic slab in matched 
line, 323 
Dielectric slab in line, general analysis, 
317-328 
at open circuit, 326 
at short circuit, 327, 328 


Dielectric slabs or beads in line, 346-351 — 


Differential equation, generalized first- 
order, for current, 66 
second-order, for voltage, 48 
Differential equations, first-order, for 
current and voltage, 7, 48 
generalized, for transmission lines, 64- 
68 
of line, derivation of, conventional, 
3-7 
electromagnetic, 13-19 
restrictions on, 4-5 
for potential funetions, 14-15, 24-25 
solution of (see Solution of differential 
equations) 
Directional coupler, hybrid junction as, 
235-237 
transmission line, 467 
Discontinuities (see specific discontinui- 
ties) 
Disk, conducting, as termination, 127, 
128 
resistive, 358, 359 
Dispersion, anomalous, 54 
definition for transmission line, 53 
normal, 54 
Distortion factor, definition, 93 
Distortionless line, 98, 99 
Distribution of voltage along infinite 
line, 50-56 
Distribution curve, current or voltage, 
257-259 
definition, 257-259 
for moving generators, 258, 259 
width at half-power points, 266-269 
Distribution-curve method for measur- 
ing, 275, 279, 280 
Distribution-curve ratio, 259-262 
Div, 8 
Double-hump phenomena, 480-482 
Double-slug tuner, 351-353 
Double-stub tuner, 184-190 


Eccentric line, 31 
constants, 33 

Eccentricity in coaxial line, 33 

Effective spacing for closely spaced two- 
wire line, 29 

Efficiency of transmission, maximum, 253 
general formula, 253 
with nonresonant line, 244 
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Electric field, 8 
of asymmetrical currents, 463 
boundary conditions at discontinuous 
dielectric, 320 
in closely spaced two-wire line, 31 
in coaxial line, 23 
of conductor with sine current, 454- 
457 
of even currents, 461, 462 
of odd currents, 463 
of section of two-wire line, 457-463 
at surface of conductors of line, 17 
of two-wire line, 31, 457-463 
End correction for coaxial line driving 
antenna, 430—437 
End effects, general description, 68-71 
Equations, current, for r-network, 291 
differential (see Differential equations) 
Helmholtz, for potentials, 14 
transmission-line, 18 
conditions for, 19 
voltage, for T network, 290 
Equipotentials, of line with unequal con- 
ductors, 25, 26 
of shielded-pair line, 37 
of two-wire line, 25, 26 
of unbalanced shielded-pair line, 37 
Equivalent circuits (see Junction net- 
works) 
Equivalent length of line, 136 
Equivalent IT network of line section, 198, 
199 
Equivalent point generators, for even 
currents in coupled section, 465, 466 
for odd currents in coupled section, 
466, 467 
for traveling waves in coupled section, 
468, 469 
Equivalent T of junction, series ele- 
ments, 202 
shunt element, 202 
Equivalent T network of line section, 
195-198 
Exponential solutions, 73-83 


f(h), definition, 92 
Field (see Electric field; Magnetic field) 
Filter, transmission-line, 482~487 
Flat line (see Matched line) 
Folded dipole antenna, 210 
Four-terminal network, 194-203 
Four-wire line, with conductors at cor- 
ners of square, 19 
constants of, 20 
with conductors in one plane, 34 
Free space, constants of, 9, 10 
Frequency measurement, 275 
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g(h), definition, 92 
Generators, point, 244-249 
distributed equivalents, 463-467 
Grad, 8 
Group velocity, definition, 54 
significance, 54, 56 
Guided mode in strip line, 47 
Gyrator, ideal, scattering matrix for, 201 


Half-power points in resonance and dis- 
tribution curves, 268, 269 
Half-wave transformer, 326 
Harmonics, in driving generator, 482-487 
measurements on line with, 482-486 
suppression, 485-487 
Hybrid junction, 225-241 
admittance matrix, 228, 229 
analysis of equivalent circuit, 227-230 
as bridge, 230 
circuit for coaxial line, 226, 237, 238 
circuit for two-wire or shielded-pair 
line, 225 
as directional coupler, 235-237 
equivalent circuit, 227 
with high-impedance stubs for two- 
wire line, 238 
as line stretcher, 230-232 
for measuring phase, balanced-detector 
method, 233-235 
ratio method, 232, 233 
ring-circuit form, 239-241 
with shielded loop, 237 
special cases, 229, 230 
without transformer, 236-239 
Hyperbolic functions, definition, 83 
in polar form, 86, 87 
Hyperbolic solutions, 83-91 


Image in cylinder, 34 
Image-plane line, 29, 34, 41, 45 
constants, 29, 36, 38, 39, 46 
Impedance, apparent terminal, defini- 
tion, 71 
determined from measurements, 75, 
280—282 
of wire bridge, 122 
and circle diagrams, 106-112, 146, 147 
characteristic (see Characteristic im- 
pedance) 
input, of line section, 147—152 
antisymmetrical, 196 
maximum, 164-172 
schematic diagrams of, 161, 163 
of loaded line section, graphs, 163, 
168 
of low-loss line, critical values, 160, 
161 
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Impedance, measurement, 280-282 
through junction, 314-317 
normalized input, of line section, 133- 
135 
per unit length, 6 
in equivalent circuit of line, 3, 4 
external, 17, 18 
generalized, for terminal zone, 66 
internal, of coaxial cage line, 45 
of coaxial line, 22 
of four-wire line, 20 
of shielded-pair line, circular, 36, 
38 
rectangular, 38, 39 
of single line over image plane, 20 
of strip line, 46 
of three-phase cable, 43 
of three-wire line, 41 
of tubular conductors, 30 
of two-wire line, closely spaced, 30 
unequal conductors, 30 
widely spaced, 18 
terminal, apparent, 71 
terminal-zone, definition, 73 
discussion, 72, 73 
transfer, for series sections of line, 216— 
219 
Impedance matching (see Matching) 
Impedance matrix, 197, 198, 304 
Impedance transformation (see Match- 
ing) 
Incident wave on line, 80 
Inductance, apparent, of rectangle, 122 
correction, for rectangle, 121 
for wire bridge, 364, 365 
per unit length, of coaxial cage line, 45 
of coaxial line, 22 
complex, for two-wire line, 17, 18 
in equivalent circuit of line, 3, 4 
-of four-wire line, 20 
generalized in terminal zone, 63, 69 
of shielded eccentric line, 33 
of shielded-pair line, circular, 36, 38 
rectangular, 38, 39 
of single line over image plane, 29, 46 
of strip line, 46 
of three-phase cable, 43 
of three-wire line, 41 
total, 48 
of two-wire line, closely spaced, 28, 
29, 121 
with unequal conductors, 28 
widely spaced, 17, 121 
of rectangle, 121 
Infinite line, general solution for, 49 
exponential form, 49 
hyperbolic forms, 49 
interpretation of, 50-56 
with power coefficients, 49 
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Input-output equations, 289 
Insertion loss, 253 
Insulator, line section as, 164-172 


Junction, of two coaxial lines with dif- 
ferent inner conductors, 377-381 
of two-wire lines of different dimen- 
sions, 368-377, 411-417 
Junction networks, for antenna, as end 
load, 407-411 
over ground screen, 430-437 
with stub support, 405-407 
for bend, in coaxial line, 426-430 
in plane of two-wire line, 418-425 
for bends and T junctions in shielded- 
pair lines, 426 
for bifurcation of coaxial line, 381, 382 
for change, in radius of coaxial line, 
377-380 
in spacing of two-wire line, 411-417 
for folded dipole, 410, 411 
for open end, 366, 367 
for series branches in two-wire line, 
397-411 
for T junction in two-wire line, 389- 
397 
for two-wire lines of different radii, 
368-377 
for wire bridge, 120-127, 364, 365 


ko(w), definition, 16 
for infinite line, 17 
ki(w), definition, 16 
for infinite line, 17 
Kirchhoff’s laws applied to equivalent 
circuit of line, 5 


Laplace’s equation for transverse prob- 
lem in lines, 25 
Laplacian operator, 10 
Leakage conductance per unit length, 
of coaxial cage line, 45 
of coaxial line, 22 
in equivalent circuit of line, 3, 4 
of four-wire line, 20 
generalized, in terminal zone, 63 
of shielded eccentric line, 33 
of shielded-pair line, circular, 36, 38 
rectangular, 38, 39 
of single line over image plane, 29 
of three-phase cable, 43 
of three-wire line, 41 
of two-wire line, closely spaced, 28, 29 
with unequal conductors, 28 
widely spaced, 17 
Lecher wires (see Two-wire line) 
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Length, equivalent, of line, for attenua- 
tion, 136 
for phase shift, 136 
Line stretcher, hybrid junction as, 230- 
232 
Load, reactive, 117-120 
Loop antenna, 223, 224 
Lorentz condition, 8, 12, 13 
Loss, insertion, 253 
measurement of, for dielectric and mag- 
netic materials, 341-346 
transmission, on nonresonant line, 244 
Loss tangent, 8 
Lossy attenuator, 98, 99 
Lossy line, 360 
Lossy terminations, 358-364 
Lumped equivalent of line section, 194- 
203 


Magnetic field, 8 
in closely spaced two-wire line, 30 
in coaxial line, 22 
on terminating disk, 128 
Magnetization, time lags in, 9 
Matched line, 149 
with dielectric and magnetic slab, 
323-327 
half-wave slab, 326 
quarter-wave slab, 325 
thin slab, 325 
loaded with lumped capacitances or 
inductances, 328, 329 
unaffected by dielectric slab, condi- 
tions of, 323 
Matching, 172-194 
double-stub, 184-190 
examples, 187-190 
general formulation, 172-174 
quarter-wave transformer, 176 
series transformer, 174-177 
limitations, 176, 177 
single movable stub, 178-184 
examples, 180-184 
shunt sections, 190-193 
examples, 192-193 
stub with resistive load, curves, 180 
Matrices, impedance, admittance, and 
scattering, relations between, 201- 
203 
Matrix, admittance, 198, 199 
of hybrid junction, 229 
impedance, 197, 198, 304 
scattering (see Scattering matrix) 
Matrix elements, scattering. determina- 
tion of, 304-314 
interpretation of, 201, 305 
of symmetrical T section, 293 
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Measurements, with hybrid junction, 
230-236 
methods, Chipman’s (resonance-curve 
_ method), 273, 279, 280 
Deschamps’, 304-317 
distribution-curve, 274, 275, 278-280 
maximum-minimum-shift, 329-345 
resonance-curve, 273, 276, 278-280 
three-probe, 281, 282 
Weissfloch tangent, 294-304 
with multiple-frequency source, 482~ 
487 
transmission-line, theory of, 272-286 
Methods of analysis, 1 
based on electric-circuit theory, 1, 3 
electromagnetic, 2 
Microstrip, 46, 47 
Modulated voltage applied to infinite 
line, 53 
Multiple-frequency source, measure- 
ments with, 482-487 


Nabla operator, 10 

Natural frequencies of oscillation (see 
Oscillators) 

Network, four-terminal, for line, 84 

two-terminal pair, 288-294 

Nonreciprocal elements in scattering 
matrix, 201 

Nonresonant section of line, 148 


Open end of line, current and voltage 
near, 367, 368 
equivalent circuit for, 364-366 
Open-wire line (see Two-wire line) 
Optimum termination for line, 253 
Oscillators, with coupled secondary, 447- 
454 
with double-end triode, 445, 446 
with lighthouse tube, 446, 447 
push-pull, with triode, 442, 443 
reentrant, 446, 447 
with single triode, 439, 442 
tuned-plate tuned-grid, 443-445 


Parallel-strip line 45, 46 
Parallel-wire line (see Two-wire line) 
Permeability, 9 
complex, 9, 18 
measurement of, 285, 286 
by shift method, 329-341 
Permittivity (see Dielectric constant) 
Phase, circles of constant, 137 
comparison of, 284, 285 
measurement of, balanced-detector 
method, 233-235 


TRANSMISSION-LINE THEORY 


Phase, measurement of, with hybrid 
junction, 233-235 
ratio method, 232, 233 
of voltage on infinite line, 51 
Phase constant, of dielectric medium, 10 
of free space, 10 
general forms of, 92 
generalized, in terminal zone, 63 
of imperfect dielectric, 10 
measurement of, 273-275 
of transmission line, definition, 53 
general formulas, 91-93 
with high attenuation, 99 
with large leakage, 100 
with low attenuation, 95-98 
with low distortion, 98, 99 
with no attenuation, 98 
Phase function, of conducting bridge, 123 
definition, 84 
description, 102-104 
of disk, 127 
of line section, 135 
measurement, 276-278 
of piston, 127 
of reactive termination, 118, 119 
of resistive termination, x, = 0, 114 
X = 0, 117 
significance, 86 
tabulation for different terminations, 
104 
Phase measurement (see Phase) 
Phase velocity (see Velocity) 
II network as load for two lines, 288-294 
Piston as termination, 127 
Potential, scalar, 8 
separation into parts due to line and 
termination, 13, 65 
vector, 8 
separation into components due to 
line and termination, 12, 65 
Potential difference, due to charges and 
currents, on line, 59, 60 
on termination, 59, 60 
generalized for terminated two-wire 
line, 61 
scalar, 15 
vector, 15 
Potentials and potential differences, for 
coaxial cage line, 44 
for coaxial line, 21, 22 
for cylindrical conductors, 11, 13 
for four-wire line, 20 
Helmholtz integrals, 11 
ratio functions, definitions, 63 
for shielded eccentric line, 32, 33 
for shielded-pair line, 35, 37 
for terminated line, 58, 59 
for three-phase cable, 42 
for three-wire line, 40. 


INDEX 


Potentials and potential differences, for 
two-wire line, closely spaced, 25-29 
with unequal conductors, 25, 26 
widely spaced, 11, 15, 16 
Power factor, 129n. 
(See also Loss tangent) 
Power transfer along line, 251-254 
Propagation constant, complex, 7, 25, 49 
general forms, 91-93 
generalized, for terminal zone, 68 
in terms of separation constant, 25 
Proximity effect, internal impedance 
with, 30 
Pulse applied to transmission line, 55 


Q of line, 269-272 
external, 271 
loaded, 271 
unloaded, 271 
Quarter-wave transformer, 176 


Radiation from two-wire line, 487-492 
condition to make negligible, 16, 17 
nonresonant line, 488, 489 
resonant low-loss line, 489, 490 

Rat race, 239-241 

Ratio, distribution-curve, 259-262 
resonance-curve, 259-262 
standing-wave, 260-263 

Ratio method for measuring phase, 232, 

233 
Reactance, input, of line section, 147~ 
152 
extreme, 157-160 
graphs, 161, 163-165, 168 
loaded, graphs, 163, 168 
nonresonant, 148 
schematic diagrams of, 161 
normalized, 102 
contours of constant, 137 
of line section, 135 
tables, 142-146 
Reactive load, 117-120 
Reciprocal elements in scattering matrix, 
201 

Reflected wave, amplitude, 201 
on line, 80 

Reflection coefficient, definition, 76 
discussion, 78 
elements of scattering matrix, 201 
formulas for, 134 
greater than unity, 128-130, 252n. 
measurement, 280 

through junction, 314-317 
as ratios of currents and voltages, 83 
relation to terminal functions, 101, 280 
Reflections on terminated line, 77-80 
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Reluctivity, 9 
Resistance, characteristic, 49 
input, of line section, 147-152 
extreme, 153-157, 164-172 
graphs, 161, 163-165, 168 
loaded, graphs, 163, 168 
maximum, 164-172 
nonresonant, 148 
schematic diagrams, 161 
normalized, 102 
contours of constant, 136 
of line section, 135 
tables, 138-141 
per unit length, in equivalent circuit 
of line, 3, 4 
generalized to include magnetic 
losses, 19 
(See also Impedance per unit length, 
internal) 
of wire bridge, 120-127 
Resistive disk termination, 358, 359 
Resistor, coaxial, 361-364 
Resonance, conditions for, 255, 256 
input, of line section, 149 
low-loss, 149, 150 
normalized input, 150-153 
Resonance-curve method for measuring, 
273, 279, 280 
Resonance-curve ratio, 259~262 
Resonance curves, definition, 254-257 
with multiple-frequency source, 483 
width at half-power points, 266-269 
Resonant section of line, 148, 149 
Ring circuit, 239-241 


Sandwich line, 46 

Scalar potential, 8, 13, 15, 65 
(See also Voltage) 

Scattering matrix, 199-203, 305 
determination of elements, 304-314 
interpretation, 307 

Separation constant, 24 

Series branch in two-wire line, 397~401 

Series expansions of charge and current 

in line, 15 

Series section of twin line, 209-223 
antisymmetrical problem for, 213, 214 
coaxial mode in, 218 
equal twin and coaxial modes in, 219 
symmetrical problem for, 214, 215 
twin mode in, 217 

Series stubs, 209-223 
on balanced line, 211, 212 

Shielded line with eccentric inner con- 

ductor, 31 
constants, 33 
Shielded loop antenna, 223-224 
Shielded-pair line, 34-39 
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Shielded-pair line, balanced, 35, 36 
with circular shield, 34-37 
constants, 36-39 
with rectangular shield, 38, 39 
series section (see Series section of 
twin line) 
unbalanced, 37, 38, 203-224 
Short-circuiting bar or wire, 120 
Shunt sections, matching with, 190-193 
Signal velocity, 56 
Single-stub tuner, 177-184 
Single-wire line over image plane, con- 
stants, 29, 46 
Smith chart, derivation of equations for, 
108-112 
with scales of p, T, &, 112 
Solution of differential equations, for in- 
finite line, 48 
for terminated line, exponential, 73-76 
hyperbolic forms, 83-86 © 
instantaneous, 86-91 
incident- and reflected-wave form, 
79-83 
infinite-series form, 77-79 
Squelcher, unbalance, 207-209 
Standing-wave ratio, 260-263 
Standing waves (see Distribution curve) 
Strip line, 45, 46 
Stub, single movable, for matching, 177- 
184 
Stub matching, 177-193 
Stub support, 164-172 
for antenna, 405-407 
Suppressor, of coaxial mode in shielded- 
pair line, 207—209 
of fundamental while passing even 
harmonics, 487 
of second harmonic while passing fun- 
damental, 486 
of third harmonic while passing funda- 
mental, 487 
Susceptance, input, of line section, 147— 
153 
extreme, 157-160 
graphs, 162, 166-169 
loaded, graphs, 168, 169 
schematic diagram, 162 
normalized, 135 
Symmetrical networks, 293 


T junction in two-wire line, 389-397 
T network as load for two lines, 288-294 
Tangent relation, Weissfloch, 296, 297 
TEM mode in strip lines, 47 
Terminal function, complex, compared 
with reflection coefficient, 84 
definition, 84, 85 
graphical representations, 104-107 
relation to reflection coefficient, 101 
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Terminal impedance, apparent, 71 
idealized, 72 
Terminal zone, definition, 68-71 
length, 68 
Terminal-zone network, description, 
71-73 
Terminated line, 58-130 
Termination, lossy, 358-364 
open-end, 365, 366 
reactive, 117-120 
resistive, 112-117 
wire-bridge, 364, 365 
Three-phase line, 39-43 
Three-probe method, 281, 282 
Three-wire line, 39-43 
Transfer impedance for series sections of 
line, 216-219 
Transformer, double-slug, 351-358 
equivalent, experimental determina- 
tion of, 298-304 
for two-terminal pair network, 294- 
304 
with hybrid junction, 227 
elimination of, 236, 237 
impedance, 172-174 
quarter-wave, 176 
series, 174-177 
Transmission coefficient, 305 
element of scattering matrix, 201 
Transmission lines, change in cross sec- 
tion, 317-328 
coaxial (see Coaxial line) 
coaxial cage, 43 
constants, 45 
coupled, 457-470 
distortionless, 98, 99 
eccentric, 31 
constants, 33 
equivalent uniform, in terminal zone, 
71 
flat (see Matched line; Matching) 
four-wire, 19 
constants, 20 
with high attenuation, conditions and 
constants, 99 
image, 29, 34, 41, 45 
constants, 29, 36, 38, 39, 46 
with large leakage and negligible re- 
sistance, 100 
lossless, 98 
formulas for current and voltage, 86 
lossy, 360 
with low attenuation, negligible leak- 
age conductance, 98 
per unit length, 95-96 
factors of higher order for, 96, 97 
with low distortion, 98 
matched (see Matched line; Matching) 
n-phase, 39, 43 
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Transmission lines, n-wire, 39, 43 
nonresonant, 243, 244 
resonant, current and voltage, 262-265 
sandwich, 46 
shielded, 31, 34, 43 
shielded-pair (see Shielded-pair line) 
single conductor over image plane, 29, 
45 
strip, 45 
constants, 46 
terminated, 58 
three-phase, 41 
constants, 43 
three-wire, 39 
constants, 41 
twin (see Shielded-pair line) 
two-wire (see Two-wire line) 
Transmitted wave, amplitude of, 201 
Transverse problem, equation for, 25 
Traveling wave on line, 52 
Tuner, double-slug, 351-353 
double-stub, 184-190 
single-stub, 177-184 
triple-stub, 241 - 
Twin line (see Shielded-pair line) 
Twb-terminal pair, equivalent trans- 
former, 294~304 
Two-wire line, analysis, 13-20, 23-31 
bend in, 382-389 
change in spacing, 411-417 
closely spaced, 23-31 
effective spacing for, 29 
constants, 17, 28, 29 
electric field, 31 
magnetic field, 30 
plane of, bend in, 418-425 
radiation from (see Radiation from 
two-wire line) 
series branches in, 397-411 
shielded, 34-39 
T junction in, 389-397 
unbalanced, 224, 397-399 


Unbalance squelcher, terminated, 209 
Tomiyasu’s, 207 

Unbalanced generator, 208 

Unbalanced line, open-wire, 209, 210 
shielded-pair, 203-209 

Unbalanced load, difference impedance 

for, 203 

equivalent generators for, 204 
terminating shielded-pair line, 203-209 


Variables, separation of, 24 
Vector potential, definition, 8 
discontinuity across boundary in line, 
321 
near open end, 367, 368 
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Vector potential, for terminated line, 66 
for two-wire line, 30 
(See also Potentials and potential dif- 
ferences) 
Velocity, characteristic, of dielectric 
medium, 10 
of free space, 10 
of imperfect dielectric medium, 10 
group, definition, 54 
significance, 54, 56 
phase, definition, 52, 53 
general forms, 94 
in hyperbolic form of solution, 88-91 
in incident- and reflected-wave form 
of solution, 80 
in infinite-series form of solution, 77 
lower frequency limit, 94 
measurement, 275 
in ocean cable, 100 
significance, 52-54 
upper frequency limit, 94 
varying, for finite line, 89 
signal, 56 
Voltage, continuity across boundary, 
320-321 
distribution, on nonresonant line, 243, 
244 
on resonant line, 262~265 
instantaneous, along finite line, 77, 87 
along infinite line, 50 
as infinite series, 77 
on line, driven by coupled section of 
line, 463-468 
with one pair of point generators, 
244-246 
with three pairs of point generators, 
248, 249 
with two pairs of point generators, 
246—248 
near open end, 367, 368 
polar form for line, 249-251 
and scattering matrix, 305 
Voltages on line, even and odd, 195-197 
symmetrical and antisymmetrical, 196, 
293, 391, 398, 399, 418, 419 


Wave, incident, 80 
reflected, 80 
Wavelength, definition for infinite line, 
51, 52 
measurement, 273-275 
Waves, of current on infinite line, run- 
ning, 52 
traveling, 52 
of voltage, 52 
Weissfloch tangent relation, 296, 297 


Zone, terminal, 68-71 
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units that is steadily gaining followers in the sciences. Illustrating the use and effectiveness 
of his terminology with numerous applications to concrete technical problems, the author 
here expounds the famous Giorgi system of electrical physics. His lucid presentation 
and well-reasoned, cogent argument for the universal adoption of this system form one of 
the finest pieces of scientific exposition in recent years. 28 figures. Index. Conversion tables 
for translating earlier data into modern units. Translated from 3rd Dutch edition by L. J. 
Jolley. X + 187pp. 54/2 x 834. $909 Clothbound $6.00 


ELECTRIC WAVES: BEING RESEARCHES ON THE PROPAGATION OF ELECTRIC ACTION WITH 
FINITE VELOCITY THROUGH SPACE, Heinrich Hertz. This classic work brings together the 
original papers in which Hertz—Helmholtz’s protegé and one of the most brilliant figures 
in 19th-century research—probed the existence of electromagnetic waves and showed experi- 
mentally that their velocity equalled that of light, research that helped lay the groundwork 
for the development of radio, television, telephone, telegraph, and other modern technological 
marvels. Unabridged republication of original edition. Authorized translation by D. E. Jones. 
Preface by Lord Kelvin. Index of names. 40 illustrations. xvii + 278pp. 536¢ x 81. 

$57 Paperbound $1.75 


PIEZOELECTRICITY: AN INTRODUCTION TO THE THEORY AND APPLICATIONS OF ELECTRO- 
MECHANICAL PHENOMENA IN CRYSTALS, Walter G. Cady. This is the most complete and sys- 
tematic coverage of this important field in print—now regarded as something of scientific 
classic. This republication, revised and corrected by Prof. Cady—one of the foremost con- 
tributors in this area—contains a sketch of recent progress and new material on Ferro- 
electrics. Time Standards, etc. The first 7 chapters deal with fundamental theory of crystal 
electricity. 5 important chapters cover basic concepts of pijezoelectricity, including com- 
parisons of various competing theories in the field. Also discussed: piezoelectric resonators 
(theory, methods of manufacture, influences of air-gaps, etc.); the piezo oscillator; the 
properties, history, and observations relating to Rochelle salt; ferroelectric crystals; miscel- 
laneous applications of piezoelectricity; pyroelectricity; etc. ‘‘A great work,” W. A. Wooster, 
NATURE. Revised (1963) and corrected edition. New preface by Prof. Cady. 2 Appendices. 
Indices. illustrations. 62 tables. Bibliography. Problems. Total of 1 + 822pp. 536 x 81. 
$1094 Vol. | Paperbound $2.50 

$1095 Vol. II Paperbound $2.50 

Two volume set Paperbound $5.00 


MAGNETISM AND VERY LOW TEMPERATURES, H. B. G. Casimir. A basic work in the literature 
of low temperature physics. Presents a concise survey of fundamental theoretical principles, 
and also points out promising lines of investigation. Contents: Classical Theory and Experi- 
mental Methods, Quantum Theory of Paramagnetism, Experiments on Adiabatic Demagnetiza- 
tion. Theoretical Discussion of Paramagnetism at Very Low Temperatures, Some Experimental 
Results, Relaxation Phenomena. index. 89-item bibliography. ix + 95pp. 5% x 8. 

$943 Paperbound $1.25 


SELECTED PAPERS ON NEW TECHNIQUES FOR ENERGY CONVERSION: THERMOELECTRIC 
METHODS; THERMIONIC; PHOTOVOLTAIC AND ELECTRICAL EFFECTS; FUSION, Edited by Sumner 
N. Levine. Brings together in one volume the most important papers (1954-1961) in modern 
energy technology. Included among the 37 papers are general and qualitative descriptions 
of the field as a whole, indicating promising lines of research. Also: 15 papers on thermo- 
electric methods, 7 on thermionic, 5 on photovoltaic, 4 on electrochemical effect, and 2 on 
controlled fusion research. Among the contributors are: Joffe, Maria Telkes, Herold, Herring, 
Douglas, Jaumot, Post, Austin, Wilson, Pfann, Rappaport, Morehouse, Domenicali, Moss, 
Bowers, Harman, Von Doenhoef. Preface and introduction by the editor. Bibliographies. 
xxviii + 451pp. 64% x 914. $37 Paperbound $3.00 
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SUPERFLUIDS: MACROSCOPIC THEORY OF SUPERCONDUCTIVITY, Vol. I, Fritz London. The 
major work by one of the founders and great theoreticians of modern quantum physics. 
Consolidates the researches that led to the present understanding of the nature of super- 
conductivity. Prof. London here reveals that quantum mechanics is operative on the macro- 
scopic plane as well as the submolecular level. Contents: Properties of Superconductors 
and Their Thermodynamical Correlation; Electrodynamics of the Pure Superconducting State; 
Relation between Current and Field; Measurements of the Penetration Depth; Non-Viscous Flow 
vs. Superconductivity; Micro-waves in Superconductors; Reality of the Domain Structure; 
and many other related topics. A new epilogue by M. J. Buckingham discusses developments 
in the field up to 1960. Corrected and expanded edition. An appreciation of the author’s 
life and work by L. W. Nordheim. Biography by Edith London. Bibliography of his publica- 
tions. 45 figures. 2 Indices. xviii + 173pp. 556 x 8%. $44 Paperbound $1.45 


SELECTED PAPERS ON PHYSICAL PROCESSES IN IONIZED PLASMAS, Edited by Donald H. 
Menzel, Director, Harvard College Observatory. 30 important papers relating to the study of 
highly ionized gases or plasmas selected by a foremost contributor in the field, with the 
assistance of Dr. L. H. Aller. The essays include 18 on the physica! processes in gaseous 
nebulae, covering problems of radiation and radiative transfer, the Baimer decrement, 
electron temperatives, spectrophotometry, etc. 10 papers deal with the interpretation of 
nebular spectra, by Bohm, Van Vleck, Aller, Minkowski, etc. There is also a discussion 
of the intensities of ‘‘forbidden’’ spectral lines by George Shortley and a paper concern- 
ing the theory of hydrogenic spectra by Menzel and Pekeris. Other contributors: Goldberg, 
Hebb, Baker, Bowen, Ufford, Liller, etc. viii + 374pp. 6% x 9%. S60 Paperbound $2.95 


THE ELECTROMAGNETIC FIELD, Max Mason & Warren Weaver. Used constantly by graduate 
engineers. Vector methods exclusively: detailed treatment of electrostatics, expansion meth- 
ods, with tables converting any quantity into absolute electromagnetic, absolute electrostatic, 
practical units. Discrete charges, ponderable bodies, Maxwell field equations, etc. Introduc- 
tion. Indexes. 416pp. 53% x 8. $185 Paperbound $2.00 


THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
HEAT, H. Lorentz. Lectures delivered at Columbia University by Nobel laureate Lorentz. 
Unabridged, they form a historical coverage of the theory of free electrons, motion, 
absorption of heat, Zeeman effect, propagation of light in molecular bodies, inverse Zeeman 
effect, optical phenomena in moving bodies, etc. 109 pages of notes explain the more 
advanced sections. Index. 9 figures. 352pp. 53 x 8. $173 Paperbound $1.85 


FUNDAMENTAL ELECTROMAGNETIC THEORY, Ronold P. King, Professor Applied Physics, Harvard 
University. Original and valuable introduction to electromagnetic theory and to circuit 
theory from the standpoint of electromagnetic theory. Contents: Mathematical Description 
of Matter—stationary and nonstationary states; Mathematical Description of Space and of 
Simple Media—Field Equations, Integral Forms of Field Equations, Electromagnetic Force, 
etc.; Transformation of Field and Force Equations; Electromagnetic Waves in Unbounded 
Regions; Skin Effect and Snternal Impedance—in a solid cylindrical conductor, etc.; and 
Electrical Circuits—Analytical Foundations, Near-zone and quasi-near zone circuits, Balanced 
two-wire and four-wire transmission lines. Revised and enlarged version. New preface by 
the author. 5 appendices (Differential operators: Vector Formulas and Identities, etc.). 
Problems. Indexes. Bibliography. xvi + 580pp. 536 x 84. $1023 Paperbound $2.75 


Hydrodynamics 


A TREATISE ON HYDRODYNAMICS, A. B. Basset. Favorite text on hydrodynamics for 2 genera- 
tions of physicists, hydrodynamical engineers, oceanographers, ship designers, etc. Clear 
enough for the beginning student, and thorough source for graduate students and engineers on 
the work of d’Alembert, Euler, Laplace, Lagrange, Poisson, Green, Clebsch, Stokes, Cauchy, 
Helmholtz, J. J. Thomson, Love, Hicks, Greenhill, Besant, Lamb, etc. Great amount of docu- 
mentation on entire theory of classical hydrodynamics. Vol !: theory of motion of frictionless 
liquids, vortex, and cyclic irrotational motion, etc. 132 exercises. Bibliography. 3 Appendixes. 
xii + 264pp. Vol II: motion in viscous liquids, harmonic analysis, theory of tides, etc. 112 
exercises, Bibliography. 4 Appendixes. xv + 328pp. Two volume set. 536 x 8. 
é $724 Vol | Paperbound $1.75 
$725 Vol Il Paperbound $1.75 
The set $3.50 


HYDRODYNAMICS, Horace Lamb. Internationally famous complete coverage of standard refer- 
ence work on dynamics of liquids & gases. Fundamental theorems, equations, methods, 
solutions, background, for classical hydrodynamics. Chapters include Equations of Motion, 
Integration of Equations in Special Gases, Irrotational Motion, Motion of Liquid in 2 Dimen- 
sions, Motion of Solids through Liquid-Dynamical Theory, Vortex Motion, Tidal Waves, Surface 
Waves, Waves of Expansion, Viscosity, Rotating Masses of liquids. Excellently planned, ar- 
ranged; clear, fucid presentation. 6th enlarged, revised edition. Index. Over 900 footnotes, 
mostly bibliographical. 119 figures. xv + 738pp. 64 x 91%. $256 Paperbound $3.25 
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ENGINEERING AND TECHNOLOGY 


General and mathematical 


ENGINEERING MATHEMATICS, Kenneth S. Miller. A text for graduate students of engineering 
to strengthen their mathematical background in differential equations, etc. Mathematical 
steps very explicitly indicated. Contents: Determinants and Matrices, Integrals, Linear Dif- 
ferential Equations, Fourier Series and Integrals, Laplace Transform, Network Theory, Random 


Function . . . all vital requisites for advanced modern engineering studies. Unabridged 
republication. Appendices: Borel Sets; Riemann-Stieltjes integral; Fourier Series and Integrals. 
Index. References at Chapter Ends. xii + 417pp. 6 x 8%. $1121 Paperbound $2.00 


MATHEMATICAL ENGINEERING ANALYSIS, Rufus Oldenburger. A book designed to assist the 
research engineer and scientist in making the transition from physical engineering situations 
to the corresponding mathematics. Scores of common practical situations found in all major 
fields of physics are supplied with their correct mathematical formulations—applications to 
automobile springs and shock absorbers, clocks, throttle torque of diesel engines, resistance 
networks, capacitors, transmission lines, microphones, neon tubes, gasoline engines, refrigera- 
tion cycles, etc. Each section reviews basic principles of underlying various fields: mechanics 
of rigid bodies, electricity and magnetism, heat, elasticity, fluid mechanics, and aerodynamics. 
Comprehensive and eminently useful. index. 169 problems, answers. 200 photos and diagrams. 
xiv + 426pp. 536 x 842. $919 Paperbound $2.00 


MATHEMATICS OF MODERN ENGINEERING, E. G. Keller and R. E. Doherty. Written for the 

Advanced Course in Engineering of the General Electric Corporation, deals with the engineer- 

ing use of determinants, tensors, the Heaviside operational calculus, dyadics, the calculus 

of variations, etc. Presents underlying principles fully, but purpose is to teach engineers to 

deal with modern engineering problems, and emphasis is on the perennial engineering attack 

of set-up and solve. Indexes. Over 185 figures and tables. Hundreds of exercises, problems, 
and worked-out examples. References. Two volume set. Total of xxxiii + 623pp. 5% x 8. 

$734 Vol | Paperbound $1.85 

$735 Vol Il Paperbound $1.85 

The set $3.70 


MATHEMATICAL METHODS FOR SCIENTISTS AND ENGINEERS, L. P. Smith. For scientists and 
engineers, as well as advanced math students. Full investigation of methods and practical 
description of conditions under which each should be used. Elements of real functions, 
differential and integral calculus, space geometry, theory of residues, vector and tensor 
analysis, series of Bessel functions, etc. Each method illustrated by completely-worked-out 
examples, mostly from scientific literature. 368 graded unsolved problems. 100 diagrams. 
X + 453pp. 556 x 8%. $220 Paperbound $2.00 


THEORY OF FUNCTIONS AS APPLIED TO ENGINEERING PROBLEMS, edited by R. Rothe, F. Ollen- 
dorff, and K. Pohihausen. A series of lectures given at the Berlin Institute of Technology that 
shows the specific applications of function theory in electrical and allied fields of engineering. 
Six lectures provide the elements of function theory in a simple and practical form, covering 
complex quantities and variables, integration in the complex plane, residue theorems, etc. 
Then 5 lectures show the exact uses of this powerful mathematical tool, with full discussions 


3 . Bibli hy. 108 figures. x + 189pp. 5% x 8. 
of problem methods. index. Bibliography g p 3733 Paperbound $1.35 


Aerodynamics and hydrodynamics 


AIRPLANE STRUCTURAL ANALYSIS AND DESIGN, E. E. Sechler and L. G. Dunn. Systematic 
authoritative book which summarizes a large amount of theoretical and experimental work 
on structural analysis and design. Strong on classical subsonic material still basic to much 
aeronautic design . . . remains a highly useful source of information. Covers such areas 
as layout of the airplane, applied and design loads, stress-strain relationships for stable 
structures, truss and frame analysis, the problem of instability, the ultimate strength of 
stiffened flat sheet, analysis of cylindrical structures, wings and control surfaces, fuselage 
analysis, engine mounts, landing gears, etc. Originally published as part of the CALCIT 
Aeronautical Series. 256 Illustrations. 47 study problems. Indexes. xi + 420pp. 5% x 8%. 

$1043 Paperbound $2.25 


FUNDAMENTALS OF HYDRO- AND AEROMECHANICS, L. Prandti and 0. G. Tietjens. The well- 
known standard work based upon Prandtl’s lectures at Goettingen. Wherever possible hydro- 
dynamics theory is referred to practical considerations in hydraulics, with the view of 
unifying theory and experience. Presentation is extremely clear and though primarily physical, 
mathematical proots are oe ure verte Peaa 2 oF Pear rigatiae extent. An 
nginering Society Monograph, . igures. Index. xvi pp. x 8. 

EE nee ee a : $374 Paperbound $1.85 
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FLUID MECHANICS FOR HYDRAULIC ENGINEERS, H. Rouse. Standard work that_gives a coherent 
picture of fluid mechanics from the point of view of the hydraulic engineer. Based on courses 
given to civii and mechanical engineering students at Columbia and the California Institute 
of Technology, this work covers every basic principle, method, equation, or theory of 
interest to the hydraulic engineer. Much of the material, diagrams, charts, etc., in this 
self-contained text are not duplicated elsewhere. Covers irrotational motion, conformal map- 
ping, problems in laminar motion, fluid turbulence, flow around immersed bodies, transporta- 
tion of sediment, general charcteristics of wave phenomena, gravity waves in open channels, 
etc. Index. Appendix of physical properties of common fluids. Frontispiece + 245 figures and 
photographs. xvi -+ 422pp. 53 x 8. $729 Paperbound $2.25 


WATERHAMMER ANALYSIS, John Parmakian. Valuable exposition of the graphical method of 
solving waterhammer problems by Assistant Chief Designing Engineer, U.S. Bureau of 
Reclamation. Discussions of rigid and elastic water column theory, velocity of waterhammer 
waves, theory of graphical waterhammer analysis for gate operation, closings, openings, 
rapid and slow movements, etc., waterhammer in pump discharge caused by power failure, 
waterhammer analysis for compound pipes, and numerous related problems. ‘‘With a concise 
and tucid style, clear printing, adequate bibliography and graphs for approximate solutions 
at the project stage, it fills a vacant place in waterhammer literature,’’ WATER POWER. 
43 problems. Bibliography. Index. 113 illustrations. xiv + 161pp. 5% x 84. 

$1061 Paperbound $1.65 


AERODYNAMIC THEORY: A GENERAL REVIEW OF PROGRESS, William F. Durand, editor-in-chief. 
A monumental joint effort by the world’s leading authorities prepared under a grant of 
the Guggenheim Fund for the Promotion of Aeronautics. Intended to provide the student 
and aeronautic designer with the theoretical and experimental background of aeronautics. 
Never equalled for breadth, depth, reliability. Contains discussions of special mathematical 
topics not usually taught in the engineering or technical courses. Also: an extended two-part 
treatise on Fluid Mechanics, discussions of aerodynamics of perfect fluids, analyses of 
experiments with wind tunnels, applied airfoil theory, the non-lifting system of the airplane, 
the air propeller, hydrodynamics of boats and floats, the aerodynamics of cooling, etc. 
Contributing experts include Munk, Giacomelli, Prandtl, Toussaint, Von Karman, Klemperer, 
among others. Unabridged republication. 6 volumes bound as 3. Total of 1,012 figures, 12 
plates. Total of 2,186pp. Bibliographies. Notes. Indices. 5% x 8. 

: $328-S330 Clothbound, The Set $17.50 


APPLIED HYDRO- AND AEROMECHANICS, L. Prandtl and 0. G. Tietjens. Presents, for the most 
part, methods which will be valuable to engineers. Covers flow in pipes, boundary layers, 
airfoit theory, entry conditions, turbutent flow in pipes, and the boundary layer, determining 
drag from measurements of pressure and velocity, etc. ‘‘Will be welcomed by all students 
of aerodynamics,” NATURE. Unabridged, unaltered. An Engineering Society Monograph, 1934. 
Index. 226 figures, 28 photographic plates illustrating flow patterns. xvi + 31lpp. 53% x 8. 

$375 Paperbound $1.85 


SUPERSONIC AERODYNAMICS, E. R. C. Miles. Valuable theoretical introduction to the super- 
sonic domain, with emphasis on mathematical tools and principles, for practicing aerody- 
namicists and advanced students in aeronautical engineering. Covers fundamental theory, 
divergence theorem and principles of circulation, compressible flow and Helmholtz laws, the 
Prandtl-Busemann graphic method for 2-dimensional flow, oblique shock waves, the Taylor- 
Maccoll method for cones in supersonic flow, the Chaplygin method for 2-dimensional flow, etc. 
Problems range from practical engineering problems to development of theoretical results. 
“Rendered outstanding by the unprecedented scope of its contents .. . has undoubtedly filled 
a vital gap,’’ AERONAUTICAL ENGINEERING REVIEW. Index. 173 problems, answers. 106 dia- 
grams. 7 tables. xii +- 255pp. 536 x 8. $214 Paperbound $1.45 


HYDRAULIC TRANSIENTS, G. R. Rich. The best text in hydraulics ever printed in English... 
by one of America’s foremost engineers (former Chiet Design Engineer for 1.V.A.). Provides 
a transition from the basic differential equations of hydraulic transient theory to the 
arithmetic_intergration computation required by practicing engineers. Sections cover Water 
Hammer, Turbine Speed Regulation, Stability of Governing, Water-Hammer Pressures in Pump 
Discharge Lines, The Differential and Restricted Orifice Surge Tanks, The Normalized Surge 
Tank Charts of Calame and Gaden, Navigation Locks, Surges in Power Canals—Tidal Harmonics, 
etc. Revised and enlarged. Author's prefaces. Index. xiv + 409pp. 536 x 8%. 

$116 Paperbound $2.50 


HYDRAULICS AND ITS APPLICATIONS, A. H. Gibson. Excellent comprehensive textbook for the 
student and thorough practical manual for the professional worker, a work of great stature 
in its area. Half the book is devoted to theory and half to applications and practical prob- 
lems met in the field. Covers modes of motion of a fluid, critical velocity, viscous flow, eddy 
formation, Bernoulli’s theorem, flow in converging passages, vortex motion, form of effluent 
streams, notches and weirs, skin friction, losses at valves and elbows, siphons, erosion of 
channels, jet propulsion, waves of oscillation, and over 100 similar topics. Final chapters 
(nearly 400 pages) cover more than 100 kinds of hydraulic machinery: Pelton wheel, speéd 
regulators, the hydraulic ram, surge tanks, the scoop wheel, the Venturi meter, etc. A 
special chapter treats methods of testing theoretical hypotheses: scale models of rivers, 
tidal estuaries, siphon spillways, etc. 5th revised and enlarged (1952) edition. Index. Ap- 
pendix. 427 photographs and diagrams, 95 examples, answers. xv + 813pp. 6 x 9. 

$791 Clothbound $8.00 


Catalogue of Dover Books 


FLUID MECHANICS THROUGH WORKEG EXAMPLES, D. R. L. Smith and J. Houghton. Advanced 
text covering principles and applications to practical situations, Each chapter begins with 
concise summaries of fundamental ideas. 163 fully worked out examples applying principles 
outlined in the text. 275 other problems, with answers. Contents; The Pressure of Liquids 
on Surfaces; Floating Bodies; Flow Under Constant Head in Pipes; Circulation; Vorticity; 
The Potential Function; Laminar Flow and Lubrication; Impact ot Jets; Hydraulic Turbines; 
Centrifugal and Reciprocating Pumps; Compressible Fluids; and many other items. Total 
of 438 examples. 250 line illustrations. 340pp. Index. 6 x 87%. $981 Clothbound $6.00 


THEORY OF SHIP MOTIONS, S. N. Blagoveshchensky. The only detailed text in English in 
a rapidly developing branch of engineering and physics, it is the”work of one of the 
world’s foremost authorities—-Blagoveshchensky of Leningrad Shipbuilding Institute. A 
senior-level treatment written primarily for engineering students, but also of great importance 
to naval architects, designers, contractors, researchers in hydrodynamics, and other students. 
No mathematics beyond ordinary differential equations is required for understanding the 
text. Translated by T. & L. Strelkoff, under editorship of Louis Landweber, lowa Institute 
of Hydraulic Research, under auspices of Office of Naval Research. Bibliography. Index. 
231 diagrams and illustrations. Total of 649pp. 536 x 81. Vol. I: $234 Paperbound $2.00 

Vol. Il: $235 Paperbound $2.00 


THEORY OF FLIGHT, Richard von Mises. Remains almost unsurpassed as balanced, well-written 
account of fundamental fluid dynamics, and situations in which air compressibility effects 
are unimportant. Stressing equally theory and practice, avoiding formidable mathematical 
Structure, it conveys a full understanding of physical phenomena and mathematical concepts. 
Contains perhaps the best introduction to general theory of stability. ““Outstanding,’’ Scientific, 
Medical, and Technical Books. New introduction by K. H. Hohenemser. Bibliographical, histor- 
ical notes. Index. 408 illustrations. xvi + 620pp. 53% x 83. $541 ‘Paperbound $2.95 


THEORY OF WING SECTIONS, i. H. Abbott, A. E. von Doenhoff. Concise compilation of subsonic 
aerodynamic characteristics of modern NASA wing sections, with description of their geom- 
etry, associated theory. Primarily reference work for engineers, students, it gives methods, 
data for using wing-section data to predict characteristics. Particularly valuable: chapters on 
thin wings, airfoils; complete summary of NACA’s experimental observations, system of 
construction families of airfoils. 350pp. of tables on Basic Thickness Forms, Mean Lines, 
Airfoil Ordinates, Aerodynamic Characteristics of Wing Sections. Index. Bibliography. 191 
illustrations. Appendix. 705pp. 5% x 8. $558 Paperbound $3.25 


WEIGHT-STRENGTH ANALYSIS OF AIRCRAFT STRUCTURES, F. R. Shanley. Scientifically sound 
methods of analyzing and predicting the structural weight of aircraft and missiles. Deals 
directiy with forces and the distances over which they must be transmitted, making it possibie 
to develop methods by which the minimum structural weight can be determined for any 
material and conditions of loading. Weight equations for wing and fuselage structures. In- 
cludes author’s original papers on inelastic buckling and creep buckling. “Particularly success- 
ful in presenting his analytical methods for investigating various optimum design principles,” 
AERONAUTICAL ENGINEERING REVIEW. Enlarged bibliography. Index. 199 figures. xiv + 404pp. 
558 X 8%. $660 Paperbound $2.45 


Electricity 


TWO-DIMENSIONAL FIELDS IN ELECTRICAL ENGINEERING, L. V. Bewley. A useful selection of 
typical engineering problems of interest to practicing electrical engineers. Introduces senior 
students to the methods and procedures of mathematical physics. Discusses theory of 
functions of a complex variable, two-dimensional fields of flow, general theorems of mathe- 
matical physics and their applications, conformal mapping or transformation, method of 
images, freehand flux plotting, etc. New preface by the author. Appendix by W. F. Kiltner. 
index. Bibliography at chapter ends. xiv + 204pp. 536 x 8%. $1118 Paperbound $1.50 


FLUX LINKAGES AND ELECTROMAGNETIC INDUCTION, L. V. Bewley. A brief, clear book 
which shows proper uses and corrects misconceptions of Faraday’s law of electromagnetic 
induction in specific problems. Contents: Circuits, Turns, and Flux Linkages; Substitution of 
Circuits; Electromagnetic Induction; General Criteria for Electromagnetic Induction; Appli- 
cations and Paradoxes; Theorem of Constant Flux Linkages. New Section:’ Rectangular Coil 
in a Varying Uniform Medium. Valuable supplement to class texts for engineering students. 
Corrected, enlarged edition. New preface. Bibliography in notes. 49 figures. xi + 106pp. 
5% x 8 $1103 Paperbound $1.25 


INDUCTANCE CALCULATIONS: WORKING FORMULAS AND TABLES, Frederick W. Grover. An 
invaluable book to everyone in electrical engineering. Provides simple single formulas to 
cover all the more important cases of inductance. The approach involves only those para- 
meters that naturally enter into each situation, while extensive tables are given to permit 
easy interpolations. Will save the engineer and student countless hours and enable them 
to obtain accurate answers with minimal effort. Corrected republication of 1946 edition. 
58 tables. 97 completely worked out examples. 66 figures. xiv + 286pp. 5% x 84. 

$974 Paperbound $1.85 
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GASEOUS CONDUCTORS: THEORY AND ENGINEERING APPLICATIONS, J. D. Cobine. An indis- 
pensable text and reference to gaseous conduction phenomena, with the engineering view- 
point prevailing throughout. Studies the kinetic theory of gases, ionization, emission phe- 
nomena; gas breakdown, spark characteristics, glow, and discharges; engineering applica- 
tions in circuit interrupters, rectifiers, light sources, etc. Separate detailed treatment of 
high pressure arcs (Suits); low pressure arcs (Langmuir and Tonks). Much more. ‘‘Well 
organized, clear, straightforward,’’ Tonks, Review of Scientific Instruments. Index. Bibliog- 
raphy. 83 practice problems. 7 appendices. Over 600 figures. 58 tables. xx + 606pp. 
5% x 8. $442 Paperbound $2.95 


INTRODUCTION TO THE STATISTICAL DYNAMICS OF AUTOMATIC CONTROL SYSTEMS, V. V. Solo- 
dovnikoy. First English publication of text-reference covering important branch of automatic 
control systems—random signals; in its original edition, this was the first comprehensive 
treatment. Examines frequency characteristics, transfer functions, stationary random proc- 
esses, determination of minimum mean-squared error, of transfer function for a finite period 
of observation, much more. Translation edited by J. B. Thomas, L. A. Zadeh. index. Bibliog- 
raphy. Appendix. xxii + 308pp. 5% x 8. $420 Paperbound $2.25 


TENSORS FOR CIRCUITS, Gabriel Kron. A boldly original method of analyzing engineering prob- 
lems, at center of sharp discussion since first introduced, now definitely proved useful in 
such areas as electrical and structural networks on automatic computers. Encompasses a 
great variety of specific problems by means of a relatively few symbolic equations. ‘Power 


and _ flexibility.. . . becoming more widely recognized,” Nature. Formerly “‘A Short Course 
in Tensor Analysis.” New introduction by B. Hoffmann. Index. Over 800 diagrams. xix + 
250pp. 5% x 8. $534 Paperbound $2.00 


SELECTED PAPERS ON SEMICONDUCTOR MICROWAVE ELECTRONICS, edited by Sumner N. Levine 
and Richard R. Kurzrok. An invaluable collection of important papers dealing with one of 
the most remarkable devolopments in solid-state electronics—the use of the p-n junction 
to achieve amplification and frequency conversion of microwave frequencies. Contents: 
General Survey (3 introductory papers by W. E. Danielson, R. N. Hall, and M. Tenzer); Gen- 
eral Theory of Nonlinear Elements (3 articles by A. van der Ziel, H. E. Rowe, and Manley 
and Rowe), Device Fabrication and Characterization (3 pieces by Bakanowski, Cranna, and 
Uhlir, by McCotter, Walker and Fortini, and by S. T. Eng); Parametric Amplifiers and Fre- 
quency Multipliers (13 articles by Uhlir, Heffner and Wade, Matthaei, P. K. Tien, van der 
Ziel, Engelbrecht, Currie and Gould, Uenohara, Leeson and Weinreb, and others); and Tunnel 
Diodes (4 papers by L. Esaki, H. S. Sommers, Jr., M. E. Hines, and Yariv and Cook). tntro- 
duction. 295 Figures. xiii + 286pp. 642 x 914. . $1126 Paperbound $2.25 


THE PRINCIPLES OF ELECTROMAGNETISM APPLIED TO ELECTRICAL MACHINES, B. Hague. A 
concise, but complete, summary of the basic principles of the magnetic field and its appli- 
cations, with particular reference to the kind of phenomena which occur in electrical ma- 
chines. Part I: General Theory—magnetic field of a current, electromagnetic field passing 
from air to iron, mechanical forces on linear conductors, etc. Part I!: Application of theory 
to the solution of electromechanical problems—the magnetic field and mechanical forces 
in non-salient pole machinery, the field within slots and between salient poles, and the 
work of Rogowski, Roth, and Strutt. Formery titled “Electromagnetic Problems in Electrical 
Engineering.’ 2 appendices. Index. Bibliography in notes. 115 figures. xiv + 359pp. 53% x 8Y2. 

$246 Paperbound $2.25 


Mechanical engineering 


DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 
instrument designer, engineer; how to combine necessary mathematical abstractions with 
independent observation of actual facts. Partial contents: instruments & their parts, theory 
of errors, systematic errors, probability, short period errors, erratic errors, design precision, 
kinematic, semikinematic design, stiffness, planning of an instrument, human factor, etc. 
Index. 85 photos, diagrams. xii + 288pp. 536 x 8. $270 Paperbound $2.00 


A TREATISE ON GYROSTATICS AND ROTATIONAL MOTION: THEORY AND APPLICATIONS, Andrew 
Gray. Most detailed, thorough book in English, generally considered definitive study. Many 
problems of all sorts in full detail, or step-by-step summary. Classical problems of Bour, 
Lottner, etc.; later ones of great physical interest. Vibrating systems of gyrostats, earth 
as a top, calculation of path of axis of a top by elliptic integrals, motion of unsymmetrical 
top, much more. Index. 160 illus. 550pp. 536 x 8. $589 Paperbound $2.75 


MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Deimel, Professor of 
Mechanical Engineering at Stevens Institute of Technology. Elementary general treatment 
of dynamics of rotation, with special application of gyroscopic phenomena. No knowledge 
of vectors needed. Velocity of a moving curve, acceleration to a point, general equations of 
motion, gyroscopic horizon, free gyro, motion of discs, the damped gyro, 103 similar 
topics. Exercises. 75 figures. 208pp. 536 x 8. S66 Paperbound $1.65 
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STRENGTH OF MATERIALS, J. P. Den Hartog. Distinguished text prepared for M.I.T. course, ideal 
as introduction, refresher, reference, or self-study text. Full clear treatment of elementary 
material (tension, torsion, bending, compound stresses, deflection of beams, etc.), plus much 
advanced materia! on engineering methods of great practical vaiue: full treatment of the 
Mohr circle, lucid elementary discussions of the theory of the center of shear and the ‘‘Myoso- 
tis’ method of calculating beam deflections, reinforced concrete, plastic deformations, photo- 
elasticity, etc. In all sections, both general principles and concrete applications are given. 
Index. 186 figures (160 others in problem section). 350 problems, all with answers. List of 
formulas. viii + 323pp. 536 x 8. $755 Paperbound $2.00 


PHOTOELASTICITY: PRINCIPLES AND METHODS, H. T. Jessop, F. C. Harris. For the engineer, 
for specific problems of stress analysis. Latest time-saving methods of checking calcula- 
tions in 2-dimensional design probiems, new techniques for stresses in 3 dimensions, and 
lucid description of optical systems used in practical photoelasticity. Useful suggestions 
and hints based on on-the-job experience included. Partial contents: strained and stress- 
strain relations, circular disc under thrust along diameter, rectangular block with square 
hole under vertical thrust, simply supported rectangular beam under central concentrated 
load, etc. Theory held to minimum, no advanced mathematical training needed. Index. 164 
illustrations. viii + 184pp. 6¥e x 9%. $720 Paperbound $2.00 


APPLIED ELASTICITY, J. Prescott. Provides the engineer with the theory of elasticity usually 
lacking in books on strength of materials, yet concentrates on those portions useful for 
immediate application. Develops every important type of elasticity problem from theoretical 
principles, Covers analysis of stress, relations between stress and strain, the empirical basis 
of elasticity, thin rods under tension or thrust, Saint Venant’s theory, transverse oscillations 
of thin rods, stability of thin plates, cylinders with thin walls, vibrations of rotating disks, 
elastic bodies in contact, etc. ‘Excellent and important contribution to the subject, not 
merely in the old matter which he has presented in new and refreshing form, but also in the 
many original investigations here published for the first time,”” NATURE. Index. 3 Appendixes. 
vi + 672pp. 53% x 8. $726 Paperbound $2.95 


APPLIED MECHANICS FOR ENGINEERS, Sir Charles Inglis, F.R.S. A representative survey of 
the many and varied engineering questions which can be answered by statics and dynamics. 
The author, one of first and foremost adherents of ‘“‘structural dynamics,’’ presents distinc- 
tive illustrative examples and clear, concise statement of principles—directing the dis- 
cussion at methodology and specific problems. Covers fundamental principles of rigid-body 
statics, graphic solutions of static problems, theory of taut wires, stresses in frameworks, 
particle dynamics, Kinematics, simple harmonic motion and harmonic analysis, two-dimen- 
sional rigid dynamics, etc. 437 illustrations. xii + 404pp. 536 x 8¥2. $1119 Paperbound $2.00 


THEORY OF MACHINES THROUGH WORKED EXAMPLES, G. H. Ryder. Practical mechanical 
engineering textbook for graduates and advanced undergraduates, as well as a good refer- 
ence work for. practicing engineers. Partial contents: Mechanisms, Velocity and Accelera- 
tion (including discussion of Klein’s Construction for Piston Acceleration), Cams, Geometry 
of Gears, Clutches and Bearings, Belt and Rope Drives, Brakes, Inertia Forces and Couples, 
General Dynamical Problems, Gyroscopes, Linear and Angular Vibrations, Torsional Vibrations, 
Transverse Vibrations and Whirling Speeds (Chapters on vibrations considerably enlarged 
from previous editions). Over 300 problems, many fully worked out. Index. 195 line illus- 
trations. Revised and enlarged edition. viii + 280pp. 556 x 834. $980 Clothbound $5.00 


THE KINEMATICS OF MACHINERY: OUTLINES OF A THEORY OF MACHINES, Franz Reuleaux. 
The classic work in the kinematics of machinery. The present thinking about the subject 
has all been shaped in great measure by the fundamental principles stated here by Reuleaux 
almost 90 years ago. While some details have naturally been superseded, his basic viewpoint 
has endured; hence, the book is still an excellent text for basic courses in kinematics and 
a standard reference work for active workers in the field. Covers such topics as: the nature 
of the machine problem, phoronomic propositions, pairs of elements, incomplete kinematic 
chains, kinematic notation and analysis, analyses of chamber-crank trains, chamber-wheel 
trains, constructive elements of machinery, complete machines, etc., with main focus on 
controlled movement in mechanisms. Unabridged republication. of original edition, translated 
by Alexander B. Kennedy. New introduction for this edition by E. S. Ferguson. Index, 451 
illustrations. xxiv + 622pp. 5% x 84. $1124 Paperbound $3.00 


ANALYTICAL MECHANICS OF GEARS, Earle Buckingham. Provides a solid foundation upon 
which logical design practices and design data can be constructed. Originally arising out 
of investigations of the ASME Special Research Committee on Worm Gears and the Strength 
of Gears, the book covers conjugate gear-tooth action, the nature of the contact, and result- 
ing gear-tooth profiles of: spur, internal, helical, spiral, worm, bevel, and hypoid or skew 
bevel gears. Also: frictional heat of operation and its dissipation, friction losses, etc., 
dynamic loads in operation, and related matters. Familiarity with this book is still regarded 
as a necessary prerequisite to work in modern gear manufacturing. 263 figures. 103 tables. 
Index. X + 546pp. 5% x B42. $1073 Paperbound $2.75 
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THE SCIENTIFIC BASIS OF ILLUMINATING ENGINEERING, Parry Moon, Professor of Electrical 
Engineering, M.I.T. Basic, comprehensive study. Complete coverage of the fundamental 
theoretical principles together with the elements of design, vision, and color with which 
the lighting engineer must be familiar. Valuable as a text as well as a reference source 
to the practicing engineer. Partial contents: Spectroradiometric Curve, Luminous Flux, 
Radiation from Gaseous-Conduction Sources, Radiation from Incandescent Sources, Incandes- 
cent Lamps, Measurement of Light, Illumination from Point Sources and Surface Sources, 
Elements of Lighting Design. 7 Appendices. Unabridged and corrected republication, with 
additions. New preface containing conversion tables of radiometric and photometric con- 
cepts. Index. 707-item bibliography. 92-item bibliography of author's articles. 183 problems. 
xxiii + 608pp. 536 x 842. $242 Paperbound $2.85 


OPTICS AND OPTICAL INSTRUMENTS: AN INTRODUCTION WITH SPECIAL REFERENCE TO 
PRACTICAL APPLICATIONS, B. K. Johnson. An invaluable guide to basic practical applications 
of optical principles, which shows how to set up inexpensive working models of each of the 
four main types of optica! instruments—telescopes, microscopes, photographic lenses, optical 
projecting systems. Explains in detail the most important experiments for determining their 
accuracy, resolving power, angular field of view, amounts of aberration, all other necessary 
facts about the instruments. Formerly ‘‘Practical Optics.’’ Index. 234 diagrams. Appendix. 
224pp. 5% x 8. $642 Paperbound $1.65 


APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. With publication of vol. 2, standard 
work for designers in optics is now complete for first time. Only work of its kind in English; 
only detailed work for practical designer and self-taught. Requires, for bulk of work, no 
math above trig. Step-by-step exposition, from fundamental concepts of geometrical, physical 
optics, to systematic study, design, of almost ail types of optical systems. Vol. 1: all ordi- 
nary ray-tracing methods; primary aberrations; necessary higher aberration for design of 
telescopes, low-power microscopes, photographic equipment. Vol. 2: (Completed from author’s 
notes by R. Kingslake, Dir. Optical Design, Eastman Kodak.) Special attention to high-power 
microscope, anastigmatic photographic objectives. ‘‘An indispensable work,” J., Optical Soc. 
of Amer. ‘‘As a practical guide this book has no rival,’’ Transactions, Optical Soc. Index. 
Bibliography. 193 diagrams. 852pp. 646 x 9%. Vol. 1 S366 Paperbound $2.95 

Vol. 2 S612 Paperbound $2.95 
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THE MEASUREMENT OF POWER SPECTRA FROM THE POINT OF VIEW OF COMMUNICATIONS 
ENGINEERING, R. B. Blackman, J. W. Tukey. This pathfinding work, reprinted from the ‘‘Bell 
System Technical Journal,’ explains various ways of getting practically useful answers in 
the measurement of power spectra, using results from both transmission theory and the 
theory of statistical estimation. Treats: Autocovariance Functions and Power Spectra; Direct 
Analog Computation; Distortion, Noise, Heterodyne Filtering and Pre-whitening; Aliasing; 
Rejection Filtering and Separation; Smoothing and Decimation Procedures; Very Low Fre- 
quencies; Transversal Filtering; much more. An appendix reviews fundamental Fourier tech- 
niques. Index of notation. Glossary of terms. 24 figures. XII tables. Bibliography. General 
index. 192pp. 536 x 8. $507 Paperbound $1.85 


CALCULUS REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. This book is unique in English 
as a refresher for engineers, technicians, students who either wish to brush up their 
calculus or to clear up uncertainties. It is not an ordinary text, but an examination of 
most important aspects of integral and differential calculus in terms of the 756 questions 
most fikely to occur to the technical reader. The first part of this book covers simple differ- 
ential calculus, with constants, variables, functions, increments, derivatives, differentiation, 
logarithms, curvature of curves, and similar topics. The second part covers fundamental 
ideas of integration, inspection, substitution, transformation, reduction, areas and volumes, 
mean value, successive and partial integration, double and triple integration. Practical 
aspects are stressed rather than theoretical. A 50-page section illustrates the application 
of calculus to specific problems of civil and nautical engineering, electricity, stress and 
strain, elasticity, industrial engineering, and similar fields—756 questions answered. 566 
problems, mostly answered. 36 pages of useful constants, formulae for ready reference. 
Index. v + 431pp. 5% x 8. 7370 Paperbound $2.00 


METHODS IN EXTERIOR BALLISTICS, Forest Ray Moulton. Probably the best introduction to 
the mathematics of projectile motion. The ballistics theories propounded were coordinated 
with extensive proving ground and wind tunnel experiments conducted by the author and 
others for the U:S. Army. Broad in scope and clear in exposition, it gives the beginnings 
of the theory used for modern-day: projectile, long-range missile, and satellite motion. Six 
main divisions: Differential Equations of Translatory Motion of a projectile; Gravity and the 
Resistance Function; Numerical Solution of Differential Equations; Theory of Differential 
Variations; Validity of Method of Numerical Integration; and Motion of a Rotating Projectile. 
Formerly titled: “New Methods in Exterior Ballistics.” Index. 38 diagrams. viii + 259pp. 
5% x 842, $232 Paperbound $1.75 
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LOUD SPEAKERS: THEORY, PERFORMANCE, TESTING AND DESIGN, N. W. McLachian. Most com- 
prehensive coverage of theory, practice of loud speaker design, testing; classic reference 
study manual in field. First 12 chapters deal with theory, for readers mainly concerned with 
math. aspects; fast 7 chapters will interest reader concerned with testing, design. Partial 
contents: principles of sound propagation, fluid pressure on vibrators, theory of moving- 
coil principle, transients, driving mechanisms, response curves, design of horn type moving 
coil speakers, electrostatic speakers, much more. Appendix. Bibliography. Index. 165 illustra- 
tions, charts. 4llpp. 536 x 8. $588 Paperbound $2.25 


MICROWAVE TRANSMISSION, J. C. Slater. First text dealing exclusively with microwaves, 
brings together points of view of field, circuit theory, for graduate student in physics, 
electrical engineering, microwave technician. Offers valuable point of view not in most 
later studies. Uses Maxwell's equations to study electromagnetic field, important in this 
area. Partial contents: infinite line with distributed parameters, impedance of terminated 
line, plane waves, reflections, wave guides, coaxial line, composite transmission lines, 
impedance matching, etc. Introduction. Index. 76 illus. 319pp. 53% x 8. 

$564 Paperbound $1.50 


MICROWAVE TRANSMISSION DESIGN DATA, T. Moreno. Originally classified, now rewritt 

and enlarged (14 new chapters) for public release under siepices of Sperry Corp. Material 
of immediate value or reference use to radio engineers, systems designers, applied physicists, 
etc. Ordinary transmission line theory; attenuation; capacity; parameters of coaxial lines; 
higher modes; flexible cables; obstacles, discontinuities, and injunctions; tunable wave 
guide impedance transformers; effects of temperature and humidity; much more. ‘Enough 
theoretical discussion is included to allow use of data without previous background,” 
Electronics. 324 circuit diagrams, figures, etc. Tables of dielectrics, flexible cable, etc., 
data. Index. ix + 248pp. 5% x 8. $459 Paperbound $1.65 


RAYLEIGH’S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G. Temple & W. Bickley. 
Rayleigh’s principle developed to provide upper and lower estimates of true value of funda- 
mental period of a vibrating system, or condition of stability of elastic systems. Illustrative 
examples; rigorous proofs in special chapters. Partial contents: Energy method of discussing 
vibrations, stability. Perturbation theory, whirling of uniform shafts. Criteria of elastic sta- 
bility. Application of energy method. Vibrating systems. Proof, accuracy, successive approxi- 
mations, application of Rayleigh’s principle. Synthetit theorems. Numerical, graphical methods. 
Equilibrium configurations, Ritz’s method. Bibliography. Index. 22 figures. ix + 156pp. 5% x 8. 

$307 Paperbound $1.50 


ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. Houwink. Standard treatise on 
rheological aspects of different technically important solids such as crystals, resins, textiles, 
rubber, clay, many others. Investigates general laws for deformations; determines divergences 
from these laws for certain substances. Covers general physical and mathematical aspects 
of plasticity, elasticity, viscosity. Detailed examination of deformations, internal structure 
of matter in relation to elastic and plastic behavior, formation of solid matter from a fluid, 
conditions for elastic and plastic behavior of matter. Treats glass, asphalt, gutta percha, 
balata, proteins, baker’s dough, lacquers, sulphur, others. 2nd revised, enlarged edition. 
Extensive revised bibliography in over 500 footnotes. Index. Table of symbols. 214 figures. 
xviii + 368pp. 6 x 944. $385 Paperbound $2.45 


THE SCHWARZ-CHRISTOFFEL TRANSFORMATION AND ITS APPLICATIONS: A SIMPLE EXPOSITION, 
Miles Walker. An important book for engineers showing how this valuable tool can be em- 
ployed in practical situations. Very careful, clear presentation covering numerous concrete 
engineering problems. Includes a thorough account of conjugate functions for engineers— 
useful for the beginner and for review. Applicgtions to such problems as: Stream-lines round 
a corner, electric conductor in air-gap, dynamo slots, magnetized poles, much more. Formerly 
“Conjugate Functions for Engineers.” Preface. 92 figures, several tables. Index. ix + 116pp. 
5% X Sl. $1149 Paperbound $1.25 


THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some hundred years 
ago. It is. the 1st significant attempt to apply logic to all aspects of human endeavour. 
Partial contents: derivation of laws, signs & laws, interpretations, eliminations, conditions 
of a perfect method, analysis, Aristotelian logic, probability, and similar topics. xviii + 
424pp. 5% x 8. $28 Paperbound $2.00 


SCIENCE AND METHOD, Henri Poincaré. Procedure of scientific discovery, methodology, experi- 
ment, idea-germination—the intellectual processes by which discoveries come into being. 
Most significant and most interesting aspects of development, application of ideas. Chapters 
cover selection of facts, chance, mathematical reasoning, mathematics, and logic; Whitehead, 
Russell, Cantor; the new mechanics, etc. 288pp. 5% x 8. $222 Paperbound $1.35 


FAMOUS BRIDGES OF THE WORLD, D. B. Steinman. An up-to-the-minute revised edition of a 
book that explains the fascinating drama of how the world’s great bridges came to be built. 
The author, designer of the famed Mackinac bridge, discusses bridges from all periods and 
all parts of the world, explaining their various types of construction, and describing the 
problems their builders faced. Although primarily for youngsters, this cannot fail to interest 
readers of all ages. 48 illustrations in the text. 23 photographs. 99pp. 6% x 9%. 

J161 Paperbound $1.00 
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A DIDEROT PICTORIAL ENCYCLOPEDIA OF TRADES AND INOUSTRY, Manufacturing and the 
Technicai Arts in Plates Selected from ‘“‘L’Encyclopédie ou Dictionnaire Raisonné des Sciences, 
des Arts, et des Métiers” of Denis Diderot. Edited with text by C. Gillispie. This first modern 
selection of plates from the high point of 18th century French engraving is a storehouse 
of valuable technological information to the historian of arts and science. Over 2000 
illustrations on 485 full-page plates, most of them original size, show the trades and 
industries of a fascinating era in such great detail that the processes and shops might 
very welj be reconstructed from them. The plates teem with life, with men, women, and 
children performing alt of the thousands of operations necessary to the trades before and 
during the early stages of the industrial revolution. Plates are in sequence, and show 
general operations, closeups of difficult operations, and details of complex machinery. Such 
important and interesting trades and industries are illustrated as sowing, harvesting, bee- 
keeping, cheesemaking, operating windmills, milling flour, charcoal burning, tobacco process- 
ing, indigo, fishing, arts of war, salt extraction, mining, smelting, casting iron, steel, 
extracting mercury, zinc, sulphur, copper, etc., slating, tinning, silverplating, gilding, 
making gunpowder, cannons, bells, shoeing horses, tanning, papermaking, printing, dyeing, 
and more than 40 other categories. Professor Gillispie, of Princeton, supplies a full com- 
mentary on al! the plates, identifying operations, tools, processes, etc. This material, pre- 
sented in a lively and lucid fashion, is of great interest to the reader interested in history 
of science and technology. Heavy library cloth. 920pp. 9 x 12. 7421 Two volume set $18.50 


CHARLES BABBAGE AND HIS CALCULATING ENGINES, edited by P. Morrison and E. Morrison. 
Babbage, leading 19th century pioneer in mathematical machines and herald of modern 
operational research, was the true father of Harvard’s relay computer Mark |. His Difference 
Engine and Analytical Engine were the first machines in the field. This volume contains a 
valuable introduction on his life and work; major excerpts from his autobiography, revealing 
his eccentric and unusual personality; and extensive selections from ‘‘Babbage’s Calculating 
Engines,’”’ a compilation of hard-to-find journal articles by Babbage, the Countess of Lovelace, 
L. F. Menabrea, and Dionysius Lardner. 8 illustrations, Appendix of miscellaneous papers. 
Index. Bibliography. xxxviii + 400pp. 5% x 8. T12 Paperbound $2.00 


HISTORY OF HYDRAULICS, Hunter Rouse and Simon Incé. First history of hydraulics and hydro- 
dynamics available in English. Presented in readable, non-mathematical form, the text is made 
especially easy to follow by the many supplementary photographs, diagrams, drawings, etc. 
Covers the great discoveries and developments from Archimedes and Galileo to modern giants— 
von Mises, Prandtl, von Karman, etc. Interesting browsing for the specialist; excellent intro- 
duction for teachers and students. Discusses such milestones as the two-piston pump of 
Ctesibius, the aqueducts of Frontivus, the anticipations of da Vinci, Stevin and the first book 
on hydrodynamics, experimental hydraulics of the 18th century, the 19th-century expansion of 
practical hydraulics and classical and applied hydrodynamics, the rise of fluid mechanics in 
our time, etc. 200 illustrations. Bibliographies. Index. xii + 270pp. 534 x 8. 

$1131 Paperbound $2.00 


- BRIDGES AND THEIR BUILDERS, David Steinman and Sara Ruth Watson. Engineers, historians, 
everyone who has ever been fascinated by great spans will find this book an endless 
source of information and interest. Dr. Steinman, recipient of the Louis Levy medal, was 
one of the great bridge architects and engineers of all time, and his analysis of the great 
bridges of history is both authoritative and easily followed. Greek and Roman bridges, 
medieval bridges, Oriental bridges, modern works such as the Brooklyn Bridge and the 
Golden Gate Bridge, and many others are described in terms of history, constructional prin- 
ciples, artistry, and function. All in all this book is the most comprehensive and accurate 
semipopular history of bridges in print in English. New, greatly revised, enlarged edition. 
23 photographs, 26 tine drawings. index. xvii + 401pp. 536 x 8. T431 Paperbound $2.00 
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Mathematical Tables of Elementary and Some Higher Mathematical 
Functions, Herbert B. Dwight. $1.75 
The Theory and Operation of the Slide Rule, John P. Ellis. $1.50 
Differential Equations for Engineers, Philip Franklin. $1.65 
Hydraulics and Its Applications, A. H. Gibson, Clothbound $8.00 
A Treatise on Gyrostatics and Rotational Motion, Andrew Gray. $2.75 


Inductance Calculations: Working Formulas and Tables, Frederick W. 
Grover. $1.85 


The Principles of Electromagnetism Applied to Electrical Machines, 
Bernard Hague. $2.25 


Elasticity, Plasticity and Structure of Matter, Roelof Houwink. $2.45 
Applied Mechanics for Engineers, Sir Charles Inglis. $2.00 


Tables of Functions with Formulae and Curves, Eugene Jahnke and Fritz 
Emde. $2.00 


Photoelasticity: Principles and Methods, H. T. Jessop and F. G, Harris. 
$2.00 


Optics and Optical Instruments, B. K. Johnson. $1.65 


Mathematics of Modern Engineering, Ernest G. Keller and Robert E. 
Doherty. Two volume set $3.70 


Fundamental Electromagnetic Theory, Ronold P. King. $2.75 
Calculus Refresher for Technical Men, A. Albert Klaf. $2.00 
Trigonometry Refresher for Technical Men, A. Albert Klaf. $2.00 
Stress Waves in Solids, H. Kolsky. $1.55 

Tensors for Circuits, Gabriel Kron. $2.00 

The Dynamical Theory of Sound, Horace Lamb. $1.50 
Hydrodynamics, Horace Lamb. $3.75 


Selected Papers on New Techniques for Energy Conversion, edited by 
Sumner N. Levine. $3.00 


Selected Papers on Semiconductor Microwave Electronics, edited by 
Sumner N. Levine and Richard M. Kurzrok. $2.25 


Fundamentals of Electricity and Magnetism, Leonard B. Loeb. $2.75 
The Principles of Electrochemistry, Duncan A. MacInnes. $2.45 


Loud Speakers: Theory, Performance, Testing, and Design, Norman W. 
McLachlan. $2.25 
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Transmission-line Theory 


BY RONOLD W. P KING 
Professor of Applied Physics, Harvard University 


Within the last decade, electrical science has become the province not so 

much of the physicist, but of the engineer. For these people, a knowledge of 
electromagnetic theory is, of course, essential. It is the contention of Professor 

| King, a well-known authority who has taught at Harvard for many years and 
has made significant contributions to applied physics, that one of the best 
approaches to electromagnetic theory for the engineer is through the conven- 
tional transmission line, for, in this way, it is possible to introduce funda- 
mental concepts without becoming involved in all the complications of vector 
line theory. 


His book, now reprinted in a corrected edition with a new index of symbols, 
is the standard English-language reference work on transmission-line theory. 
In its first chapter, the transmission-line equations for an infinite line are 
deduced both in the conventional manner and from electromagnetic funda- 
mentals for various cross-sections. In chapter two, the derivation of these 
equations is specialized to lines of finite length, and the basic method of 
treating terminated lines is formulated. Chapter three is concerned with the 

impedance of sections of transmission line and their use as shunt and series 
elements. The next two chapters discuss distributions of current and voltage, 
| the transfer of power, distribution and resonance curves, discontinuities and 
nonuniformities along smooth lines, the Weissfloch tangent relation, Des- 
champs’s method for determining the properties of junctions, T junctions, 
end corrections, etc. The final chapter is devoted to transmission-line oscil- 
ators, coupled-circuit phenomena on lines, and radiation. 
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Designed as a fundamental introduction to more serious work in wave guides 

and antennas, this book is primarily analytic in treatment. Little more than 

, a sound knowledge of differential and integral calculus and elementary 

differential equations is supposed, however. Each chapter concludes with a 
selection of problems, making the book useful as a classroom text and for 

testing comprehension. Electrical engineers and students, and physicists in- 

terested in an important modern approach to these topics will find the 
book invaluable as a text or a reference. 


“Invaluable to anyone who wishes to use transmission-line theory effectively 
... Should put the reader in a position to tackle new problems with confi- 
dence,” T. Teichmann, PHYSICS TODAY, “Used as a text or reference, this 
book undoubtedly is one of the most complete treatments of the subject to 
date,” J. OF FRANKLIN INSTITUTE. 


Corrected (1964), unabridged republication. Author's preface. Bibliography. 
Subject index. New index of symbols. 255 figures. 9 tables. 62 problercas 7 
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We have spared no pains to make this the best book possible. Our paper is opaque, ~ 

with minimal show-through; it will not discolor or become brittle with age. Pages are 

| sewn in signatures, in the method traditionally used for the best books. Books open 
flat for easy reference. Pages will not drop out, as often happens with paperbacks 
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